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PREFACE BY PROFESSOR GIBBS 

Since the printing of a short pamphlet on the Elements of Vector Analysis in the 
years 1881-84, — never published, but somewhat widely circulated among those 
who were known to be interested in the subject, — the desire has been expressed 
in more than one quarter, that the substance of that treatise, perhaps in fuller 
form, should be made accessible to the public. 

As, however, the years passed without my finding the leisure to meet this 
want, which seemed a real one, I was very glad to have one of the hearers of my 
course on Vector Analysis in the year 1899-1900 undertake the preparation of a 
text-book on the subject. 

I have not desired that Dr. Wilson should aim simply at the reproduction of 
my lectures, but rather that he should use his own judgment in all respects for 
the production of a text-book in which the subject should be so illustrated by 
an adequate number of examples as to meet the wants of students of geometry 
and physics. 

J. WILLARD GIBBS. 

Yale University, September, 1901. 



GENERAL PREFACE 



When I undertook to adapt the lectures of Professor Gibbs on Vector Anal- 
ysis for publication in the Yale Bicentennial Series, Professor Gibbs himself was 
already so fully engaged upon his work to appear in the same series, Elementary 
Principles in Statistical Mechanics, that it was understood no material assis- 
tance in the composition of this book could be expected from him. For this 
reason he wished me to feel entirely free to use my own discretion alike in the 
selection of the topics to be treated and in the mode of treatment. It has been 
my endeavor to use the freedom thus granted only in so far as was necessary for 
presenting his method in text-book form. 

By far the greater part of the material used in the following pages has 
been taken from the course of lectures on Vector Analysis delivered annually 
at the University by Professor Gibbs. Some use, however, has been made of the 
chapters on Vector Analysis in Mr. Oliver Heaviside's Electromagnetic Theory 
(Electrician Series, 1893) and in Professor Foppl's lectures on Die Maxwell 'sche 
Theorie der Electricitat (Teubncr, 1894). My previous study of Quaternions 
has also been of great assistance. 

The material thus obtained has been arranged in the way which seems best 
suited to easy mastery of the subject. Those Arts, which it seemed best to 
incorporate in the text but which for various reasons may well be omitted at 
the first reading have been marked with an asterisk (*). Numerous illustrative 
examples have been drawn from geometry, mechanics, and physics. Indeed, 
a large part of the text has to do with applications of the method. These 
applications have not been set apart in chapters by themselves, but have been 
distributed throughout the body of the book as fast as the analysis has been 
developed sufficiently for their adequate treatment. It is hoped that by this 
means the reader may be better enabled to make practical use of the book. Great 
care has been taken in avoiding the introduction of unnecessary ideas, and in so 
illustrating each idea that is introduced as to make its necessity evident and its 
meaning easy to grasp. Thus the book is not intended as a complete exposition 
of the theory of Vector Analysis, but as a text-book from which so much of the 
subject as may be required for practical applications may be learned. Hence 
a summary, including a list of the more important formulae, and a number of 
exercises, have been placed at the end of each chapter, and many less essential 
points in the text have been indicated rather than fully worked out, in the hope 
that the reader will supply the details. The summary may be found useful in 
reviews and for reference. 

The subject of Vector Analysis naturally divides itself into three distinct 
parts. First, that which concerns addition and the scalar and vector products of 
vectors. Second, that which concerns the differential and integral calculus in its 
relations to scalar and vector functions. Third, that which contains the theory 
of the linear vector function. The first part is a necessary introduction to both 



other parts. The second and third are mutually independent. Either may be 
taken up first. For practical purposes in mathematical physics the second must 
be regarded as more elementary than the third. But a student not primarily 
interested in physics would naturally pass from the first part to the third, which 
he would probably find more attractive and easy than the second. 

Following this division of the subject, the main body of the book is divided 
into six chapters of which two deal with each of the three parts in the order 
named. Chapters I. and II. treat of addition, subtraction, scalar multiplication, 
and the scalar and vector products of vectors. The exposition has been made 
quite elementary. It can readily be under stood by and is especially suited 
for such readers as have a knowledge of only the elements of Trigonometry 
and Analytic Geometry. Those who are well versed in Quaternions or allied 
subjects may perhaps need to read only the summaries. Chapters III. and IV. 
contain the treatment of those topics in Vector Analysis which, though of less 
value to the students of pure mathematics, arc of the utmost importance to 
students of physics. Chapters V. and VI. deal with the linear vector function. 
To students of physics the linear vector function is of particular importance in 
the mathematical treatment of phenomena connected with non-isotropic media 
; and to the student of pure mathematics this part of the book will probably be 
the most interesting of all, owing to the fact that it leads to Multiple Algebra 
or the Theory of Matrices. A concluding chapter, VII., which contains the 
development of certain higher parts of the theory, a number of applications, 
and a short sketch of imaginary or complex vectors, has been added. 

In the treatment of the integral calculus, Chapter IV., questions of math- 
ematical rigor arise. Although modern theorists arc devoting much time and 
thought to rigor, and although they will doubtless criticise this portion of the 
book adversely, it has been deemed best to give but little attention to the dis- 
cussion of this subject. And the more so for the reason that whatever system 
of notation be employed questions of rigor are indissolubly associated with the 
calculus and occasion no new difficulty to the student of Vector Analysis, who 
must first learn what the facts are and may postpone until later the detailed 
consideration of the restrictions that are put upon those facts. 

Notwithstanding the efforts which have been made during more than half a 
century to introduce Quaternions into physics the fact remains that they have 
not found wide favor. On the other hand there has been a growing tendency 
especially in the last decade toward the adoption of some form of Vector Anal- 
ysis. The works of Heaviside and Foppl referred to before may be cited in 
evidence. As yet however no system of Vector Analysis which makes any claim 
to completeness has been published. In fact Heaviside says: "I am in hopes 
that the chapter which I now finish may serve as a stopgap till regular vectorial 
treatises come to be written suitable for physicists, based upon the vectorial 
treatment of vectors" (Electromagnetic Theory, Vol. I., p. 305). Elsewhere in 
the same chapter Heaviside has set forth the claims of vector analysis as against 
Quaternions, and others have expressed similar views. 

The keynote, then, to any system of vector analysis must be its practical 
utility. This, I feel confident, was Professor Gibbs s point of view in building up 



his system. He uses it entirely in his courses on Electricity and Magnetism and 
on Electromagnetic Theory of Light. In writing this book I have tried to present 
the subject from this practical stand point, and keep clearly before the reader's 
mind the questions: What combinations or functions of vectors occur in physics 
and geometry? And how may these be represented symbolically in the way 
best suited to facile analytic manipulation? The treatment of these questions 
in modern books on physics has been too much confined to the addition and 
subtraction of vectors. This is scarcely enough. It has been the aim here to give 
also an exposition of scalar and vector products, of the operator V, of divergence 
and curl which have gained such universal recognition since the appearance 
of Maxwell's Treatise on Electricity and Magnetism, of slope, potential, linear 
vector function, etc., such as shall be adequate for the needs of students of 
physics at the present day and adapted to them. 

It has been asserted by some that Quaternions, Vector Analysis, and all such 
algebras are of little value for investigating questions in mathematical physics. 
Whether this assertion shall prove true or not, one may still maintain that 
vectors are to mathematical physics what invariants are to geometry. As every 
geometer must be thoroughly conversant with the ideas of invariants, so every 
student of physics should be able to think in terms of vectors. And there is 
no way in which he, especially at the beginning of his scientific studies, can 
come to so true an appreciation of the importance of vectors and of the ideas 
connected with them as by working in Vector Analysis and dealing directly with 
the vectors themselves. To those that hold these views the success of Professor 
Foppl's Vorlesungen ilber Technische Mechanik (four volumes, Teubner, 1897- 
1900, already in a second edition), in which the theory of mechanics is developed 
by means of a vector analysis, can be but an encouraging sign. 

I take pleasure in thanking my colleagues, Dr. M. B. Porter and Prof. H. 
A. Bumstead, for assisting me with the manuscript. The good services of the 
latter have been particularly valuable in arranging Chapters III. and IV. in their 
present form and in suggesting many of the illustrations used in the work. I am 
also under obligations to my father, Mr. Edwin H. Wilson, for help in connection 
both with the proofs and the manuscript. Finally, I wish to express my deep 
indebt edness to Professor Gibbs. For although he has been so preoccupied as 
to be unable to read either manuscript or proof, he has always been ready to 
talk matters over with me, and it is he who has furnished me with inspiration 
sufficient to carry through the work. 

EDWIN BIDWELL WILSON. 

YALE UNIVERSITY, October, 1901. 



PREFACE TO THE SECOND EDITION 



The only changes which have been made in this edition are a few corrections 
which my readers have been kind enough to point out to me. 

E. B. W. 
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VECTOR ANALYSIS 



CHAPTER I 



Addition and Scalar Multiplication 

1.] In mathematics and especially in physics two very different kinds 

of quantity present themselves. Consider, for example, mass, time, density, 
temperature, force, displacement of a point, velocity, and acceleration. Of 
these quantities some can be represented adequately by a single number — 
temperature, by degrees on a thcrmometric scale; time, by years, days, or 
seconds; mass and density, by numerical values which are wholly determined 
when the unit of the scale is fixed. On the other hand the remaining quantities 
are not capable of such representation. Force to be sure is said to be of so many 
pounds or grams weight; velocity, of so many feet or centimeters per second. 
But in addition to this each of them must be considered as having direction as 
well as magnitude. A force points North, South, East, West, up, down, or in 
some intermediate direction. The same is true of displacement, velocity, and ac- 
celeration. No scale of numbers can represent them adequately It can represent 
only their magnitude, not their direction. 

2.] Definition: A vector is a quantity which is considered as possessing 

direction as well as magnitude. 

Definition: A scalar is a quantity which is considered as possessing magni- 
tude but no direction. 

The positive and negative numbers of ordinary algebra are the typical scalars. 
For this reason the ordinary algebra is called scalar algebra when necessary to 
distinguish it from the vector algebra or analysis which is the subject of this 
book. 

The typical vector is the displacement of translation in space. Consider first 

a point P (Fig. 1). Let P be displaced in a straight line and take a new position 

P' . This change of position is represented by the line PP' . 

The magnitude of the displacement is the length of PP'; the 

direction of it is the direction of the line PP' from P to P'. 

Next consider a displacement not of one but of all the points 

in space. Let all the points move in straight lines in the same 

direction and for the same distance D. This is equivalent to 

shifting space as a rigid body in that direction through the 

Fig. 1 distance D without rotation. Such a displacement is called 

a translation. It possesses direction and magnitude. When 

space undergoes a translation T, each point of space undergoes a displacement 

equal to T in magnitude and direction; and conversely if the displacement PP' 




which any one particular point P suffers in the translation T is known, then 
that of any other point Q is also known: for QQ' must be equal and parallel to 
P~F". 

The translation T is represented geometrically or graphically by an arrow 
T (Fig. 1) of which the magnitude and direction are equal to those of the 
translation. The absolute position of this arrow in spave is entirely immaterial. 
Technically the arrow is called a stroke. Its tail or initial point is its origin; 
and its head or final point, its terminus. In the figure the origin is designated 
by O and the terminus by T, This geometric quantity, a stroke, is used as the 
mathematical symbol for all vectors, just as the ordinary positive and negative 
numbers are used as the symbols for all scalars. 



3.] As examples of scalar quantities mass, time, density, and temperature 
have been been mentioned. Others are distance, volume, moment of inertia, 
work, etc. Magnitude, however, is by no means the sole property of these 
quantities. Each implies something besides magnitude. Each has its own distin- 
guishing characteristics, as an example of which its dimensions in the sense well 
known to physicists may be cited. A distance 3, a time 3, a work 3, etc., are 
very different. The magnitude 3 is, however, a property common to them all — 
perhaps the only one. Of all scalar quantities pure number is the simplest. It 
implies nothing but magnitude. It is the scalar par excellence and consequently 
it is used as the mathematical symbol for all scalars. 

As examples of vector quantities force, displacement, velocity, and accelera- 
tion have been given. Each of these has other characteristics than those which 
belong to a vector pure and simple. The concept of vector involves two ideas 
and two alone — magnitude of the vector and direction of the vector. But force 
is more complicated. When it is applied to a rigid body the line in which it 
acts must be taked into consideration; magnitude and direction alone do not 
suffice. And in case it is applied to a non-rigid body the point of application of 
the force is as important as the magnitude or direction. Such is frequently true 
for vector quantities other than force. Moreover the question of dimensions is 
present as in the case of scalar quantities. The mathematical vector, the stroke, 
which is the primary object of consideration in this book, abstracts from all 
directed quantities their magnitude and direction and nothing but these; just as 
the mathematical scalar, pure number, abstracts the magnitude and that alone. 
Hence one must be on his guard lest from analogy he attribute some properties 
to the mathematical vector which do not belong to it; and he must be even more 
careful lest he obtain erroneous results by considering the vector quantities of 
physics as possessing no properties other than those of the mathematical vec- 
tor. For example it would never do to consider force and its effects as unaltered 
by shifting it parallel to itself. This warning may not be necessary, yet it may 
possibly save some confusion. 

4.] Inasmuch as, taken in its entirety, a vector or stroke is but a single 

concept, it may appropriately be designated by one letter. Owing however to the 



fundamental difference between scalars and vectors, it is necessary to distinguish 
carefully the one from the other. Sometimes, as in mathematical physics, the 
distinction is furnished by the physical interpretation. Thus if n be the index of 
refraction it must be scalar; m, the mass, and t, the time, are also scalars; but 
/, the force, and a, the acceleration, are vectors. When, however, the letters 
are regarded merely as symbols with no particular physical significance some 
typographical difference must be relied upon to distinguish vectors from scalars. 
Hence in this book Clarendon type is used for setting up vectors and ordinary 
type for scalars. This permits the use of the same letter differently printed to 
represent the vector and its scalar magnitude. 1 Thus if C be the electric current 
in magnitude and direction, C may be used to represent the magnitude of that 
current; if g be used the vector acceleration due to gravity, g may be the scalar 
value of that acceleration; if v be the velocity of a moving mass, v may be the 
magnitude of that velocity. The use of Clarendons to denote vectors makes it 
possible to pass from directed quantities to their scalar magnitudes by a mere 
change in the appearance of a letter without any confusing change in the letter 
itself. 

Definition: Two vectors are said to be equal when they have the same 
magnitude and the same direction. 

The equality of two vectors A and B is denoted by the usual sign =. Thus 

A = B. 

Evidently a vector or stroke is not altered by shifting it about parallel to itself 
in space. Hence any vector A = PP' (Fig. 1) may be drawn from any assigned 
point O as origin.; for the segment PP' may be moved parallel to itself until 
the point P falls upon the point O and P' upon some point T. Then 

A = PP 7 =OT = T. 

In this way all vectors in space may be replaced by directed segments radiating 
from one fixed point O. Equal vectors in space will of course coincide, when 
placed with their termini at the same point O Thus (Fig. 1) A = PP', and 
B = QQ 7 , both fall upon T = Of. 

For the numerical determination of a vector three scalars are necessary. 
These may be chosen in a variety of ways. If r, <p, 9 be polar coordinates 
in space any vector r drawn with its origin at the origin of coordinates may be 
represented by the three scalars r, <p, 9 which determine the terminus of the 
vector. 

T~(r,4>,6). 

Or if x, y, z be Cartesian coordinates in space a vector r may be considered as 
given by the differences of the coordinates x' , y' , z' of its terminus and those x, 
y, z of its origin. 

r ~ (x' -x,y' -y,z' - z). 



1 This convention, however, is by no means invariably followed. In some instances it would 
prove just as undesirable as it is convenient in others. It is chiefly valuable in the application 
of vectors to physics. 



If in particular the origin of the vector coincide with the origin of coordinates, 
the vector will be represented by the three coordinates of its terminus 

r ~ (x',y',z'). 

When two vectors are equal the three scalars which represent them must be equal 
respectively to each. Hence one vector equality implies three scalar equalities. 

Definition: A vector A is said to be equal to zero when its magnitude A is 
zero. 

Such a vector A is called a null or zero vector and is written equal to naught 
in the usual manner. Thus 

A = if A = 0. 

All null vectors are regarded as equal to each other without considerations of 
direction. 

In fact a null vector from a geometrical standpoint would be represented by a 
linear segment of length zero — that is to say, by a point. It consequently would 
have a wholly indeterminate direction or, what amounts to the same thing, 
none at all. If, however, it be regarded as the limit approached by a vector of 
finite length, it might be considered to have that direction which is the limit 
approached by the direction of the finite vector, when the length decreases 
indefinitely and approaches zero as a limit. The justification for disregarding 
this direction and looking upon all null vectors as equal is that when they are 
added (Art. 8) to other vectors no change occurs and when multiplied (Arts. 
27, 31) by other vectors the product is zero. 

5.] In extending to vectors the fundamental operations of algebra and arith- 
metic, namely, addition, subtraction, and multiplication, care must be exercised 
not only to avoid self-contradictory definitions but also to lay down useful ones. 
Both these ends may be accomplished most naturally and easily by looking 
to physics (for in that science vectors continually present themselves) and by 
observing how such quantities are treated there. If then A be a given displace- 
ment, force, or velocity, what is two, three, or in general x times A? What, the 
negative of A? And if B be another, what is the sum of A and B? That is to 
say, what is the equivalent of A and B taken together? The obvious answers to 
these questions suggest immediately the desired definitions. 

6.] Definition: A vector is said to be multiplied by a positive scalar when 
its magnitude is multiplied by that scalar and its direction is left unaltered. 

Thus if v be a velocity of nine knots East by North, 2| times v is a velocity 
of twenty-one knots with the direction still East by North. Or if f be the force 
exerted upon the scale-pan by a gram weight, 1000 times f is the force exerted 
by a kilogram. The direction in both cases is vertically downward. 

If A be the vector and x the scalar the product of x and A is denoted as 
usual by 

xA. or As. 



It is, however, more customary to place the scalar multiplier before the multi- 
plicand A. This multiplication by a scalar is called scalar multiplication, and it 
follows the associative law 

x(yA.) = (xy)A = y(xA) 

as in ordinary algebra and arithmetic. This statement is immediately obvious 
when the fact is taken into consideration that scalar multiplication does not 
alter direction but merely multiplies the length. 

Definition: A unit vector is one whose magnitude is unity. 

Any vector A may be looked upon as the product of a unit vector a in its 
direction by the positive scalar A, its magnitude. 

A = Aa = &A. 

The unit vector a may similarly be written as the product of A by 1/ A or as 
the quotient of A and A. 

1 A A 

a = ~T A = "T- 

A A 

7.] Definition: The negative sign, — prefixed to a vector reverses its 

direction but leaves its magnitude unchanged. 

For example if A be a displacement for two feet to the right, —A is a 
displacement for two feet to the left. Again if the stroke AB be A, the stroke 
BA, which is of the same length as AB but which is in the direction from 
B to A instead of from A to B, will be —A. Another illustration of the use 
of the negative sign may be taken from Newton's third law of motion. If A 
denote an "action," —A will denote the "reaction." The positive sign, +, may 
be prefixed to a vector to call particular attention to the fact that the direction 
has not been reversed. The two signs + and — when used in connection with 
scalar multiplication of vectors follow the same laws of operation as in ordinary 
algebra. These are symbolically 



— (mA) = m(— A). 
The interpretation is obvious. 

Addition and Subtraction 

8.] The addition of two vectors or strokes may be treated most simply by 
regarding them as defining translations in space (Art. 2). Let S be one vector 
and T the other. Let P be a point of space (Fig. 2). The translation S carries 
P into P' such that the line PP' is equal to S in magnitude and direction. The 
transformation T will then carry P' into P" — the line P'P" being parallel to 
T and equal to it in magnitude. Consequently the result of S followed by T is 
to carry the point P into the point P" . If now Q be any other point in space, 




Fig. 2 



S will carry Q into Q' such that QQ' = S and T will then 
carry Q' into Q" such that Q'Q" = T. Thus S followed 
by T carries Q into Q" . Moreover, the triangle QQ'Q" is 
equal to PP'P". For the two sides QQ' and Q'Q", being 
equal and parallel to S and T respectively, must be like- 
wise parallel to PP' and P'P" respectively which are also 
parallel to S and T. Hence the third sides of the triangles 
must be equal and parallel. That is 



is equal and parallel to PP" . 

As Q is any point in space this is equivalent to saying that by means of S 
followed by T all points of space are displaced the same amount and in the 
same direction. This displacement is therefore a translation. Consequently the 
two translations S and T are equivalent to a single translation R. Moreover 



if 



PP' and T = P'P", then R = PP" 



The stroke R is called the resultant or sum of the two strokes S and T to which 
it is equivalent. This sum is denoted in the usual manner by 

R = S + T 

From analogy with the sum or resultant of two translations the following 
definition for the addition of any two vectors is laid down. 

Definition: The sum or resultant of two vectors is found by placing the 
origin of the second upon the terminus of the first and drawing the vector from 
the origin of the first to the terminus of the second. 



X)* 5 ** 



9.] Theorem: The order in which two vectors bfS and T are added does 

not affect the sum. 

S followed by T gives precisely the same result as T followed by S. For let 

bfS carry P into P' (Fig. 3); and T, P' into P" . S + T then carries P into 

P" . Suppose now that T carries P into 
P'". The line PP"' is equal and parallel 
to P'P". Consequently the points P, P' , 
P" , and P'" lie at the vertices of a parallel- 
ogram. Hence P'"P" is equal and parallel 
to PP'. Hence S carries P'" into P" . T 
followed by S therefore carries P into P" 
through P' , whereas S followed by T car- 
ries P into P" through P'" . The final re- 
sult is in either case the same. This may 




Fig. 3 
be designated symbolically by writing 



R=S + T = T + S. 



It is to be noticed that S = PP' and T = PP'" are the two sides of the 
parallelogram pp'p"p'" which have the point P as common origin; and that 
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R = PP" is the diagonal drawn through P. This leads to another very common 
way of stating the definition of the sum of two vectors. 

If two vectors be drawn from the same origin and a parallelogram be con- 
structed upon them as sides, their sum will be that diagonal which passes 
through their common origin. 

This is the well-known "parallelogram law" according to which the physical 
vector quantities force, acceleration, velocity, and angular velocity are com- 
pounded. It is important to note that in case the vectors lie along the same line 
vector addition becomes equivalent to algebraic scalar addition. The lengths of 
the two vectors to be added are added if the vectors have the same direction; 
but subtracted if they have opposite directions. In either case the sum has the 
same direction as that of the greater vector. 

10.] After the definition of the sum of two vectors has been laid down, the 
sum of several may be found by adding together the first two, to this sum the 
third, to this the fourth, and so on until all the vectors have been combined 
into a single one. The final result is the same as that obtained by placing the 
origin of each succeeding vector upon the terminus of the preceding one and 
then drawing at once the vector from the origin of the first to the terminus of 
the last. In case these two points coincide the vectors form a closed polygon 
and their sum is zero. Interpreted geometrically this states that if a number of 
displacements R, S, T . . . are such that the strokes R, S, T . . . form the sides of a 
closed polygon taken in order, then the effect of carrying out the displacements 
is nil. Each point of space is brought back to its starting point. Interpreted in 
mechanics it states that if any number of forces act at a point and if they form 
the sides of a closed polygon taken in order, then the resultant force is zero and 
the point is in equilibrium under the action of those forces. 

The order of sequence of the vectors in a sum is of no consequence. This 
may be shown by proving that any two adjacent vectors may be interchanged 
without affecting the result. 

To show 

A+B+C+D+E=A+B+D+C+E 
Let A = OA, B = AB, C = BC, D = CD, E = DE. 

Then OE = A+B + C + D + E 



Let now BC = D. Then C BCD is a parallelogram and consequently CD = C. 
Hence 

OB = A + B + D + C + E, 

which proves the statement. Since any two adjacent vectors may be inter- 
changed, and since the sum may be arranged in any order by successive inter- 
changes of adjacent vectors, the order in which the vectors occur in the sum is 
immaterial. 



11.] Definition: A vector is said to be subtracted when it is added after 
reversal of direction. Symbolically, 

A-B = A + (-B). 

By this means subtraction is reduced to addition and needs no special consid- 
eration. There is however an interesting and important way of representing 
the difference of two vectors geometrically. Let A = OA, B = OB (Fig. 4). 

Complete the parallelogram of which A and B are the 
sides. Then the diagonal OC = C is the sum A + B 
of the two vectors. Next complete the parallelogram 
of which A and — B = OB' are the sides. Then the 
diagonal OD = D will be the sum of A and the neg- 
ative of B. But the segment OD is parallel and equal 
to BA. Hence BA may be taken as the difference to 
the two vectors A and B. This leads to the following 
rule: The difference of two vectors which arc drawn 
from the same origin is the vector drawn from the ter- 
minus of the vector to be subtracted to the terminus of the vector from which it 
is subtracted. Thus the two diagonals of the parallelogram, which is constructed 
upon A and B as sides, give the sum and difference of A and B. 




12.] In the foregoing paragraphs addition, subtraction, and scalar multipli- 
cation of vectors have been defined and interpreted. To make the development 
of vector algebra mathematically exact and systematic it would now become 
necessary to demonstrate that these three fundamental operations follow the 
same formal laws as in the ordinary scalar algebra, although from the stand- 
point of the physical and geometrical interpretation of vectors this may seem 
superfluous. These laws are: 



la 

lb 

II 

HI a 

IHfc 

IIL 



m(nA) = n(mA) = (mn)A, 

(A + B) + C = A+(B + C), 

A + B = B + A, 

(to + ra)A = toA + nA, 

m(A + B) = mA + toB, 

-(A + B) = -A-B. 



I a is the so-called law of association and commutation of the scalar factors 
in scalar multiplication. 

lb is the law of association for vectors in vector addition. It states that in 
adding vectors parentheses may be inserted at any points without altering the 
result. 

II is the commutative law of vector addition. 

III a is the distributive law for scalars in scalar multiplication. 

Illb is the distributive law for vectors in scalar multiplication. 

III C is the distributive law for the negative sign. 



The proofs of these laws of operation depend upon those propositions in 
elementary geometry which have to deal with the first properties of the paral- 
lelogram and similar triangles. They will not be given here; but it is suggested 
that the reader work them out for the sake of fixing the fundamental ideas of ad- 
dition, subtraction, and scalar multiplication more clearly in mind. The result 
of the laws may be summed up in the statement: 

The laws which govern addition, subtraction, and scalar multiplication of 
vectors are identical with those governing these operations in ordinary scalar 
algebra. 

It is precisely this identity of formal laws which justifies the extension of the 
use of the familiar signs =, +, and — of arithmetic to the algebra of vectors 
and it is also this which ensures the correctness of results obtained by operating 
with those signs in the usual manner. One caution only need be mentioned. 
Scalars and vectors are entirely difference sorts of quantity. For this reason they 
can never be equated to each other — except perhaps in the trivial case where 
each is zero. For the same reason they are not to be added together. So long as 
this is borne in mind no difficulty need be anticipated from dealing with vectors 
much as if they were scalars. 

Thus from equations in which the vectors enter linearly with scalar coeffi- 
cients unknown vectors may be eliminated or found by solution in the same way 
and with the same limitations as in ordinary algebra; for the eliminations and 
solutions depend solely on the scalar coefficients of the equations and not at all 
on what the variables represent. If for instance 

ftA + bB + cC + dV = 0, 

then A, B, C, or D may be expressed in terms of the other three 

as D = --(aA + bB + cC). 

And the two vector equations such as 

3A + 4B = E 
and 2A + 3B = F 



yield by the usual processes the solutions 

A = 3E - 4F 
and B = 3F 2E. 

Components of Vectors 

13.] Definition: Vectors are said to be collinear when they are parallel to 
the same line; coplanar, when parallel to the same plane. Two or more vectors to 
which no line can be drawn parallel are said to be non-collinear. Three or more 
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vectors to which no plane can be drawn parallel are said to be non-coplanar. 
Obviously any two vectors are coplanar. 

Any vector b collinear with a may be expressed as the product of a and a 
positive or negative scalar which is the ratio of the magnitude of b to that of a. 
The sign is positive when b and a have the same direction; negative, when they 
have opposite directions. If then OA = a, the vector r drawn from the origin O 
to any point of the line OA produced in either direction is 



r = xa. 



(1) 



If x be a variable scalar parameter this equation may therefore be regarded as 
the (vector) equation of all points in the line OA. Let 
now B be any point not upon the line OA or that line 
produced in either direction (Fig. 5). 

Let OB = b. The vector b is surely not of the form 
xa. Draw through B a line parallel to OA and let R be 
any point upon it. The vector BR is collinear with a 
and is consequently expressible as xa. Hence the vector 
drawn from O to R is 




Fig. 5 



or 



OR = OB + BR 
r = b + xa. 



(2) 



This equation may be regarded as the (vector) equation of all the points in the 
line which is parallel to a and of which B is one point. 



14.] Any vector r coplanar with two non-collinear vectors a and b may be 
resolved into two components parallel to a and b re- 
spectively. This resolution may be accomplished by con- 
structing the parallelogram (Fig. 6) of which the sides 
are parallel to a and b and of which the diagonal is r. 
Of these components one is xa; the other, yh. x and y 
are respectively the scalar ratios (taken with the proper 
sign) of the lengths of these components to the lengths 
of a and b. Hence 

r = xa + yh 




Fig. 6 



(2)' 



is a typical form for any vector coplanar with a and b. 
ri , T2, T3 . . . may be expressed in this form as 



If several vectors 



ri =xia + yih, 
r 2 = x 2 a + y 2 b, 
r 3 = x 3 a + y 3 h, 
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their sum r is then 



r = n + r 2 + r 3 



= (xi - 
+(Vi 



x 2 - 

"2/2 



X3 
•2/3 



.)a 
.)b. 



This is the well-known theorem that the components of a sum of vectors are 
the sums of the components of those vectors. If the vector r is zero each of 
its components must be zero. Consequently the one vector equation r = is 
equivalent to the two scalar equations 



Xi + x 2 
2/1 + 2/2 • 



£3 
2/3- 



= 
= 



0. 



(3) 




15.] Any vector r in space may be resolved into three components parallel 
to any three given non-coplanar vectors. Let the vectors be a, b, and c. The 

resolution may then be accomplished 
by constructing the parallelopiped 
(Fig. 7) of which the edges are par- 
allel to a, b, and c and of which 
the diagonal is r. This parallelopiped 
may be drawn easily by passing three 
planes parallel respectively to a and 
b, b and c, c and a through the ori- 
gin O of the vector r; and a similar 
set of three planes through its termi- 
nus R. These six planes will then be 
parallel in pairs and hence form a par- 
allelopiped. That the intersections of 
the planes are lines which are parallel 
to a, or b, or c is obvious. The three components of r are xa, yh, and zc; where 
x, y, and z are respectively the scalar ratios (taken with the proper sign) of the 
lengths of these components to the length of a, b, and c. Hence 

r = xa + yy + zc (4) 

is a typical form for any vector whatsoever in space. Several vectors ri , r 2 , r 3 . . . 
may be expressed in this form as 

i - ! = x x a + yib + zic, 
r 2 = x 2 a + y 2 b + z 2 c, 
r 3 = 2:3a + y 3 h + z 3 c, 



Fig. 7 



Their sum r is then 

r = ri + r 2 + r 3 



= (xi + x 2 + x 3 + . . .)a 

+(2/1 +?y2 + ?/3 + ---) b 

+(zi + z 2 + z 3 + .. .)c. 
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If the vector r is zero each of its three components is zero. Consequently the 
one vector equation r = is equivalent to the three scalar equations 



Xi + x 2 + x 3 + . . 


. = 


Vi + 2/2 + 2/3 + • • 


. = 


z x + z 2 + z s + . . 


. = 



0. (5) 



Should the vectors all be coplanar with a and b, all the components parallel 
to c vanish. In this case therefore the above equations reduce to those given 
before. 

16.] If two equal vectors are expressed in terms of the same three non- 
coplanar vectors, the corresponding scalar coefficients are equal. 

Let r = r', 

r = xa + yh + zc, 
r' = x'a + y'b + z'c, 
Then x = x' , y = y' , z = z . 

For r — r' = = (x — x')a + (y — y')h + (z — z')c. 

Hence x — x' = 0, y — y' = 0, z — z' = 0. 

But this would not be true if a, b, and c were coplanar. In that case one of 
the three vectors could be expressed in terms of the other two as 



Then 



r — r' = [(.x + mz) — (x/ + mz')]a 

+[(y + nz) - (y + nz')]h = 0. 

Hence the individual components of r — r' in the directions a and b (supposed 
different) are zero. 

Hence x + mz = x + mz 

y + nz = y' + nz' . 

But this by no means necessitates x, y, z to be equal respectively to x' ,y' ', z' . 
In a similar manner if a and b were collinear it is impossible to infer that their 
coefficients vanish individually. The theorem may perhaps be stated as follows: 
In case two equal vectors are expressed in terms of one vector, or two non- 
collinear vectors, or three non-coplanar vectors, the corresponding scalar coeffi- 
cients are equal. But this is not necessarily true if the two vectors be collinear; 
or the three vectors, coplanar. This principle will be used in the applications 
(Arts. 18 et scq.). 









c = 


= ma + nb. 










r 


= xa + yh + 


zc = 


= (x 


+ mz)a 


+ (y + 


nz)b. 




r' 


= 


x'a + y'h + z'c = 


= (x> 


+ mz'), 


a + (?/ 


+ nz' 


)b 
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The Three Unit Vectors \, j, k. 

17.] In the foregoing paragraphs the method of expressing vectors in terms 
of three given non-coplanar ones has been explained. The simplest set of three 
such vectors is the rectangular system familiar in Solid Cartesian Geometry. 
This rectangular system may however be either of two very distinct types. In 
one case (Fig. 8, first part) the .Z-axis 1 lies upon that side of the XY-plane 
on which rotation through a right angle from the X-axis to the Y-axis appears 
counterclockwise or positive according to the convention adopted in Trigonom- 
etry This relation may be stated in another form. If the X-axis be directed to 
the right and the Y-axis vertically, the Zl-axis will be directed toward the ob- 




Right-handed 



7. 




Left-handed 



Fig. 8 



server. Or if the X-axis point toward the observer and the Y-axis to the right, 
the Z-axis will point upward. Still another method of statement is common 
in mathematical physics and engineering. If a right-handed screw be turned 
from the X-axis to the Y-axis it will advance along the (positive) Z-axis. Such 
a system of axes is called right-handed, positive, or counterclockwise. 2 It is 
easy to see that the Y-axis lies upon that side of the ZX-plane on which rota- 
tion from the Z-axis to the X-axis is counterclockwise; and the X-axis, upon 
that side of the YZ-plane on which rotation from the Y-axis to the Z-axis is 
counterclockwise. Thus it appears that the relation between the three axes is 
perfectly symmetrical so long as the same cyclic order XYZXY is observed. If 
a right-handed screw is turned from one axis toward the next it advances along 
the third. 

In the other case (Fig. 8, second part) the Z-axis lies upon that side of the 
XY-plane on which rotation through a right angle from the X-axis to the Y-axis 



1 By the X-, Y-, or Z-axis the positive half of that axis is meant. The XV-plane means 
the plane which contains the X- and V-axis, i.e., the plane z = 0. 

2 A convenient right-handed system and one which is always available consists of the thumb, 
first finger, and second finger of the right hand. If the thumb and first finger be stretched out 
from the palm perpendicular to each other, and if the second finger be bent over toward the 
palm at right angles to the first finger, a right-handed system is formed by the fingers taken 
in the order thumb, first finger, second finger. 
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appears clockwise or negative. The Y-axis then lies upon that side of the ZX- 
plane on which rotation from the Z-axis to the X-axis appears clockwise and 
a similar statement may be made concerning the X-axis in its relation to the 
YZ-plane. In this case, too, the relation between the three axes is symmetrical 
so long as the same cyclic order XYZXY is preserved but it is just the opposite 
of that in the former case. If a /e/i-handed screw is turned from one axis toward 
the next it advances along the third. Hence this system is called left-handed, 
negative, or clockwise. 1 

The two systems are not superposable. They are symmetric. One is the 
image of the other as seen in a mirror. If the X- and Y-axes of the two different 
systems be superimposed, the Z-axes will point in opposite directions. Thus 
one system may be obtained from the other by reversing the direction of one 
of the axes. A little thought will show that if two of the axes be reversed in 
direction the system will not be altered, but if all three be so reversed it will be. 

Which of the two systems be used, matters little. But inasmuch as the 
formulae of geometry and mechanics differ slightly in the matter of sign, it is 
advisable to settle once for all which shall be adopted. In this book the right- 
handed or counterclockwise system will be invariably employed. 

Definition: The three letters i, j, k will be reserved to denote three vectors 
of unit length drawn respectively in the directions of the X-, Y-, amd Z-axes 
of a right-handed rectangular system. 

In terms of these vectors, any vector may be expressed as 

r = xi + yj + zk. (6) 

The coefficients x, y, z are the ordinary Cartesian coordinates of the terminus 
of r if its origin be situated at the origin of coordinates. The components of r 
parallel to the X-, Y-, and Z-ax.es are respectively 

xi, yj, zk. 

The rotations about i from j to k, about j from k to i, and about k from i to j 
are all positive. 

By means of these vectors i, j, k such a correspondence is established be- 
tween vector analysis and the analysis in Cartesian coordinates that it becomes 
possible to pass at will from either one to the other. There is nothing contra- 
dictory between them. On the contrary it is often desirable or even necessary 
to translate the formulas obtained by vector methods into Cartesian coordinates 
for the sake of comparing them with results already known and it is still more 
frequently convenient to pass from Cartesian analysis to vectors both on account 
of the brevity thereby obtained and because the vector expressions show forth 
the intrinsic meaning of the formulae. 



Applications 



1 A left-handed system may be formed by the left hand just as a right-handed one was 
formed by the right. 
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18.] Problems in plane geometry may frequently be solved easily by vector 
methods. Any two non-collinear vectors in the plane may be taken as the 
fundamental ones in terms of which all others in that plane may be expressed. 
The origin may also be selected at pleasure. Often it is possible to make such 
an advantageous choice of the origin and fundamental vectors that the analytic 
work of solution is materially simplified. The adaptability of the vector method 
is about the same as that of oblique Cartesian coordinates with different scales 
upon the two axes. 

Example 1: The line which joins one vertex of a parallelogram to the middle 
point of an opposite side trisects the diagonal. (Fig. 9). 

Let ABCD be the parallelogram, BE the line joining the 

f/~7Z^/ vertex B to the middle point E of the side AD, R the point in 

l^*^^/ which this line cuts the diagonal AC. To show AR is one third 

of AC. Choose A as origin, AB and AD as the two fundamental 

Fig. 9 vectors S and T. Then AC is the sum of S and T. Let AR = R. 

To show 

R=i(S + T). 

n = AR = AE + E~R=^-T + x{S- -T), 
where x is the ratio of ER to EB — an unknown scalar. 
And R = y(S + T), 

where y is the scalar ratio of AR to AC to be shown equal to | . 

Hence -T + x(S - -T) = y(S + T) 

or xS+ -(1 -x)T = yS + yT 

Hence, equating corresponding coefficients (Art. 16), 

x = y 

1. 

-(1-x) = y. 

From which y = -. 

J 3 

Inasmuch as x is also | the line EB must be trisected as well as the diagonal 
AC. 

Example 2: If through any point within a triangle lines be drawn parallel 
to the sides the sum of the ratios of these lines to their corresponding sides is 2. 

Let ABC be the triangle, R the point within it. Choose A as origin, AB 
and AC as the two fundamental vectors S and T. Let 

AR = R = mS + nT. (a) 



1G 



mS is the fraction of AB which is cut off by the line through R parallel to AC. 
The remainder of AB must be the fraction (1 — m)S. Consequently by similar 
triangles the ratio of the line parallel to AC to the line AC itself is (1 — m). 
Similarly the ratio of the line parallel to AB to the line AB itself is (1 — n). 
Next express R in terms of S and T — S the third side of the triangle. Evidently 
from (a) 

R = (m + n)S + n(T-S). 

Hence (m + n)S is the fraction of AB which is cut off by the line through R 
parallel to BC . Consequently by similar triangles the ratio of this line to BC 
itself is (m + n) . Adding the three ratios 

(1 - m) + (1 - n) + (m + n) = 2, 

and the theorem is proved. 

Example 3: If from any point within a parallelogram lines be drawn parallel 
to the sides, the diagonals of the parallelograms thus formed intersect upon the 
diagonal of the given parallelogram. 

Let ABCD be a parallelogram, R a point within it, KM and LN two lines 
through R parallel respectively to AB and AD, the points K, L, M, N lying 
upon the sides DA, AB, BC, cd respectively. To show that the diagonals KN 
and LM of the two parallelograms KRND and LBMR meet on AC. Choose 
A as origin, AB and AD as the two fundamental vectors S and T. Let 

R = AR = mS + nT, 

and let P be the point of intersection of KN with LM. 



Then KN = K R + RN = mS + (1 - n)T, 



P = AP = AK + xKN, 
LM = (l-m)SH-nT, 

P = AP = AL + yLM. 
Hence P = nT + x[mS + (1 - n)T], 

and P = mS + y[(l-m)S + nT]. 

Equating coefficients, 



By solution, 



xm = 


= m + y(l — 


m) 


yn = 


= n + x(l — 


n) 


x = 


n 




m + n + 1 


1 




m 





Substituting either of these solutions in the expression for P, the result is 

„ mn ,„ „. 
P = — 7 S + T, 

m + n — 1 

which shows that P is collincar with AC. 
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19.] Problems in three dimensional geometry may be solved in essentially 
the same manner as those in two dimensions. In this case there are three 
fundamental vectors in terms of which all others can be expressed. The method 
of solution is analogous to that in the simpler case. Two expressions for the 
same vector are usually found. The coefficients of the corresponding terms are 
equated. In this way the equations between three unknown scalars are obtained 
from which those scalars may be determined by solution and then substituted 
in either of the expressions for the required vector. The vector method has 
the same degree of adaptability as the Cartesian method in which oblique axes 
with different scales are employed. The following examples like those in the 
foregoing section are worked out not so much for their intrinsic value as for 
gaining a familiarity with vectors. 



Example 1: Let ABCD be a tetrahedron and P any point within it. Join 
the vertices to P and produce the lines until they intersect the opposite faces 
in A' B' C, D'. To show 



PA 1 PB' PC PD' _ 
AA 1 + BW + CC* + DD> 



Choose A as origin, and the edges AB, AC, AD, as the three fundamental 
vectors B, C, D, . Let the vector AP be 



P = AP =/B + mC + nD, 

A' = AA> = fciP = ki(lB + mC + nD) 



Also A' = A A' = AB + BA'. 



The vector BA 1 is coplanar with BC — C — B and BD = D — B. Hence it may 
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be expressed in terms of them. 

A' = B + zi(C - B) + j/i(D - B). 
Equating coefficients k\m = X\ 

kin = 2/1, 





kil = l-xi-yf. 


Hence 


h 1 


1 7 

I + to + n 


and 


PA 1 fci - 1 1 ., 


4A'"" jfex ~ (< + m + nj. 


In like manner 


AS'=x 2 C + y 2 D 


and 


AS' = ^B + SB' = B + fc 2 (P - B). 


Hence 


x 2 C + y 2 D = B + fc 2 (/B + toC + nD - B) 


and 


= l+k 2 (l-l), 




x 2 = fc 2 m, 




2/2 = ^2"-- 




1 



Hence fc 2 

and 



l-l 
PB' k 2 - 1 



BB 1 k 2 

In the same way it may be shown that 

PC , PL>' 

= to and = n. 

CO DD' 

Adding the four ratios the result is 

1 — (l + m + n) + l + m + n = l. 

Example 2: To find a line which passes through a given point and cuts two 
given lines in space. 

Let the two lines be fixed respectively by two points A and B, C and D on 
each. Let O be the given point. Choose it as origin and let 

A = OA, B = OB, C = OC, D = TTB. 

Any point P of AB may be expressed as 

P = OP = OA + xAB = A + x(B- A). 

Any point Q of CD may likewise be written 

Q = OQ = OC + yCD = C + y(D-C). 

If the points P and Q lie in the same line through O, P and Q are collinear. 
That is 

P = zQ. 
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Before it is possible to equate coefficients one of the four vectors must be ex- 
pressed in terms of the other three. 



Let 
Then 

Hence 



Hence 



D = lA+mB + nC. 




P = A+.x(B - A) 




= z[C + y(lA+mB + nC - 


-C)] 


1 — x = zyl, 




x =zym, 




= z[l+y(n - 1)]. 




m 




x ~ i > 
L + m 




1 




y — , > 

1 — n 




1 -n 




z — 

L + m 




D I A + mB 

I + m 




n _nC-D 





Substituting in P and Q 



n — 1 

Either of these may be taken as defining a line drawn from and cutting AB 
and CD. 



Vector Relations independent of the Origin 

20.] Example 1: To divide a line AB in a given ratio m : n (Fig. 10). 

Choose any arbitrary point O as origin. Let 
OA = A and OB = B. To find the vector P = OP 
of which the terminus P divides AB in the ratio 




OP = OA- 



-AB = A 



-(B-A). 



Fig. 10 



That is, 



iB 



(7) 



The components of P parallel to A and B are in inverse ratio to the segments 
AP and PB into which the line AB is divided by the point P. If it should 
so happen that P divided the line AB externally, the ratio AP/PB would be 
negative, and the signs of m and n would be opposite, but the formula would 
hold without change if this difference of sign in m and n be taken into account. 

Example 2: To find the point of intersection of the medians of a triangle. 

Choose the origin O at random. Let ABC be the given triangle. Let OA = 
A, OB = B, and OC = C. Let A' , B' , C be respectively the middle points of 
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the sides opposite the vertices A, B, C. Let M be the point of intersection of 
the medians and M = OM the vector drawn to it. Then 



M = OM = OA + xAA' = A 
and 



(B 


-A) + (C- 


-A) 




2 




(C- 


- B) + (A - 


-B)l 



M = OM = OB + yBB> = B + y 

Assuming that O has been chosen outside of the plane of the triangle so that 
A, B, C are non-coplanar, corresponding coefficients may be equated. 



1 


— x = 


1 

2 V ' 




1 

—x = 
2 


i-y, 




1 
2 X = 


l 

2 V - 




x =y 


2 
~ 3' 


M = 


= i(A + B + C) 
o 



Hence 

Hence 

The vector drawn to the median point of a triangle is equal to one third of the 
sum of the vectors drawn to the vertices. 

In the problems of which the solution has just been given the origin could be 
chosen arbitrarily and the result is independent of that choice. Hence it is even 
possible to disregard the origin entirely and replace the vectors A, B, C, etc., 
by their termini A, B, C, etc. Thus the points themselves become the subjects 
of analysis and the formulae read 



P = 



n 



A + mB 



m + n 



and M = -(A + B + C). 

o 

This is typical of a whole class of problems soluble by vector methods. In 
fact any purely geometric relation between the different parts of a figure must 
necessarily be independent of the origin assumed for the analytic demonstration. 
In some cases, such as those in Arts. 18, 19, the position of the origin may be 
specialized with regard to some crucial point of the figure so as to facilitate the 
computation; but in many other cases the generality obtained by leaving the 
origin unspecializcd and undetermined leads to a symmetry which renders the 
results just as easy to compute and more easy to remember. 

Theorem: The necessary and sufficient condition that a vector equation 
represent a relation independent of the origin is that the sum of the scalar 
coefficients of the vectors on one side of the sign of equality is equal to the sum 
of the coefficients of the vectors upon the other side. Or if all the terms of a 
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vector equation be transposed to one side leaving zero on the other, the sum of 
the scalar coefficients must be zero. 

Let the equation written in the latter form be 

aA + &B + cC + dD H =0. 



p = 


to + n 


1 = 


n m 


to + n to + n 


M = 


: i(A + B + C), 


1 = 


1 1 1 

3 + 3 + 3- 



Change the origin from O to O' by adding a constant vector R = OO' to each 
of the vectors A, B, C, D • • • The equation then becomes 

a(A + R) + &(B + R) + c(C + R) + d(D + R) + • • • = 0. 

= aA + 6B + cC + dD -\ h R(o + b + c + d+ ...). 

If this is to be independent of the origin the coefficient of R must vanish. Hence 

a + b + c + d-\ = 0. 

That this condition is fulfilled in the two examples cited is obvious. 

„ nA + toB 



If 



21.] The necessary and sufficient condition that two vectors satisfy an 

equation, in which the sum of the scalar coefficients is zero, is that the vectors 
be equal in magnitude and in direction. 
First let 

aA + 6B = 

and a + b = 0. 

It is of course assumed that not both the coefficients a and b vanish. If they did 
the equation would mean nothing. Substitute the value of a obtained from the 
second equation into the first. 

-oA+oB = 
Hence A = B. 

Secondly if A and B are equal in magnitude and direction the equation 

A-B = 

subsists between them. The sum of the coefficients is zero. 
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The necessary and sufficient condition that three vectors satisfy an equation, 
in which the sum of the scalar coefficients is zero, is that when drawn from a 
common origin they terminate in the same straight line. 1 First let 

aA + bB + cC = 
and a + b + c = 0. 

Not all the coefficients a, 6, c, vanish or the equations would be meaningless. 
Let c be a non- vanishing coefficient. Substitute the value of a obtained from 
the second equation into the first. 

-(o + c)A + feB + cC = 0, 
or c(C-A) = 6(A-B). 

Hence the vector which joins the extremities of C and A is collinear with that 
which joins the extremities of A and B. Hence those three points A, B, C lie 
on a line. Secondly suppose three vectors A = OA, B = OB, C = OC drawn 
from the same origin O terminate in a straight line. Then the vectors 

AB = B-AandAC = C-A 

are collinear. Hence the equation 

(B - A) = x(C - A) 

subsists. The sum of the coefficients on the two sides is the same. 

The necessary and sufficient condition that an equation, in which the sum 
of the scalar coefficients is zero, subsist between four vectors, is that if drawn 
from a common origin they terminate in one plane. 2 First let 

aA + bB + cC + dD = 
and a + b + c + d = 0. 

Let d be a non- vanishing coefficient. Substitute the value of a obtained from 
the last equation into the first. 

-(b + c + d)A + bB + cC + dD = 0, 
or d(D-A) = 6(A-B) + c(A-C). 

The line AD is coplanar with AB and AC. Hence all four termini A, B, C, D 
of A, B, C, D lie in one plane. Secondly suppose that the termini of A, B, C, 
D do lie in one plane. Then AD = D-A, AC = C-A, andAB = B-A 

1 Vectors which have a common origin and terminate in one line are called by Hamilton 
"termino-collinear." 

2 Vectors which have a common origin and terminate in one plane are called by Hamilton 
"termino-coplanar" 
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are coplanar vectors. One of them may be expressed in terms of the other two. 
This leads to the equation 

/(B - A) + m(C - A) + n(D - A) = 0, 

where I, m, and n are certain scalars. The sum of the coefficients in this equation 
is zero. 

Between any five vectors there exists one equation the sum of whose coeffi- 
cients is zero. 

Let A, B, C, D, E be the five given vectors. Form the differences 

E- A, E-B, E-C, E-D. 

One of these may be expressed in terms of the other three — or what amounts 
to the same thing there must exist an equation between them. 

fc(E - A) + Z(E - B) + m(E - C) + n(E - D) = 0. 

The sum of the coefficients of this equation is zero. 

22.] The results of the foregoing section afford simple solutions of many 
problems connected solely with geometric properties of figures. Special theo- 
rems, the vector equations of lines and planes, and geometric nets in two and 
three dimensions are taken up in order. 

Example 1: If a line be drawn parallel to the 
base of a triangle, the line which joins the opposite 
vertex to the intersection of the diagonals of the 
trapezoid thus formed bisects the base (Fig. 11). 

Let ABC be the triangle, ED the line paral- . 
lei to the base CB, G the point of intersection 
of the diagonals EB amd DC of the trapezoid 
CBDE, and F the intersection of AG with CB. 
To show that F bisects CB. Choose the origin 
at random. Let the vectors drawn from it to the 
various points of the figure be denoted by the cor- 
responding Clarendons as usual. The since ED is by hypothesis parallel to CB, 
the equation 

E-D = n(C-B) 

holds true. The sum of the coefficients is evidently zero as it should be. Rear- 
range the terms so that the equation takes on the form 

E nC = D nB. 

The vector PE — nC is coplanar with E and C. It must cut the line EC. The 
equal vector D = raB is coplanar with D and B/ It must cut the line DB. 
Consequently the vector represented by either side of this equation must pass 
through the point A. Hence 




'ISi' 

\ .v'.-' 




Fig. II 



E - nC = D - nB = xA. 



24 



However the points E, C, and A lie upon the same straight line. Hence the 
equation which connects the vectors E, C, and A must be such that the sum 
of its coefficients is zero. This determines x as 1 — n. 

Hence E - nC = D - nB = (1 - n)A 

By another rearrangement and similar reasoning 

E + nB = D + nC = (1 + n)G. 

Subtract the first equation from the second: 

n(B + C) = (1 + n)G - (1 - n)A. 

This vector cuts BC and AG. It must therefore be a multiple of F and such a 
multiple that the sum of the coefficients of the equations which connect B, C, 
and F or G, A, and F shall be zero. 

Hence n(B + C) = (1 + n)G - (1 - n)A = 2nF 

B + C 

Hence F = — - — , 



and the theorem has been proved. The proof has covered considerable space 
because each detail of the reasoning has been given. In reality, however, the 
actual analysis has consisted of just four equations obtained simply from the 
first. 

Example 2: To determine the equations of the line and plane. 

Let the line be fixed by two points A and B upon it. Let P be any point of 
the line. Choose an arbitrary origin. The vectors A, B, and P terminate in the 
same line. Hence 

aA + bB+pP = 
and a + b + p = 0. 

Therefore 

„ aA + 6B 



a + b 
For different points P the scalars a and b have different values. They may be 
replaced by x and y, which are used more generally to represent variables. Then 

p= xA + yB 
x + y 

Let a plane be determined by three points A, B, and C '. Let P be any point 
of the plane. Choose an arbitrary origin. The vectors A, B, C, and P terminate 
in one plane. Hence 

aA + bB + cC+pP = (] 
and a + b + c + p = 0. 
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Therefore 



aA + bB + cC 



As a, 6, c, vary for different points of the plane, it is more customary to write 
in there stead x, y, z. 

_ xA + yB + zC 

x + y + z 

Example 3: The line which joins one vertex of a complete quadrilateral to 
the intersection of two diagonals divides the op- 
posite sides harmonically (Fig. 12). 

Let A, B, C, D be four vertices of a quadri- 
lateral. Let AB meet CD in a fifth vertex E, and 
AD meet BC in the sixth vertex F. Let the two 
diagonals AC and BD intersect at G. To show 
that FG intersects AB in a point E' and CD in 
a point E" such that the lines AB and CD are 
divided internally at E' and E" in the same ratio 




Fig. 12 
as they are divided externally by E. That is to show that the cross ratios 



(AB ■ EE') = (CD ■ EE" 



-1. 



Choose the origin at random. The four vectors A, B, C, D drawn from it 
to the points A, B, C, D terminate in one plane. Hence 

aA + bB + cC + dD = 



and 

a + b + c + d = 0. 

Separate the equations by transposing the two terms: 

aA + cC = -(bB + dD), 

a + c= -(b + d). 



Divide: 



In like manner 



For 



or 



G 



aA + cC 


a + c 


aA + dD 



(a + c)G- 


- (a + d)F 


(a + c) - 


- (a + d) 


(a + c)G- 


- (a + d)F 



feB + dD 


b + d ' 


bB + cC 


b + c 


cC-dD 


(a + c)-(a + d) 


cC - dD 

-E". 



(a) 
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Separate the equations again and divide: 

aA + bB cC + dD 



a + b 



E. (b) 



Hence E divides AB in the ratio a : b and CD in the ratio c : d. But equation 
(a) shows that E" divides CD in the ratio — c : d. Hence E and E" divide 
CD internally and externally in the same ratio. Which of the two divisions is 
internal and which external depends upon the relative signs of c and d. If they 
have the same sign the internal point of division is E; if opposite signs, it is E" . 
In a similar way E' and E may be shown to divide AB harmonically. 

Example 4: To discuss geometric nets. 

By a geometric net in a plane is meant a figure composed of points and 
straight lines obtained in the following manner. Start with a certain number 
of points all of which lie in one plane. Draw all the lines joining these points 
in pairs. These lines will intersect each other in a number of points. Next 
draw all the lines which connect these points in pairs. This second set of lines 
will determing a still greater number of points which may in turn be joined in 
pairs and so on. The construction may be kept up indefinitely. At each step the 
number of points and lines in the figure increases. Probably the most interesting 
case of a plane geometric net is that in which four points are given to commence 
with. Joining these there are six lines which intersect in three points different 
from the given four. Three new lines may now be drawn in the figure. These 
cut out six new points. From these more lines may be obtained and so on. 

To treat this net analytically write down the equations 

a A + bB + cC + dY> = (c) 

and 

a+b+c+d=0 

which subsist between the four vectors drawn from an undetermined origin to 
the four given points. From these it is possible to obtain 



E 



aA + bB 



a + b 


aA + cC 


a + c 


aA + dT> 



cC + dT> 


c + d 
6B + dD 


b + d 
bB + cC 



G = 

a + d b + c 

by splitting the equations into two parts and dividing. Next four vectors such 
as A, D, E, F may be chosen and the equation the sum of whose coefficients is 
zero may be determined. This would be 

-aA + dD + (a + 6)E +(a + c)F = 0. 
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By treating this equation as (c) was treated new points may be obtained. 



H 

I 

K 



-a A + d~D _ (a + 6)E + (a + c)F 

—a + d 2a + b + c 

-aA + (a + 6)E _ dD + (a + c)F 

b a + c + d 

-aA + (a + c)F dD + (a + &)E 



b + d 



Equations between other sets of four vectors selected from A, B, C, D, E, F, 
G may be found; and from these more points obtained. The process of finding 
more points goes forward indefinitely A fuller account of geometric nets may 
be found in Hamilton's "Elements of Quaternions" Book I. 

As regards geometric nets in space just a word may be said. Five points are 
given. From these new points may be obtained by finding the intersections of 
planes passed through sets of three of the given points with lines connecting the 
remaining pairs. The construction may then be carried forward with the points 
thus obtained. The analytic treatment is similar to that in the case of plane 
nets. There are five vectors drawn from an undetermined origin to the given 
five points. Between these vectors there exists an equation the sum of whose 
coefficients is zero. This equation may be separated into parts as before and the 
new points may thus be obtained. If 

aA + 6B + cC + dD + eE = 

and 



then 



H 



a + b + c + d + e = 0, 

aA + 6B _ cC + dD + eE 

a + b c + d + e 

aA + cC bB + dT> + eE 



a + b b + d + c 

are two of the points and others may be found in the same way. Nets in space 
are also discussed by Hamilton, loc. cit. 

Centers of Gravity 

23.] The center of gravity of a system of particles may be found very easily 
by vector methods. The two laws of physics which will be assumed are the 
following: 

1°. The center of gravity of two masses (considered as situated at points) lies 
on the line connecting the two masses and divides it into two segments 
which are inversely proportional to the masses at the extremities. 

2°. In finding the center of gravity of two systems of masses each system may 
be replaced by a single mass equal in magnitude to the sum of the masses 
in the system and situated at the center of gravity of the system. 
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Given two masses a and b situated at two points A and B. Their center of 
gravity G is given by 

c _ aA + bB 

where the vectors are referred to any origin whatsoever. This follows immedi- 
ately from law 1 and the formula (7) for division of a line in a given ratio. 

The center of gravity of three masses a, b, c situated at the three points A, 
B, C may be found by means of law 2. The masses a and b may be considered 
as equivalent to a single mass a + b situated at the point 



Then 



Hence 



G 



G = 





aA + bB 






a + b 




(o 


>, + 6)^±f 


+ cC 




a + b + c 






aA + bB + 


cC 



a + b + c 



Evidently the center of gravity of any number of masses a, b, c, d, ... situated 
at the points A, B, C , D, . . . may be found in a similar manner. The result is 



G 



aA + bB + cC + dD 

a + b + c + d+ ■■ 



(9) 



Theorem 1: 




Fig. 13 



The lines which join the center of gravity of a triangle to 
the vertices divide it into three triangles which are pro- 
portional to the masses at the opposite vertices (Fig. 13). 
Let A, B, C be the vertices of a triangle weighted with 
masses a, b, c. Let G be the center of gravity. Join A, 
B, C to G and produce the lines until they intersect the 
opposite sides in A', B' , C respectively. To show that 
the areas 



GBC : GCA : GAB : ABC = a : b : c : a + b + c. 

The last proportion between ABC and a + b + c comes from compounding the 
first three. It is, however, useful in the demonstration. 



ABC AA 1 AG GA' 



Hence 



GBC GA' GA' GA' 

ABC _ a+b+c 

GBC = a ' 

In a similar manner 

BCA _ a+b+c 

GCA = b ' 



1. 
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and 

CAB _ a+b+c 

GAB ~ c ' 

Hence the proportion is proved. 

Theorem 2: The lines which join the center of gravity of a tetrahedron to 
the vertices divide the tetrahedron into four tetrahedra which are proportional 
to the masses at the opposite vertices. 

Let A, B, C, D be the vertices of the tetrahedron weighted respectively with 
weights a, b, c, d. Let G be the center of gravity. Join A, B, C, D to G and 
produce the lines until they meet the opposite faces in A' , B' , C', D' . To show 
that the volumes 

BCDG : CD AG : DABG : ABCG : ABCD = a : b : c : d : a + b + c + d. 

BCD A _AA'_AG GA 1 _b + c + d a+b+c+d 

BCDG ~ GA> ~ GA 1 + GA 1 ~ ! ' ~ 

In like manner 



a a 



and 



and 



CD AG _a + b + c + d 
CDAB ~ b ' 

DABG a+b+c+d 



DABC c 

ABCG a+b+c+d 



ABCD d 

which proves the proportion. 

24.] By a suitable choice of the three masses, a, b, c located at the vertices 
A, B, C, the center of gravity G may be made to coincide with any given point 
P of the triangle. If this be not obvious from physical considerations it certainly 
becomes so in the light of the foregoing theorems. For in order that the center of 
gravity fall at P, it is only necessary to choose the masses a, b, c proportional to 
the areas of the triangles PBC, PC A, and PAB respectively. Thus not merely 
one set of masses a, 6, c may be found, but an infinite number of sets which differ 
from each other only by a common factor of proportionality. These quantities 
a, b, c may therefore be looked upon as coordinates of the points P inside of 
the triangle ABC. To each set there corresponds a definite point P, and to 
each point P there corresponds an infinite number of sets of quantities, which 
however do not differ from one another except for a factor of proportionality. 

To obtain the points P of the plane ABC which lie outside of the triangle 
ABC one may resort to the conception of negative weights or masses. The centre 
of gravity of the masses 2 and — 1 situated at the points A and B respectively 
would be a point G dividing the line AB externally in the ratio 1:2. That is 

GA : GB = 1 : 2. 
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Any point of the line AB produced may be represented by a suitable set of 
masses a, b which differ in sign. Similarly any point P of the plane ABC may 
be represented by a suitable set of masses a, b, c of which one will differ in sign 
from the other two if the point P lies outside of the triangle ABC. Inasmuch 
as only the ratios of a, b, and c are important two of the quantities may always 
be taken positive. 

The idea of employing the masses situated at the vertices as coordinates of 
the center of gravity is due to Mobius and was published by him in his book 
entitled u Der barycentrische Calcul" in 1827. This may be fairly regarded as 
the starting point of modern analytic geometry. 

The conception of negative masses which have no existence in nature may 
be avoided by replacing the masses at the vertices by the areas of the triangles 
GBC, GCA, and GAB to which they are proportional. The coordinates of a 
point P would then be three numbers proportional to the areas of the three tri- 
angles of which P is the common vertex; and the sides of a given triangle ABC, 
the bases. The sign of these areas is determined by the following definition. 

Definition: The area ABC of a triangle is said to be positive when the 
vertices A, B, C follow each other in the positive or counterclockwise direction 
upon the circle described through them. The area is said to be negative when 
the points follow in the negative or clockwise direction. 

Cyclic permutation of the letters therefore does not alter the sign of the area. 

ABC = EC A = CAB. 

Interchange of two letters which amounts to a reversal of the cyclic order changes 
the sign. 

ACB = BAG = CBA = -ABC. 

If P be any point within the triangle the equation 

PAB + PBC + PC A = ABC 

must hold. The same will also hold if P be outside of the triangle provided the 
signs of the areas be taken into consideration. The areas or three quantities 
proportional to them may be ragarded as coordinates of the point P. 

The extension of the idea of "bary centric" coordinates to space is immedi- 
ate. The four points A, B, C, D situated at the vertices of a tetrahedron are 
weighted with mass a, b, c, d respectively. The center of gravity G is represented 
by these quantities or four others proportional to them. To obtain points out- 
side of the tetrahedron negative masses may be employed. Or in the light of 
theorem 2, page 29, the masses may be replaced by the four tetrahedra which 
are proportional to them. Then the idea of negative volumes takes the place 
of that of negative weights. As this idea is of considerable importance later, a 
brief treatment of it here may not be out of place. 

Definition: The volume ABCD of a tetrahedron is said to be positive when 
the triangle ABC appears positive to the eye situated at the point D. The 
volume is negative if the area of the triangle appear negative. 
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To make the discussion of the signs of the various tetrahedra perfectly clear it 
is almost necessary to have a solid model. A plane drawing is scarcely sufficient. 
It is difficult to sec from it which triangles appear positive and which negative. 
The following relations will be seen to hold if a model be examined. 

The interchange of two letters in the tetrahedron ABCD changes the sign. 

ACBD = CBAD = BACD = DBCA = ADCB = ABDC = -ABCD. 

The sign of the tetrahedron for any given one of the possible twenty-four ar- 
rangements of the letters may be obtained by reducing that arrangement to the 
order A B C D by means of a number of successive interchanges of two letters. 
If the number of interchanges is even the sign is the same as that of ABCD; if 
odd, opposite. Thus 

CADB = -CABD = +ACBD = -ABCD. 

If P is any point inside of the tetrahedron ABCD the equation 

ABCP - BCDP + CDAP - DABP = ABCD 

holds good. It still is true if P be without the tetrahedron provided the signs of 
the volumes be taken into consideration. The equation may be put into a form 
more symmetrical and more easily remembered by transposing all the terms to 
one number. Then 

ABCD + BCDP + CDPA + DPAB + PABC = 0. 

The proportion in theorem 2, page 29, does not hold true if the signs of the 
tetrahedra be regarded. It should read 

BCDG : CDC A : DGAB : GABC : ABCD = a : b : c : d : a + b + c + d. 

If the point G lies inside the tetrahedron a, b, c, d represent quantities pro- 
portional to the masses which must be located at the vertices A, B, C, D 
respectively if G is to be the center of gravity. If G lies outside of the tetra- 
hedron they may still be regarded as masses some of which are negative — or 
perhaps better merely as four numbers whose ratios determine the position of 
the point G. In this manner a set of "barycentric coordinates is established for 
space. 

The vector P drawn from an indeterminate origin to any point of the plane 
ABC is (page 25) 

xA + yB + zC 

x + y + z 
Comparing this with the expression 

oA + 6B + cC 

^* == ', 
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it will be seen that the quantities x, y, z are in reality nothing more nor less 
than the barycentric coordinates of the point P with respect to the triangle 
ABC. In like manner from equation 

xA + yB + zC + wD 
x + y + z + w 

which expresses any vector P drawn from an indeterminate origin in terms of 
four given vectors A, B, C, D drawn from the same origin, it may be seen by 
comparison with 

aA + bB + cC + dB 

a + b 4- c + d 
that the four quantities x, y, z, w are precisely the barycentric coordinates 
of P, the terminus of P, with respect to the tetrahedron ABCD. Thus the 
vector methods in which the origin is undetermined and the methods of the 
"Barycentric Calculus" are practically co-extensive. 

It was mentioned before and it may be well to repeat here that the origin may 
be left wholly out of consideration and the vectors replaced by their termini. 
The vector equations then become point equations 



P 



xA + yB + zC 

x + y + z 



and 



P = 



oA + yB + zC + wD 



x + y + z + w 

This step brings in the points themselves as the objects of analysis and leads still 
nearer to the "Barycentrische Calcul" of Mobius and the " Ausdehnungslehre" 
of Grassmann. 



The Use of Vectors to denote Areas 

25.] Definition: An area lying in one plane MN and bounded by a con- 
tinuous curve PQR which nowhere cuts itself is said to appear positive from 

the point O when the letters PQR follow each 
other in the counterclockwise or positive or- 
der; negative, when they follow in the nega- 
tive or clockwise order (Fig. 14). 

It is evident that an area can have no de- 
termined sign per se, but only in reference to 
that direction in which its boundary is sup- 
posed to be traced and to some point O out- 
side of its plane. For the area PRQ is negative 
relative to PQR; and an area viewed from O 
is negative relative to the same area viewed 
from a point O' upon the side of the plane opposite to O. A circle lying in the 
Ay-plane and described in the positive trigonometric order appears positive 




Fig. 14 
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from every point on that side of the plane on which the positive iT-axis lies, but 
negative from all points on the side upon which the negative Z-axis lies. For 
this reason the point of view and the direction of description of the boundary 
must be kept clearly in mind. 

Another method of stating the definition is as follows: If a person walking 
upon a plane traces out a closed curve, the area enclosed is said to be positive if 
it lies upon his left-hand saide, negative if upon his right. It is clear that if two 
persons be considered to trace out together the same curve by walking upon 
opposite sides of the plane the area enclosed will lie upon the right hand of one 
and the left hand of the other. To one it will consequently appear positive; to 
the other, negative. That side of the plane upon which the area seems positive 
is called the positive side; the side upon which it appears negative, the negative 
side. This idea is familiar to students of electricity and magnetism. If an electric 
current flow around a closed plane curve the lines of magnetic force through the 
circuit pass from the negative to the positive side of the plane. A positive 
magnetic pole placed upon the positive side of the plane will be repelled by the 
circuit. 

A plane area may be looked upon as possessing more than positive or nega- 
tive magnitude. It may be considered to possess direction, namely, the direction 
of the normal to the positive side of the plane in which it lies. Hence a plane 
area is a vector quantity. The following theorems concerning areas when looked 
upon as vectors are important. 

Theorem 1: If a plane area be denoted by a vector whose magnitude is the 
numerical value of that area and whose direction is the normal upon the positive 
side of the plane, then the orthogonal projection of that area upon a plane will 
be represented by the component of that vector in the direction normal to the 
plane of projection (Fig. 15). 




Fig. 15 
Let the area A lie in the plane MN . Let it be projected orthogonally upon 
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the plane M'N'. Let MN and M'N' intersect in the line I and let the dicdral 
angle between these two planes be x. Consider first a rectangle PQRS in MN 
whose sides, PQ. RS and QR, SP are respectively parallel and perpendicular 
to the line I. This will project into a rectangle P'Q'R'S' in M'N'/ The sides 
P'Q' and R'S' will be equal to PQ and RS; but the sides Q'R' and S'P' will 
be equal to QR and SP multiplied by the cosine of x, the angle between the 
planes. Consequently the rectangle 

P'Q'R'S' = PQRS cos x. 

Hence rectangles, of which the sides are respectively parallel and perpendic- 
ular to I, the line of intersection of the two planes, project into rectangles whose 
sides are likewise respectively parallel and perpendicular to / and whose area is 
equal to the area of the original rectangles multiplied by the cosine of the angle 
between the planes. 

From this it follows that any area A is projected into an area which is equal 
to the given area multiplied by the cosine of the angle between the planes. For 
any area A may be divided up into a large number of small rectangles by drawing 
a series of lines in MN parallel and perpendicular to the line I. Each of these 
rectangles when projected is multiplied by the cosine of the angle between the 
planes and hence the total area is also multiplied by the cosine of that angle. On 
the other hand the component A' of the vector A, which represents the given 
area, in the direction normal to the plane M'N' of projection is equal to the 
total vector A multiplied by the cosine of the angle between its direction which 
is the normal to the plane MTV and the normal to M'N' . This angle is x; for 
the angle between the normals to two planes is the same as the angle between 
the planes. The relation between the magnitudes of A and A' is therefore 

A' = oleosa;, 

which proves the theorem. 

26.] Definition: Two plane areas regarded as vectors are said to be added 
when the vectors which represent them are added. 

A vector area is consequently the sum of its three components obtainable 
by orthogonal projection upon three mutually perpendicular planes. Moreover 
in adding two areas each may be resolved into its three components, the corre- 
sponding components added as scalar quantities, and these sums compounded 
as vectors into the resultant area. A generalization of this statement to the case 
where the three planes are not mutually orthogonal and where the projection is 
oblique exists. 

A surface made up of several plane areas may be represented by the vector 
which is the sum of all the vectors representing those areas. In case the surface 
be looked upon as forming the boundary or a portion of the boundary of a 
solid, those sides of the bounding planes which lie outside of the body are 
conventionally taken to be positive. The vectors which represent the faces of 
solids are always directed out from the solid, not into it. 
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Theorem 2: The vector which represents a closed polyhedral surface is 
zero. 

This may be proved by means of certain considerations of hydrostatics. Sup- 
pose the polyhedron drawn in a body of fluid assumed to be free from all external 
forces, gravity included. 1 The fluid is in equilibrium under its own internal pres- 
sures. The portion of the fluid bounded by the closed surface moves neither one 
way nor the other. Upon each face of the surface the fluid exerts a definite force 
proportional to the area of the face and normal to it. The resultant of all these 
forces must be zero, as the fluid is in equilibrium. Hence the sum of all the 
vector areas in the closed surface is zero. 

The proof may be given in a purely geometric manner. Consider the orthog- 
onal projection of the closed surface upon any plane. This consists of a double 
area. The part of the surface farthest from the plane projects into positive area; 
the part nearest the plane, into negative area. Thus the surface projects into 
a certain portion of the plane which is covered twice, once with positive area 
and once with negative. These cancel each other. Hence the total projection 
of a closed surface upon a plane (if taken with regard to sign) is zero. But by 
theorem 1 the projection of an area upon a plane is equal to the component of 
the vector representing that area in the direction perpendicular to that plane. 
Hence the vector which represents a closed surface has no component along the 
line perpendicular to the plane of projection. This, however, was any plane 
whatsoever. Hence the vector is zero. 

The theorem has been proved for the case in which the closed surface consists 
of planes. In case that surface be curved it may be regarded as the limit of a 
polyhedral surface whose number of faces increases without limit. Hence the 
vector which represents any closed surface polyhedral or curved is zero. If the 
surface be not closed but be curved it may be represented by a vector just as 
if it were polyhedral. That vector is the limit 2 approached by the vector which 
represents that polyhedral surface of which the curved surface is the limit when 
the number of faces becomes indefinitely great. 

Summary of Chapter I 

A vector is a quantity considered as possessing magnitude and direction. Equal 
vectors possess the same magnitude and the same direction. A vector is not 
altered by shifting it parallel to itself. A null or zero vector is one whose mag- 
nitude is zero. To multiply a vector by a positive scalar multiply its length by 
that scalar and leave its direction unchanged. To multiply a vector by a negative 
scalar multiply its length by that scalar and reverse its direction. 

Vectors add according to the parallelogram law. To subtract a vector reverse 
its direction and add. Addition, subtraction, and multiplication of vectors by 



x Such a state of affairs is realized to all practical purposes in the case of a polyhedron 
suspended in the atmosphere and consequently subjected to atmospheric pressure. The force 
of gravity acts but is counterbalanced by the tension in the suspending string. 

2 This limit exists and is unique. It is independent of the method in which the polyhedral 
surface approaches the curved surface. 
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a scalar follow the same laws as addition, subtraction, and multiplication in 
ordinary algebra. A vector may be resolved into three components parallel to 
any three non-coplanar vectors. This resolution can be accomplished in only 
one way. 

r = xa + yh + zc. (4) 

The components of equal vectors, parallel to three given non-coplanar vec- 
tors, are equal, and conversely if the components are equal the vectors are equal. 
The three unit vectors i, j, k form a right-handed rectangular system. In terms 
of them any vector may be expressed by means of the Cartesian coordinates x, 
V, z. 

r = xi + yj + zk. (6) 

Applications: The point which divides a lines in a given ratio m : n is given 
by the formula 

m + n 

The necessary and sufficient condition that a vector equation represent a relation 
independent of the origin is that the sum of the scalar coefficients in the equation 
be zero. Between any four vectors there exists an equation which scalar coef- 
ficients. If the sum of the coefficients is zero the vectors are termino-coplanar. 
If an equation the sum of whose scalar coefficients is zero exists between three 
vectors they are termino-collinear. The center of gravity of a number of masses 
a, b, c . . .situated at the termini of the vectors A, B, C . . .supposed to be 
drawn from a common origin is given by the formula 

G= aA + 6B + cC + ---. (9) 

a + b + c^ 

A vector may be used to denote an area. If the area is plane the magnitude 
of the vector is equal to the magnitude of the area, and the direction of the 
vector is the direction of the normal upon the positive side of the plane. The 
vector representing a closed surface is zero. 

Exercises on Chapter I 

1. Demonstrate the laws stated in Art. 12. 

2. A triangle may be constructed whose sides are parallel and equal to the 
medians of any given triangle. 

3. The six points in which the three diagonals of a complete quadrangle 1 
meet the pairs of opposite sides lie three by three upon four straight lines. 



1 A complete quadrangle consists of the six straight lines which may be passed through four 
points no three of which are collinear. The diagonals are the lines which join the points of 
intersection of pairs of sides. 



37 



4. If two triangles arc so situated in space that the three points of intersection 
of corresponding sides lie on a line, then the lines joining the corresponding 
vertices pass through a common point and conversely. 

5. Given a quadrilateral in space. Find the middle point of the line which 
joins the middle points of the diagonals. Find the middle point of the line 
which joins the middle points of two opposite sides. Show that these two 
points are the same and coincide with the center of gravity of a system of 
equal masses placed at the vertices of the quadrilateral. 

6. If two opposite sides of a quadrilateral in space be divided proportionally 
and if two quadrilaterals be formed by joining the two points of division, 
then the centers of gravity of these two quadrilaterals lie on a line with 
the center of gravity of the original quadrilateral. By the center of gravity 
is meant the center of gravity of four equal masses placed at the vertices. 
Can this theorem be generalized to the case where the masses are not 
equal? 

7. The bisectors of the angles of a triangle meet in a point. 

8. If the edges of a hexahedron meet four by four in three points, the four di- 
agonals of the hexahedron meet in a point. In the special case in which the 
hexahedron is a parallelopiped the three points are at an infinite distance. 

9. Prove that the three straight lines through the middle points of the sides 
of any face of a tetrahedron, each parallel to the straight line connecting a 
fixed point P with the middle point of the opposite edge of the tetrahedron, 
meet in a point E and that this point is such that PE passes through and 
is bisected by the center of gravity of the tetrahedron. 

10. Show that without exception there exists one vector equation with scalar 
coefficients between any four vectors A, B, C, D. 

11. Discuss the conditions imposed upon three, four, or five vectors if they 
satisfy two equations the sum of the coefficients in each of which is zero. 



CHAPTER II 

DIRECT AND SKEW PRODUCTS OF VECTORS 
Products of Two Vectors 

27.] The operations of addition, subtraction, and scalar multiplication 

have been defined for vectors in the way suggested by physics and have been 
employed in a few applications. It now becomes necessary to introduce two new 
combinations of vectors. These will be called products because they obey the 
fundamental law of products; i.e., the distributive law which states that the 
product of A into the sum of B and C is equal to the sum of the products of 
A into B and A into C. 

Definition: The direct product of two vectors A and B is the scalar quantity 
obtained by multiplying the product of the magnitudes of the vectors by the 
cosine of the angle between them. 

The direct product is denoted by writing the two vectors with a dot between 
them as 

A B. 

This is read A dot B and therefore may often be called the dot product instead 
of the direct product. It is also called the scalar product owing to the fact 
that its value is scalar. If A be the magnitude of A and B that of B, then by 
definition 

A B = ABcos(A,B). (1) 

Obviously the direct product follows the commutative law 

A • B = B • A. (2) 

If either vector be multiplied by a scalar the product is multiplied by that scalar. 
That is 

(xA) ■ B = A • (xB) =a;(A-B). 

In case the two vectors A and B are collinear the angle between them be- 
comes zero or one hundred and eighty degrees and its cosine is therefore equal 
to unity with the positive or negative sign. Hence the scalar product of two 
parallel vectors is numerically equal to the product of their lengths. The sign of 
the product is positive when the directions of the vectors are the same, negative 
when they are opposite. The product of a vector by itself is therefore equal to 
the square of its length 

A-A = ^ 2 . (3) 

Consequently if the product of a vector by itself vanish the vector is a null 
vector. 

In case the two vectors A and B are perpendicular the angle between them 
becomes plus or minus ninety degrees and the cosine vanishes. Hence the prod- 
uct A • B vanishes. Conversely if the scalar product A • B vanishes, then 

ABcos(A,B) = 0. 
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Hence either A or B of cos(A, B) is zero, and either the vectors are perpendicular 
or one of them is null. Thus the condition for the perpendicularity of two vectors, 
neither of which vanishes, is A • B — 0. 

28.] The scalar products of the three fundamental unit vectors i, j, k are 
evidently 

i-i = j-i = k-k = l, 

J J (4) 

ij=jk = ki = 0. W 

If more generally a and b are any two unit vectors the product 

a • b = cos(a, b). 

Thus the scalar product determines the cosine of the angle between two vectors 
and is in a certain sense equivalent to it. For this reason it might be better to 
give a purely geometric definition of the product rather than one which depends 
upon trigonometry. This is easily accomplished as follows: If a and b are two 
unit vectors, a • b is the length of the projection of either upon the other. 
If more generally A and B are any two vectors A • B is the product of the 
length of cither by the length of projection of the other upon it. From these 
definitions the facts that the product of a vector by itself is the square of its 
length and the product of two perpendicular vectors is zero follow immediately. 
The trigonometric definition can also readily be deduced. 

The scalar product of two vectors will appear whenever the cosine of the 
included angle is of importance. The following examples may be cited. The 
projection of a vector B upon a vector A is 

A R A R 

— — -A= — -Acos(A,B) =Bcos(A,B)a, (5) 

A • A AA v ; v ' K ' 

where a is a unit vector in the direction of A. If A is itself a unit vector the 
formula reduces to 

(A-B)A = Bcos(A,B)A. 

If A be a constant force and B a displacement the work done by the force A 

during the displacement is AB. If A represent a plane area 

(Art. 25), and if B be a vector inclined to that plane, the 

scalar product A • B will be the volume of the cylinder of 

which the area A is the base and of which B is the directed 

slant height. For the volume (Fig. 16) is equal to the base 

A multiplied by the altitude h. This is the projection of B ' ' 

upon A or _Bcos(A,B). Hence 

Fig. 16 

v = Ah = AB cos(A, B) = A B. 

29.] The scalar or direct product follows the distributive law of multiplica- 
tion. That is 

(A + B) C = A C + B C. (6) 
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This may be proved by means of projections. Let C be equal to its magnitude 
C multiplied by a unit vector c in its direction. To show 

(A + B) • (Cc) = A • (Cc) + B • (Cc) 

or 

(A + B) -c = A-c + B-c. 

A • c is the projection of A upon c; B • c, that of B upon c; (A + B) • c, that of 
A + B upon c. But the projection of the sum A + B is equal to the sum of the 
projections. Hence the relation (6) is proved. By an immediate generalization 

(A + B + ---)-(P + Q + ---) = A-P + A-Q + --- 

+ BP + BQ + (6)' 

-I 

The scalar product may be used just as the product in ordinary algebra. It has 
no peculiar difficulties. 

If two vectors A and B are expressed in terms of the three unit vectors i, j, 
k as 

A = A l \ + A 2 ] + A 3 k, 

and 
then 



B = BA + B 2 ] + B 3 k, 



A • B = {Aii + A 2 j + A 3 k) • (Bii + B 2 j + B 3 k) 
= AiBii- i + ^i_B 2 i -j + AiB 3 i-k 
+ A 2 Bi) • i + A 2 B 2 j • j + A 2 B 3 j • k 
+ A 3 B x k • i + A 3 B 2 k ■ j + A 3 B 3 k ■ k 

By means of (4) this reduces to 

A-B = A 1 B 1 +A 2 B 2 + A 3 B 3 . (7) 

If in particular A and B are unit vectors, their components A\, A 2 , A 3 and 
B-l, B 2 , B 3 are the direction cosines of the lines A and B referred to X, Y, Z. 

Ai = cos(A,X), ^ 2 =cos(A,y), A 3 = cos(A, Z), 

Bi=cos(B,X), B 2 =cos(B,r), S 3 = cos(B,Z). 

Moreover A • B is the cosine of the included angle. Hence the equation becomes 

cos(A, B) = cos(A, X) cos(B, X) + cos(A, Y) cos(B, Y) 

+ cos(A,Z)cos(B,Z). 

In case A and B are perpendicular this reduces to the well known relation 

O = cos(A, X) cos(B, X) + cos(A, Y) cos(B, Y) 

+ cos(A,Z)cos(B,Z) 

between the direction cosines of the line A and the line B. 
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30.] If A and B are two sides OA and OB of 
a triangle OAB, the third side AB is C = B A 
(Fig. 17). 

CC = (BA)(BA)=BB + AA-2AB Fig. 17 

or 

C 2 = A 2 + B 2 - 2ABcos(AB). 

That is, the square of one side of a triangle is equal to the sum of the squares 
of the other two sides diminished by twice their product times the cosine of the 
angle between them. Or, the square of one side of a triangle is equal to the sum 
of the squares of the other two sides diminished by twice the product of either of 
those sides by the projection of the other upon it — the generalized Pythagorean 
theorem. 

If A and B are two sides of a parallelogram, A = A + B and D = A — B 
are the diagonals. Then 

C • C = (A + B) • (A + B) = A • A + 2A • B + B • B, 

D D = (A B) (A B) = A A 2A B + B B, 
C C + D D = 2(A A + B B), 



or 



C 2 + D 2 = 2{A 2 + B 2 ). 



That is, the sum of the squares of the diagonals of a parallelogram is equal to 
twice the sum of the squares of two sides. 
In like manner also 

CCDD = 4AB 

or 

C 2 - D 2 =4ABcos(A,B). 

That is, the difference of the squares of the diagonals of a parallelogram is equal 
to four times the product of one of the sides by the projection of the other upon 
it. 

If A is any vector expressed in terms of i, j, k as 

A = AA + A 2 j + A 3 k, 

then 

A-A = A 2 = A 1 2 + A 2 2 + A 3 2 . (8) 

But if A be expressed in terms of any three non-coplanar unit vectors a,b,c as 

A = aa + bh + cc, 



A • A = A 2 = a 2 & ■ a + b 2 h ■ b + c 2 c • c 

+ 2afea • b + 2bch ■ c + 2cac ■ a. 
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A 2 = a 2 + b 2 + c 2 + 2a6cos(a, b) + 2&ccos(b, c) + 2cacos(c,a). 

This formula is analogous to the one in Cartesian geometry which gives the 
distance between two points referred to oblique axes. If the points be X\, j/i, 
Zi, and X2, 2/2, z 2 the distance squared is 

D 2 = (x 2 - x x ) 2 + (iftj - 2/i) 2 + {z 2 - zi) 2 
+ 2(x 2 - xi)(y 2 - yi) cos(A, Y) 
+ 2(y 2 -y 1 )(z 2 -z 1 )cos(Y,Z) 
+ 2(z 2 - zi)(x 2 - Xi) cos(Z, X). 

31.] Definition: The sfcw product of the vector A into the vector B is the 
vector quantity C whose direction is the normal upon that side of the plane 
of A and B on which rotation from A to B through an angle of less than one 
hundred and eighty degrees appears positive or counterclockwise; and whose 
magnitude is obtained by multiplying the product of the magnitudes of A and 
B by the sine of the angle from A to B. 

The direction of A x B may also be defined 
as that in which an ordinary right-handed screw C = 
advances as it turns so as to carry A toward B 
(Fig. 18). 

The skew product is denoted by a cross as the 



AXB 
B. 
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direct product was by a dot. It is written * 

C = A x B Fig. 18 

and read A cross B. For this reason it is often called the cross product. More 
frequently, however, it is called the vector product, owing to the fact that it is 
a vector quantity and in contrast with the direct or scalar product whose value 
is scalar. 

The vector product is by definition 

C = A x B = AB sin(A, B)c, (9) 

when A and B are the magnitudes of A and B respectively and where c is a 
unit vector in the direction of C. In case A and B are unit vectors the skew 
product A x B reduces to the unit vector c multiplied by the sine of the angle 
from A to B. Obviously also if either vector A or B is multiplied by a scalar x 
their product is multiplied by that scalar. 

(xA x B = A x (xB) = xC. 

If A and B arc parallel the angle between them is either zero or one hundred 
and eighty degrees. In either case the sine vanishes and consequently the vector 
product A x B is a null vector. And conversely if A x B is zero 

ABsin(A,B) =0. 

Hence A or B or sin(A, B) is zero. Thus the condition for parallelism of two 
vectors neither of which vanishes is A x B = 0. As a corollary the vector 
product of any vector into itself vanishes. 
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32.] The vector product of two vectors will appear wherever the sine of the 
included angle is of importance, just as the scalar product did in the case of 
the cosine. The two products are in a certain sense complementary. They have 
been denoted by the two common signs of multiplication, the dot and the cross. 
In vector analysis they occupy the place held by the trigonometric functions of 
scalar analysis. They are at the same time amenable to algebraic treatment, as 
will be seen later. At present a few uses of the vector product may be cited. 

If A and B (Fig. 18) are the two adjacent sides of a parallelogram the vector 
product 

C = AxB = iB sin(A, B)c 

represents the area of that parallelogram in magnitude and direction (Art. 25). 
This geometric representation of A x B is of such common occurrence and 
importance that it might well be taken as the definition of the product. From 
it the trigonometric definition follows at once. The vector product appears in 
mechanics in connection with couples. If A and —A are two forces forming a 
couple, the moment of the couple is A x B provided only that B is a vector drawn 
from any point of A to any point of —A. The product makes its appearance 
again in considering the velocities of the individual particles of a body which is 
rotating with and angular velocity given in magnitude and direction by A. If R 
be the radius vectir drawn from any point of the axis of rotation A the product 
A x R will give the velocity of the extremity of R (Art. 51). This velocity is 
perpendicular alike to the axis of rotation and to the radius vector R. 

33.] The vector products A x B and B x A are not the same. They are 
in fact the negatives of each other. For if rotation from A to B appear positive 
on one side of the plane of A and B, rotation from B to A will appear positive 
on the other. Hence A x B is the normal to the plane of A and B upon that 
side opposite to the one upon which B x A is the normal. The magnitudes of 
A x B and B x A are the same. Hence 

A x B = B x A. (10) 

The factors in a vector product can be interchanged if and only if the sign of the 
product be reversed. 

This is the first instance in which the laws of operation in vector analysis 
differ essentially from those of scalar analysis. It may be that at first this change 
of sign which must accompany the interchange of factors in a vector product will 
give rise to some difficulty and confusion. Changes similar to this are, however, 
very familiar. No one would think of interchanging the order of x and y in the 
expression sin(a; — y) without prefixing the negative sign to the result. Thus 

sin(y — x) = — sin(x — y), 

although the sign is not required for the case of the cosine. 

cos(y — x) = cos(x — y). 



44 



Again if the cyclic order of the letters ABC in the area of a triangle be changed, 
the area will be changed in sign (Art. 25). 



ABC 



-ACB. 



In the same manner this reversal of sign, which occurs when the order of 
the factors in a vector product is reversed, will appear after a little practice and 
acquaintance just as natural and convenient as it is necessary. 



34.] The distributive law of multiplication holds in the case of vector 

products just as in ordinary algebra — except that the order of the factors must 
be carefully maintained when expanding. 



(A + B)xC = AxC + BxC. 



(11) 



cf~\. 
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A very simple proof may be given making use of the ideas developed in Art. 
-,*<? 26. Suppose that C is not coplanar with A and B. 
Let A and B be two sides of a triangle taken in order. 
Then -(A + B) will be the third side (Fig. 19). Form 
the prism of which this triangle is the base and of 
which C is the slant height or edge. The areas of the 
lateral faces of this prism are 

AxC, B x C, -(A|B)xC. 

The areas of the basses are 



v-W+« 




ft 



A 

Fig. 19 



-(AxB) and - -(A X B). 

But the sum of all the faces of the prism is zero; for the prism is a closed surface. 
Hence 



AxC + BxC-(A + B)xC+-(AxB)- 1 (AxB) 
AxC + BxC-(A + B)xC = 0, 



o. 



or 



AxC + BxC = (A + B)xC. (11) 

The relation is therefore proved in case C is non-coplanar with A and B. 
Should C be coplanar with A and B, choose D, any vector out of that plane. 
Then C + D also will lie out of that plane. Hence by (11) 

A x (C + D) + B x (C + D) = (A + B) x (C + D). 

Since the three vectors in each set A, C, D, and B, C, D, and A + B, C, D 

will be non-coplanar if D is properly chosen, the products may be expanded. 

AxC+AxD+BxC+BxD 
= (A + B) x C + (A + B) x D 



45 



But by (11) 
Hence 



AxD + BxD = (A + B)xD. 



AxC + BxC = (A + B)xC. 



This completes the demonstration. The distributive law holds for a vector prod- 
uct. The generalization is immediate. 



(A + B + ---) x (P + Q 



=AxP|AxQH 
+ B x P + B x Q 



(11)' 



35.] The vector products of the three unit vectors i, j, k are easily seen by 
means of Art. 17 to be 



ixi=jxj = kxk = 0, 
i x j = -j x i = k, 
jxk=-kxj=i, 
k x i = — i x k = j. 



(12) 



The skew product of two equal 1 vectors of the system i, j, k is zero. The product 
of two unequal vectors is the third taken with the positive sign if the vectors 
follow in the cyclic order i j k but with the negative sign if they do not. 

If two vectors A and B are expressed in terms of i, j, k, their vector product 
may be found by expanding according to the distributive law and substituting. 



A = Aii + A 2 j 
B = Bii + B 2 j 



A 3 k, 
B 3 k, 



A x B = (A x i + A 2 j + A 3 k) x (Bii + B 2 j + B 3 k) 
= AiBii x i + A x B 2 i x j + A 1 B 3 i x k 
+ A 2 B 1 j x i + A 2 B 2 j x j + A 2 B 3 j x k 
+ A 3 Bik x i + A 3 B 2 k x j + A 3 B 3 k x k. 

Hence 

A x B = (A 2 B 3 - A 3 B 2 )\ + {A 3 Bi - A x B 3 )j + {A X B 2 - A 2 Bi)k. 

This may be written in the form of a determinant as 



A x B = 



i 


,i 


k 


Ai 


A 2 


A 3 


Si 


B 2 


B 3 



(13) 



(13)' 



lr rhis follows also from the fact that the sign is changed when the order of factors is 
reversed. Hence jxj = — j X j = 0. 
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The formulae for the sine and cosine of the sum or difference of two angles 
follow immediately from the dot and cross products. Let a and b be two unit 
vectors lying in the ij-plane. If x be the angle that a makes with i, and y the 
angle b makes with i, then 

a = cos xi + sin xj , 

b = cos yi + sin yj , 
a • b = cos(a, b) = cos(y — x), 
a • b = cos x cos y + sin x + sin y. 



Hence 
If 

Hence 



Hence 



Hence 



cos(y — x) = cos y cos x + sin y sin x. 

b' = cos yi — sin yj , 
a • b' = cos(a, b') = cos(y + x), 

cos(y + x) = cos y cos x — sin y sin x. 
axb = ksin(a, b) = ksin(y — x), 
a x b = k(sin y cos x — sin x cos y) . 

sin(y — x) = sin y cos x — sin x cos y. 
a x b' = ksin(a, b') = ksin(y + x), 
axb' = k(sin y cos x + sin x cos y) . 

sin(y + x) = sin y cos x + sin x cos y. 



If I, m, n, and //, m' , n' are the direction cosines of two unit vectors a and 
a' referred to X, Y, Z, then 

a = /i + toj + nk, 

a/ = //i + TO/j + n/k, 

a • a' = cos(a, a') = //' + mm' + nn' , 

as has already been shown in Art. 29. The familiar formula for the square of 
the sine of the angle between a and a' may be found. 

a x a' = sin(a, a')e = (mn! — m'n)\ + (nl' — n'l)j + (lm f + Z'm)k, 

where e is a unit vector perpendicular to a and a'. 

(a x a') • (a x a') = sin 2 (a, a')e • e = sin 2 (a, a'). 

sin 2 (a, a') = (mn' - m'n) 2 + (nl' - n'l) 2 + (lm' + I'm) 2 . 

This leads to an easy way of establishing the useful identity 

(mn' - m'n) 2 + (nl' - n'l) 2 + (lm' + I'm) 2 
= (I 2 + m 2 + n 2 )(l' 2 + m' 2 + n' 2 ) - (IV + mm' + nn') 2 . 
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Products of More than Two Vectors 

36.] Up to this point nothing has been said concerning products in which 
the number of vectors is greater than two. If three vectors are combined into a 
product the result is called a triple product. Next to the simple products A • B 
and A x B the triple products are the most important. All higher products may 
be reduced to them. 

The simplest triple product is formed by multiplying the scalar product of 
two vectors A and B into a third C as 

(A-B)C. 

This in reality does not differ essentially from scalar multiplication (Art. 6). 
The scalar in this case merely happens to be the scalar product of the two 
vectors A and B. Moreover inasmuch as two vectors cannot stand side by side 
in the form of a product BC without either a dot or a cross to unite them, the 
parenthesis in (A • B)C is superfluous. The expression 

A BC 

cannot be interpreted in any other way 1 than as the product of the vector C by 
the scalar A • B. 

37.] The second triple product is the scalar product of two vectors, of which 
one is itself a vector product, as 

A • (B x C) or (A x B) • C. 

This sort of product has a scalar value and consequently is often called the scalar 

triple product. Its properties are perhaps most easily 
deduced from its commonest geometrical interpreta- 
tion. Let A, B, and C be any three vectors drawn 
from the same origin (Fig. 20). Then B x C is the 
area of the parallelogram of which B and C are two 
adjacent sides. The scalar 

A • (B x C) = v (14) 

Fig. 20 y ' K ' 

will therefore be the volume of the parallclopipcd of which B x C is the base 
and A the slant height or edge. See Art. 28. This volume v is positive if A 
and B x C lie upon the same side of the BC-plane; but negative if they lie 
on opposite sides. In other words if A, B, C form a right-handed or positive 
system of three vectors the scalar A • (B x C) is positive; but if they form a 
left-handed or negative system, it is negative. 




^^Latcr (Chap. V.) the product BC, where no sign either dot or cross occurs, will be 
defined. But it will be seen there that (A • B)C and A • (BC) arc identical and consequently 
no ambiguity can arise from the omission of the parenthesis. 
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In case A, B, and C are coplanar this volume will be neither positive nor 
negative but zero. And conversely if the volume is zero the three edges A, B, C 
of the parallelopiped must lie in one plane. Hence the necessary and sufficient 
condition for the coplanarity of three vectors A, B, C none of which vanishes 
is A • (B x C) = 0. As a corollary the scalar triple product of three vectors of 
which two are equal or collinear must vanish; for any two vectors are coplanar. 

The two products A • (B x C) and (A x B) • C are equal to the same volume 
v of the parallelopiped whose concurrent edges are A, B, C. The sign of the 
volume is the same in both cases. Hence 

(A x B) • C = A • (B x C) = v. (14) 

This equality may be stated as a rule of operation. The dot and the cross product 
in a scalar triple product may be interchanged without altering the value of the 
product. 

It may also be seen that the vectors A, B, C may be permuted cyclicly 
without altering the product. 

A (B x C) =B-(Cx A) = C-(Ax B). (15) 

For each of the expressions gives the volume of the same parallelopiped and that 
volume will have in each case the same sign, because if A is upon the positive 
side of the BC-plane, B will be on the positive side of the CA-plane and C 
upon the positive side of the AB-plane. The triple product may therefore have 
any one of six equivalent forms 

A-(B x C) = B (Cx A) = C-(Ax B) . y 

= (AxB) C = (Bx C)- A= (C x A) • B ( ' 

If however the cyclic order of the letters is changed the product will change sign. 

A-(Bx C) = -A- (CxB). (16) 

This may be seen from the figure or from the fact that 

Bx C= C xB. 

Hence: A scalar triple product is not altered by interchanging the dot or the 
cross or by permuting cyclicly the order of the vectors, but it is reversed in sign 
if the cyclic order be changed. 

38.] A word is necessary upon the subject of parentheses in this triple 

product. Can they be omitted without ambiguity? They can. The expression 

A B x C 

can have only the one interpretation 

A-(B x C). 
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For the expression (A • B) x C is meaningless. It is impossible to form the 
skew product of a scalar A • B and a vector C. Hence as there is only one way 
in which A • B x C may be interpreted, no confusion can arise from omitting 
the parentheses. Furthermore owing to the fact that there are six scalar triple 
products of A, B, and C which have the same value and are consequently 
generally not worth distinguishing the one from another, it is often convenient 
to use the symbol 

[ABC] 



to denote any one of the six equal products. 



[ABC] = ABxC = BCxA = CAxB 
= AxBC = BxCA = CxAB 



(15)' 



then 

[ABC] = -[ACB] (16)' 

The scalar triple products of the three unit vectors i, j, k all vanish except the 
two which contain the three different vectors. 

[ijk]=-[ikj] = l (17) 

Hence if three vectors A, B, C be expressed in terms of i, j, k as 

A = Aii + A 2 \ + A 3 k, 
B = Bii + B 2 j + B 3 k, 

C = C 1 i + C 2 j + C 3 k, 

then 

[ABC] = A X B 2 C 3 + B X C 2 A 3 + C X A 2 B 3 

- AiB 3 C 2 - BiC 3 A 2 - CiA 3 B 2 . (18) 

This may be obtained by actually performing the multiplications which are 
indicated in the triple product. The result may be written in the form of a 
determinant. 1 

M M A 3 
[ABC] = Bi B 2 B 3 (18)' 

C\ c 2 c 3 

If more generally A, B, C are expressed in terms of any three non-coplanar 
vectors a, b, c which are not necessarily unit vectors, 

A = aia + 02b + 03c 
B = &ia + 62b + b 3 c 
C = cia + c 2 b + C3C 



lr This is the formula given in solid analytic geometry for the volume of a tetrahedron one 
of whose vertices is at the origin. For a more general formula see exercises. 
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where ai, a 2 , 03; 61, 62 , &3! and Ci, C2, C3 are certain constants, then 

[ABC] = (ai6 2 C3 + bic 2 a 3 + cia 2 b 3 

- aihc2 - hc 3 a 2 - Ci0 3 6 2 )[abc]. 



or 



[ABC] = 



01 a 2 a 3 
61 6 2 &3 
Ci c 2 c 3 



[abc] 



(19) 
(19)' 



39.] The third type of triple product is the vector product of two vectors 
of which one is itself a vector product. Such are 

A x (B x C) and (A x B) x C. 

The vector A x (B x C) is perpendicular to A and to (B x C). But (B x C) is 
perpendicular to the plane of B and C. Hence A x (B x C), being perpendicular 
to (B x C) must lie in the plane of B and C and thus take the form 

Ax(BxC)=iB| yC, 

where x and y are two scalars. In like manner also the vector (A x B) x C, 
being perpendicular to (A x B) must lie in the plance of A and B. Hence it 
will be of the form 

(A x B) x C = mA + nB 

where m and n are two scalars. From this it is evident that in general 

(A x B) x C is not equal to A x (B x C). 

The parentheses therefore cannot be removed or interchanged. It is essential 
to know which cross product is formed first and which second. This product is 
termed the vector triple product in contrast to the scalar triple product/ 

The vector triple product may be used to express that component of a vector 
B which is perpendicular to a given vector A. This 
geometric use of the product is valuable not only in 
itself but for the light it sheds upon the properties 
of the product. Let A (Fig. 21) be a given vector 
and let B another vector whose components parallel 
and perpendicular to A are to be found. Let the 
components of B parallel and perpendicular to A 
be B' and B" respectively. Draw A and B from a 
common origin. The product Ax B is perpendicular 
to the plane of A and B. The product A x (A x 
B) lies in the plane of A and B. It is furthermore 
perpendicular to A. Hence it is collinear with B". 
An examination of the figure will show that the direction of A x (A x B) is 
opposite to that of B". Hence 




A X (AXB) 



Fig. 21 



A x (A x B) = cB' 
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where c is some scalar constant. Now 

A x (A x B) = -A 2 Bsm(A 1 B)h" 

but 

-cB" = -cBsin(A,B)b", 

if b" be a unit vector in the direction of B". Hence 

c = A 2 = A ■ A. 

Hence 

B „ = _ Ax(AxB) _ 

A • A 

The component of B perpendicular to A has been expressed in terms of the 
vector triple product of A, A, and B. The component B' parallel to A was 
found in Art. 28 to be 

B ' = ^ A (21 > 

„ „, „« A'B, Ax(AxB) 

B = B' + B" = A ^ '-. (22) 

A A A A 

40.] The vector triple product A x (B x C) may be expressed as the sum 
of two terms as 

A x (B x C) = A CB - A BC 

In the first place consider the product when two of the vectors are the same. 
By equation (22) 

A • AB = A • BA - A x (A x B) (22) 

or 

A x (A x B) = A • BA - A • AB (23) 

This proves the formula in case two vectors are the same. 

To prove it in general express A in terms of the three non-coplanar vectors 
B, C, and B x C. 

A = foB + cC + a(Bx C), (I) 

where a, b, c are scalar constants. Then 

A x (B x C) = 6B x (B x C) + cC x (B x C) 

+ a(B x C) x (B x C). (II) 

The vector product of any vector by itself is zero. Hence 

(B x C) x (B x C) = 

A x (B x C) = 6B x (B x C) + cC x (B x C). (II)' 

By (23) 



B x (B x C) = B CB - B CC 
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C x (B x C) = -C x (C x B) = -C • BC + C • CB. 
Hence 

A x (B x C) = [(6B • C + cC • C)B - (6B • B + cC • B)C]. (II)' 

But from (I) 



and 

By Art. 37 

Hence 



A B = &B B + cC B + o(B x C) B 

A • C = 6B • C + cC • C + o(B x C) • C. 

(B x C) • B = and (B x C) • C = 0. 

A B = bB B + cC B, 
A C = 6B C + cC C. 

Substituting these values in ((II)'), 

Ax (B x C) = A CB A BC. (24) 

The relation is therefore proved for any three vectors A, B, C. 

Another method of giving the demonstration is as follows. It was shown that 
the vector triple product A x (B x C) was of the form 

Ax(BxC)=iB| j/C. 

Since A x (B x C) is perpendicular to A, the direct product of it by A is zero. 
Hence 

A • [A x (B x C)] = xA ■ B + yA ■ C = 

and 

x : y = A ■ C : -A • B. 

Hence 

A x (B x C) = n(A CB A BC), 

where n is a scalar constant. It remains to show n = 1. Multiply by B. 
A x (B x C) B = n(A • CB ■ B - A ■ BC • B). 

The scalar triple product allows an interchange of dot and cross. Hence 

A x (B x C) • B = A • (B x C) x B 

= -A- [Bx (B x C)], 

Hence n — 1 and 

Ax (B x C) = A CB A BC. (24) 
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From the three letters A, B, C by different arrangements, dour allied prod- 
ucts in each of which B and C are included in parentheses may be formed. 
These are 

Ax(BxC), Ax(CxB), (C x B) x A, (B x C) x A. 

As a vector product changes its sign whenever the order of two factors is inter- 
changed, the above products evidently satisfy the equations 

A x (B x C) = -A x (C x B) = (C x B) x A = -(B x C) x A. 

The expansion for a vector triple product in which the parenthesis comes first 
may therefore be obtained directly from that already found when the parenthesis 
comes last. 

(A x B) x C = -C x (A x B) = -C • BA + C • AB. 

The formulae then become 

Ax (B x C) = A-CB-A-BC (24) 

and 

(AxB) x C = A-CB-C-BA. (24)' 

These reduction formulae are of such constant occurrence and great impor- 
tance that they should be committed to memory. Their content may be stated 
in the following rule. To expand a vector triple product first multiply the exte- 
rior factor into the remoter term in the parenthesis to form a scalar coefficient 
for the nearer one, then multiply the exterior factor into the nearer term in the 
parenthesis to form a scalar coefficient for the remoter one, and subtract this 
result from the first. 

41.] As far as the practical applications of vector analysis are concerned, 
one can generally get along without any formulae more complicated than that 
for the vector triple product. But it is frequently more convenient to have at 
hand other reduction formulae of which all may be derived simply by making 
use of the expansion for the triple product Ax (B x C) and of the rules of 
operation with the triple product A • B x C. 

To reduce a scalar product of two vectors each of which is itself a vector 
product of two vectors, as 

(A x B) • (C x D). 

Let this be regarded as a scalar triple product of the three vectors A, B, and 
C x D— thus 

AxB-(Cx D). 

Interchange the dot and the cross. 

A x B • (C x D) = A • B x (C x D). 
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B x (C x D) = B DC - B CD. 

Hence 

(AxB)-(Cx D) = A CB D A DB C. (25) 

This may be written in determinant al form. 



(A x B) • (C x D) = 



AC AD 
B C B D 



(25)' 



If A and D be called the extremes; B and C the means; A and C the 
antecedents; B and D the consequents in this product according to the familiar 
usage in proportions, then the expansion may be stated in words. The scalar 
product of two vector products is equal to the (scalar) product of the antecedents 
times the (scalar) product of the consequents diminished by the (scalar) product 
of the means times the (scalar) product of the extremes. 

To reduce a vector product of two vectors each of which is itself a vector 
product of two vectors, as 

A x B x (C x D). 

Let CxD = E. The product becomes 

(A x B) x E = A • EB - B • EA. 

Substituting the value of E back into the equation: 

(A x B) x (C x D) = (A • C x D)B - (B • C x D)A. (26) 

Let F = AxB. The product then becomes 

F x (C x D) = F DC F CD. 

(A x B) x (C x D) = (A x B • D)C - (A x B • C)D. (26)' 

By equating these two equivalent results and transposing all the terms to one 
side of the equation, 

[BCD]A - [CDA]B + [DAB]C - [ABC]D = 0. (27) 

This is an equation with scalar coefficients between the four vectors A, B, C, 
D. There is in general only one such equation, because any one of the vectors 
can be expressed in only one way in terms of the other three: thus the scalar 
coefficients of that equation which exists between four vectors are found to be 
nothing but the four scalar triple products of those vectors taken three at a 
time. The equation may also be written in the form 

[ABC]D = [BCD]A + [CAD]B + [ABD]C. (27)' 

More examples of reduction formulae, of which some are important, are given 
among the exercises at the end of the chapter. In view of these it becomes fairly 
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obvious that the combination of any number of vectors connected in any legiti- 
mate way by dots and crosses or the product of any number of such combinations 
can be ultimately reduced to a sum of terms each of which contains only one 
cross at most. The proof of this theorem depends solely upon analyzing the 
possible combinations of vectors and showing that they all fall under the reduc- 
tion formulae in such a way that the crosses may be removed two at a time until 
not more than on remains. 



42.] The formulae developed in the foregoing article have interesting geo- 
metric; interpretations. They also afford a simple means of deducing the formulae 
of Spherical Trigonometry. These do not occur in the vector analysis proper. 
Their place is taken by the two quadruple products, 



and 



(A x B) (C x D) = A CB D B CA D 

(A x B) x (C x D) = [ACD]B - [BCD]A 
= [ABD]C- [ABC]D, 



(25) 



(26) 



which are now to be interpreted. 

Let a unit sphere (Fig. 22) be given. Let the 
vectors A, B, C, D be unit vectors drawn from a 
common origin, the centre of the sphere, and termi- 
nating in the surface of the sphere at the points A, 
B, C, D. The great circular arcs AB, AC, etc., give 
the angles between the vectors A and B, A and C, 
etc. The points A, B, C, D determine a quadrilateral 
upon the sphere. AC and BD are one pair of opposite 
sides; AD and BC, the other. AB and CD are the 
diagonals. 




Fig. 22 



(A x B) (C x D) = A CB D A DB C 

Ax B = sin(A,B), C x D = sin(C,D). 

The angle between A x B and C x D is the angle between the normals to 
the AB- and CD-planes. This is the same as the angle between the planes 
themselves. Let it be denoted by x. Then 

(A x B) • (C x D) = sin(A, B) sin(C, D) cosx. 

The angles (A, B), (C, D) may be replaced by the great circular arcs AB, CD 
which measure them. Then 

(A x B) • (C x D) = sin AB sin CD cos x, 
A • CB • D - A • DB • C = cos AC cos BD - cos AD cos BC. 
Hence 
sin AB sin CD cos x = cos AC cos BD — cos AD cos BC. 
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In words: The product of the cosines of two opposite sides of a spherical quadri- 
lateral less the product of the cosines of the other two opposite sides is equal to 
the product of the sines of the diagonals multiplied by the cosine of the angle 
between them. This theorem is credited to Gauss. 

Let A, B, C (Fig. 23) be a spherical triangle, the sides 
of which are arcs of great circles. Let the sides be denoted 
by a, b, c respectively. Let A, B, C be the unit vectors 
drawn from the center of the sphere to the points A, B, 
C. Furthermore let p a , Pb, Pc be the great circular arcs 
dropped perpendicularly from the vertices A, B, C to the 
sides a, b, c. Interpret the formula 




Fig. 23 



(A x B) • (C x A) = A • CB • A - B • CA • A. 



Then 



A x B = sin(A, B) = sin c, C x A = sin(C, A) 



(A x B) • (C x A) = sin c sin b cos x, 



sin b. 



where x is the angle between A x B and C x A. This angle is equal to the 
angle between the plane of A, B and the plane of C, A. It is, however, not the 
interior angle A which is one of the angles of the triangle: but it is the exterior 
angle 180° — A, as an examination of the figure will show. Hence 

(A x B) • (C x A) = sine sin b cos (180° - A) 
= — sin c sin b cos A 
A ■ CB A B CA • A = cos&cosc - cosal. 

By equating the results and transposing, 

cos a = cos b cos c — sin b sin c cos A 
cos b = cos c cos a — sin c sin a cos B 
cos c = cos a cos b — sin a sin b cos C. 

The last two may be obtained by cyclic permutation of the letters or from the 
identities 

(B x C) • (A x B) = B • AC • B - C • A 
(C x A) • (B x C) = C • BA • C - B • C. 

Next interpret the identity (A x B) x (C x D) in the special cases in which 
one of the vectors is repeated. 

(A x B) x (A x C) = [ABC]A. 

Let the three vectors a, b, c be unit vectors in the direction of B x C, C x A, 
A x B respectively. Then 



A x B = c sin c, 



A x C = — bsinfr 



57 



(A x B) x (A x C) = — c x b sine sin b — A sin c sin b sin A 
[ABC] = (A x B) • C = c • C sin c = cos(90° - p c ) sin c 
[ABC] A = sine sin p c A. 
By equating the results and cancelling the common factor, 

smpc = sin b sin A 
sin p a — sine sin B 
sin p = sin a sin C. 

The last two may be obtained by cyclic permutation of the letters. The formulae 
give the sines of the altitudes of the triangle in terms of the sines of the angle 
and sides. Again write 



(A x B) x (A x C) = [ABC]A 
(B x C) x (B x A) = [BCA]B 

(C x A) x (C x B) = [CAB]C. 



Hence 



sin c sin b sin A = [ABC] 
sin a sin c sin B = [BCA] 
sin b sin a sin C = [CAB]. 

The expressions [ABC], [BCA], [CAB] are equal. Equate the results in pairs 
and the formulae 

sin b sin A = sin a sin B 
sin c sin B = sin b sin C 
sin a sin C = sin c sin A 

are obtained. These may be written in a single line. 

sin A sin B sin C 
sin a sin b sin c 

The formulas of Plane Trigonometry are even more easy to obtain. If ABC 
be a triangle, the sum of the sides taken as vectors is zero — for the triangle is a 
closed polygon. From this equation 

a + b + c = 

almost all the elementary formulae follow immediately. It is to be noticed that 
the angles from a to b, from b to c, from c to a are not the interior angles A, 
B, C, but the exterior angles 180° - A, 180° - B, 180° - C. 

—a = b + c 
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aa=b+cb+c= dotpbb + c • c + 2b • c. 
If a, b, c be the length of the sides a, b, c, this becomes 

a 2 = b 2 + c 2 - 26c cos A 
b 2 = c 2 + a 2 - 2ca cos B 
c 2 = a 2 + b 2 - 2abcosC. 

The last two are obtained in a manner similar to the first one or by cyclic 
permutation of the letters. 
The area of the triangle is 

1 K X K 1 

axb=bxc=cxa= 

2 2 2 

-absmC = -be sin A = -ca sin B. 
2 2 2 

If each of the last three equalities be divided by the product \abc, the funda- 
mental relation 

sin A sin B sin C 



a b c 

is obtained. Another formula for the area may be found from the product 

(b x c) • (b x c) = (c x a) • (a x b) 

2 Area (be sin A) = (ca sin B)(ab sin C) 

a sin B sin C 

2 Area = : — . 

sin A 

Reciprocal Systems of Three vectors. Solutions of 

Equations 

43.] The problem of expressing any vector r in terms of three non-coplanar 
vectors a, b, c may be solved as follows. Let 

r = aa + 6b + cc 

where a, 6, c are three scalar constants to be determined. Multiply by -b x c. 

rbxc = aabxc + 6bbxc + ccbxc 

or 

[rbc] = a[abc]. 

In like manner by multiplying the equation by -c x a and -a x b the coefficients 
6 and c may be found. 

[rca] = 6[bca] 
[rab] = c[cab] 



r>!) 



Hence 

[rbcl [real frabl . . 

^Iabc] a+ [bcaI b+ IcabT C ™ 

The denominators are all equal. Hence this gives the equation 

[abc]r — [bcr]a + [cra]b — [rab]c = 

which must exist between the four vectors r, a, b, c. 
The equation may also be written 

r • b x c rex a r • a x b 
[abc] ' [bca] ' [cab] 

or 

b x c ex a a x b 

[abc] [abc] [abc] 

The three vectors which appear here multiplied by r-, namely 

bxc cxa axb 
[abc] ' [abc] ' [abc] 

are very important. They are perpendicular respectively to the planes of b 
and c, c and a, a and b. they occur over and over again in a large number or 
important relations. For this reason they merit a distinctive name and notation. 
Definition: The system of three vectors 

bxc cxa axb 



[abc] ' [abc] ' [abc] 

which are found by dividing the three vector products bxc, cxa, axe of three 
non-coplanar vectors a, b, c by the scalar product [abc] is called the reciprocal 
system to a, b, c. 

The word non-coplanar is important. If a, b, c were coplanar the scalar 
triple product [abc] would vanish and consequently the fractions 

bxc cxa axb 



[abc] ' [abc] ' [abc] 

would all become meaningless. Three coplanar vectors have no reciprocal sys- 
tem. This must be carefully remembered. Hereafter when the term reciprocal 
system is used, it will be understood that the three vectors a, b, c are not 
coplanar. 

The system of three vectors reciprocal to system a, b, c will be denoted by 
primes a', b', c'. 

, bxc , cxa , axb 

a = [abc]' [abc]' C = [abcp ( ' 

The expression for r reduces then to the very simple form 

r = r • a'a + r • b'b + r • c'c. (30) 
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The vector r may be expressed in terms of the reciprocal system a', b', c' 
instead of in terms of a, b, c. In the first place it is necessary to note that if a, 

b, c arc non-coplanar, a', b', c' which are the normals to the planes of b and 

c, c and a, a and b must also be non-coplanar. Hence r may be expressed in 
terms of them by means of proper scalar coefficients x, y, z. 

r = xa! + yh' + zc! 

or 

[abc]r = xb x c + yc x a + za x b. 

Multiply successively by -a, b, -c. This gives 

[abc]r • a = x[bca], x = r • a 
[abc]r • b = y[cab], y = r • b 
[abc]r • c = z[abc], z = r • c 

Hence 

r = r • aa' + r • bb' + r • cc'. (31) 

44.] If a', b', c' be the system reciprocal to a, b, c the scalar product of 
any vector of the reciprocal system into the corresponding vector of the given 
system is unity; but the product of two non-corresponding vectors is zero. That 
is 

a' • a = b' • b = c' • c = 1 

a' • b = a' • c = b' • a = b' • c = c' • a = c' • b = 0. 

This may be seen most easily by expressing a', b', c' in terms of themselves 
according to the formula (31) 

r = r • aa' + r • bb' + r • cc'. 

Hence 

a' = a' • aa' + a' • bb' + a' • cc' 
b' = b' • aa' + b' • bb' + b' • cc' 
c' = c' • aa' + c' • bb' + c' • cc'. 

Since a', b', c' are non-coplanar the corresponding coefficients on the two sides 
of each of these three equations must be equal. Hence from the first 

1 = a' • a = a' • b = a' • c. 

From the second 

= b' • a 1 = b' • b = b' • c. 

From the third 

= c' • a = c' • b 1 = c' • c. 
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This proves the relations. They may also be proved directly from the definitions 
of a', b', c'. 

, b x c b x c • a [bca] 

[abc] [abc] [abc] 

, bxc bxc-b 

[abc] [abc] [abc] 

and so forth. 

Conversely if two sets of three vectors each, say A, B, C and a, b, c, satisfy 
the relations 

A a = B b = C c = 1 

Ab = Ac = Ba = Bc = Ca = Cb = 

then the set A, B, C is the system reciprocal to a, b, c. By reasoning similar 
to that before 

A' = A' • aa' + A' • bb' + A' • cc' 
B' = B' aa' + B' bb' + B' cc' 
C = C aa' + C • bb' + C • cc'. 

Substituting in these equations the given relations the result is 

A = a', B = b', C = c'. 

Hence 

Theorem: The necessary and sufficient conditions that the set of vectors a', 
b', c' be the reciprocals of a, b, c is that they satisfy the equations 

a' • a = b' • b = c' • c = 1 (32) 

a' • b = a' • c = b' • a = b' • c = c' • a = c' • b = 0. 

As these equations are perfectly symmetrical with respect to a', b', c' and a, 
b, c it is evident that the system a, b, c may be looked upon as the reciprocal 
of the system a', b', c' just as the system a', b', c' may be regarded as the 
reciprocal of a, b, c. That is to say 

Theorem: If a', b', c' be the reciprocal system of a, b, c, then a, b, c will 
be the reciprocal system of a', b', c'. 

b' x c' c' x a' a'xb' . ., 

&=- -, b=- -, c=- -. (29)' 

[a'b'c']' [a'b'c']' [a'b'c'] v ' 

These relations may be demonstrated directly from the definitions of a', b', c'. 
The demonstration is straightforward, but rather long and tedious as it depends 
on complicated reduction formulae. The proof given above is as short as could 
be desired. The relations between a', b', c' and a, b, c are symmetrical and 
hence if a', b', c' is the reciprocal system of a, b, c, then a, b, c must be the 
reciprocal system of a', b', c'. 
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45.] Theorem: If a', b', c' and a, b, c be reciprocal systems the scalar 

triple products [a'b'c'] and [abc] are numerical reciprocals. That is 



[a'b'c'][abc] = l 



(33) 



[a'b'c'] = 



bxc cxa axb 



abc] [abc] [abc] 

[bxc cxa axb]. 



But 

Hence 

Hence 



[abc 

[bxc cxa a x b] = (b x c) x (c x a) • (a x b) 

(b x c) x (c x a) = [abc]c 
[bxc cxa axb] = [abc]c • a x b = [abc] 2 . 



[a'b'c']-— i^ [abc] 2 = ! 



[abc] 



[abc] 



(33)' 



By means of this relation between [a'b'c'] and [abc] it is possible to prove 
an important reduction formula, 



(P-Qx R)(A-Bx C) 



PA P B PC 
Q A Q B Q C 
R A R B R C 



(34) 



which replaces the two scalar triple products by a sum of nine terms each of 
which is the product of three direct products. Thus the two crosses which occur 
in the two scalar products are removed. To give the proof let P, Q, R be 
expressed as 

P = P' AA' + P' BB' + P' CC 
Q = Q' AA' + Q' BB' + Q' CC 
R = R AA' + R BB' + R' CC. 



Then 



But 



Hence 



[PQR] 



PA P B PC 
Q A Q B Q C 
R A R B R C 



[A'B'C]. 



[A'B'C] 



1 



[ABC1 



[PQR] [ABC] = 



PA P B PC 
Q A Q B Q C 
R A R B R C 
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The system of three unit vectors i, j, k is its own reciprocal system. 

., J x k i • •/ kxi • ,/ ix J , / QK x 

1= w = i =1 ' J ^iijkT^' k =m= k - (35) 

For this reason the primes i', j', k' are not needed to denote a system of vectors 
reciprocal to i, j, k. The primes will therefore be used in the future to denote 
another set of rectangular axes i, j, k, just as X' , Y', Z' arc used to denote a 
set of axes difference from X, Y, Z. 

The only systems of three vectors which are their own reciprocals are the 
right-handed and left-handed systems of three unit vectors. That is the system 
i, j, k and the system i, j, k. 

Let A, B, C be a set of vectors which is its own reciprocal. Then by (32) 

AA = BB = CC = 1. 

Hence the vectors are all unit vectors. 

A B = A C = 0. 
Hence A is perpendicular to B and C. 

B A = B C = 0. 
Hence B is perpendicular to A and C. 

C A = C B = 0. 

Hence C is perpendicular to A and B. 

Hence A, B, C must be a system like i, j, k or like i, j, — k. 

46.] A scalar equation of the first degree in a vector r is an equation in 
each term of which r occurs not more than once. The value of each term must 
be scalar. As an example of such an equation the following may be given. 

aa • b x r + 6(c x d) • (e x r) + cf • r + d = 0, 

where a, b, c, d, e, f arc known vectors; and a, b, c, d, known scalars. Obviously 
any scalar equation of the first degree in an unknown vector r may be reduced 
to the form 

r • A = a 

where A is a known vector; and a, a known scalar. To accomplish this result in 
the case of the given equation proceed as follows. 

aa x b • r + b(c xd)xe-r + cf-r + d = 

{aa x b + 6(c x d) x e + cf} • r = — d 

In more complicated forms it may be necessary to make use of various reduction 
formulae before the equation can be made to take the desired form, 

r • A = a. 

As a vector has three degrees of freedom it is clear that one scalar equation is 
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insufficient to determine a vector. Three scalar equations 
are necessary. 

The geometric interpretation of the equation 

r • A = a (36) 

Fig. 24 is interesting. Let r be a variable vector (Fig. 24) drawn 

from a fixed origin. Let A be a fixed vector drawn from the same origin. The 
equation then becomes 

rAcos(r, A) = a, 

or 

rcos(r,A) = -, 

if r be the magnitude of r; and A that of A. The expression 

r cos(r, A) 

is the projection of r upon A. The equation therefore states that the projection 
of r upon a certain fixed vector A must always be constant and equal to a/ A. 
Consequently the terminus of r must trace out a plane perpendicular to the 
vector A at a distance equal to a/ A from the origin. The projection upon A of 
any radius vector drawn from the origin to a point of this plane is constant and 
equal to a/ A. this gives the following theorem. 

Theorem: A scalar equation in an unknown vector may be regarded as the 
equation of a plane, which is the locus of the terminus of the unknown vector if 
its origin be fixed. 

It is easy to see why three scalar equations in an unknown vector determine 
the vector completely. Each equation determines a plane in which the terminus 
of r must lie. The three planes intersect in one common point. Hence one vector 
r is determined. The analytic solution of three scalar equations is extremely 
easy. If the equations are 

r • A = a 

r-B = b (37) 

r-C = c 

it is only necessary to call to mind the formula 

r = r AA' + r BB' + r CC'. 

Hence 

r = aA' + b&' + cC. (38) 

The solution is therefore accomplished. It is expressed in terms A', B', C which 
is the reciprocal system to A, B, C. One caution must however be observed. 
The vectors A, B, C will have no reciprocal system if they are coplanar. Hence 
the solution will fail. In this case, however, the three planes determined by the 
three equations will be parallel to a line. They will therefore either not intersect 
(as in the case of the lateral faces of a triangular prism) or they will intersect 
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in a common line. Hence there will be either no solution for r or there will be 
an infinite number. 



From four scalar equations 

r • A = a 

r B = 6 

n (39) 

r • C = c 

r D = d 

the vector r may be entirely eliminated. To accomplish this solve three of the 
equations and substitute the value in the fourth. 

r = aA' + &B' + cC 
oA' • D + 6B' • D + c&D = d 
or 

a[BCD] + 6[CAD] + c[ABD] = d[ABC]. (40) 

47.] A vector equation of the first degree in an unknown vector is an 

equation each term of which is a vector quantity containing the unknown vector 
not more than once. Such an equation is 

(A x B) x (Cr) + DE • r + nv + F = 0, 

where A, B, C, D, E, F are known vectors, n a known scalar, and r the 
unknown vector. One such equation may in general be solved for r. That is to 
say, one vector equation is in general sufficient to determine the unknown vector 
which is contained in it to the first degree. 

The method of solving a vector equation is to multiply it with a dot suc- 
cessively by three arbitrary known non-coplanar vectors. Thus three scalar 
equations are obtained. These may be solved by the methods of the foregoing 
article. In the first place let the equation be 

Aa r + Bb r + Cc r = D, 

where A, B, C, D, a, b, c are known vectors. No scalar coefficients are written 
in the terms, for they may be incorporated in the vectors. Multiply the equation 
successively by A', B', C It is understood of course that A, B, C are non- 
coplanar. 

a r = D A' 
b r = D B' 
c r = D C 

But 

r = a'a • r + b'b • r + e'e • r. 



6G 
Hence 



D A'a' + D B'b' + D C'c' 



The solution is therefore accomplished in case A, B, C are non-coplanar and a, 
b, c also non-coplanar. The special cases in which either of these sets of three 
vectors is coplanar will not be discussed here. 

The most general vector equation of the first degree in an unknown vector 
r contains terms of the types 

Aa • r, nr, E x r, D. 

That is it will contain terms which consist of a known vector multiplied by the 
scalar product of another known vector and the unknown vector; terms which 
are scalar multiples of the unknown vector; terms which are the vector product 
of a known and the unknown vector; and constant terms. The terms of the type 
Aa • r may always be reduced to three in number. For the vectors a, b, c, 
which are multiplied into r may all be expressed in terms of three non-coplanar 
vectors. Hence all the products a • r, b • r, c • r, • • • may be expressed in terms of 
three. The sum of all terms of the type Aa • r therefore reduces to an expression 
of three terms, as 

Aa r + Bb r + Cc r. 

The terms of the types nr and E x r may also be expressed in this form. 

nr = na'a ■ r + nb'b • r + ne'e ■ r 

Exr = Exa'a-r + Ex b'b • r + E x c'c • r. 
Adding all these terms together the whole equation reduces to the form 

La r + Mb • r + Nc • r = K. 

This has already been solved as 

r = K • L'a' + K • M'b' + K • N'c'. 

The solution is in terms of three non-coplanar vectors a', b', c'. These form 
the system reciprocal to a, b, c in terms of which the products containing the 
unknown vector r were expressed. 

Sundry Applications of Products 
Applications to Mechanics 

48.] In the mechanics of a rigid body a force is not a vector in the sense 
understood in this book. See Art. 3. A force has magnitude and direction; 
but it has also a line of application. Two forces which are alike in magnitude 
and direction, but which lie upon different lines in the body do not produce 
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the same effect. Nevertheless vectors are sufficiently like forces to be useful in 
treating them. 

If a number of forces fi, f2, f3, • • • act on a body at the same point O, the 
sum of the forces added as vectors is called the resultant R. 

R = f ! + f 2 + f 3 + • • • 

In the same way if fi , f 2 , f3, • • • do not act at the same point the term resultant 
is still applied to the sum of these forces added just as if they were vectors. 

R = fi + f 2 + f 3 + • • • (41) 

The idea of the resultant therefore does not introduce the line of action of a 
force. As far as the resultant is concerned a force does not differ from a vector. 
Definition: The moment of a force f about the point O is equal to the 
product of the force by the perpendicular distance from O to the line of action 
of the force. The moment however is best look upon as a vector quantity. Its 
magnitude is as defined above. Its direction is usually taken to be the normal 
on that side of the plane passed through the point O and the line f upon which 
the force appears to produce a tendency to rotation about the point O in the 
positive trigonometric direction. Another method of defining the moment of a 
force f = PQ about the point O is as follows: The moment of the force f = PQ 
about the point O is equal to twice the area of the triangle OPQ. This includes 
at once both the magnitude and direction of the moment (Art. 25). The point 
P is supposed to be the origin; and the point Q, the terminus of the arrow 
which represents the force f . The letter M will be used to denote the moment. 
A subscript will be attached to designate the point about which the moment is 
taken. 

M c {f} - 20PQ. 

The moment of a number of forces fi , f2 , ■ ■ ■ is the (vector) sum of the moments 
of the individual forces. If 



fi = PiQi, f 2 = P 2 Q 2 --- 

M {fi, f 2 , • • • } = 2(OPiQi + OP 2 Q 2 + •••)• 
This is known as the total or resultant moment of the forces fi, f 2 , 

49.] If f be a force acting on a body and if d be the vector drawn from the 
point O to any point in the line of action of the force, the moment of the force 
about the point O is the vector product of d into f . 

M {f} = d x f (42) 

For 

d x f = df sin(d, f )e, 
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if e be a unit vector in the direction of d x f . 

d x f = dsin(d, f)/e. 

Now dsin(d, f) is the perpendicular distance from O to f. The magnitude of 
d x f is accordingly equal to this perpendicular distance multiplied by /, the 
magnitude of the force. This is the magnitude of the moment Mo{f}. The 
direction of d x f is the same as the direction of the moment. Hence the relation 
is proved. 

M {f} = d x f. 

The sum of the moments about O of a number of forces fi, f2, • • • acting at 
the same point P is equal to the moment of the resultant R of the forces acting 
at that point. For let d be the vector from O to P. Then 

MolfJ = d x ^ 
M {f 2 } - d x f 2 

M {fi} + M {f 2 } + -" = dxfi + dxf 2 + "- (43) 

= d x (fi + f 2 + •••) = d x R 

The total moment about O' of any number of forces fi , f 2 , • • • acting on a 
rigid body is equal to the total moment of those forces about O increased by the 
moment about O' of the resultant Rq considered as acting at O. 

M <{fi, f 2 , • • • } = M {fi,f 2 , • • • } + M ,{R } (44) 

Let di, d 2 , • • • be vectors drawn from O to any point in f 1; f 2 , • • • respectively. 
Let di , d 2 , • • • be the vectors drawn from O' to the same points in f 1; f 2 , 
respectively. Let c be the vector from O to O' . Then 

di=di' + c, d 2 = d 2 ' + c, ••• 

M {fi, f 2 , ■ • • } = di x fi + d 2 x f 2 + • • • 

M ,{f 1 ,f 2 ,-..} = d 1 'xf 1 +d 2 'xf 2 + ... 

= (di - c) X fi + (d 2 - c) X f 2 + • • • 

= di x ^ + d 2 x f 2 H c x (fi + f 2 H ) 

But — c is the vector drawn from O' to O. Hence — c x ^ is the moment about 
O' of a force equal in magnitude and parallel in direction to fi but situated at 
O. Hence 

-c x (fi + f 2 + • • • ) = -c x Ro = M ,{R }. 

Hence 

M<y{fi, f 2 , • • • } = M {fi, f 2 , • • • } + M -{R }. (44) 
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The theorem is therefore proved. 

The resultant R is of course the same at all points. The subscript O is 
attached merely to show at what point it is supposed to act when the moment 
about O' is taken. For the point of application of R affects the value of that 
moment. 

The scalar product of the total moment and the resultant is the same no 
matter about what point the moment is taken. In other words the product of 
the total moment, the resultant, and the cosine of the angle between them is 
invariant for all points of space. 

R • M ,{fi, f 2 , • • • } = R • M {fi, f 2 , • • • } 

where O' and O are any two points in space. This important relation follows 
immediately from the equation 

M G /{fi, f 2 , • • • } = M {fi, f 2 , • • • } + M ,{R }. 
For 

R • M >{fi, f 2 , } = R M {fi, f 2 , • • • } + R • M ,{R }. 



But the moment of R is perpendicular to R no matter what the point O of 
application be. Hence 

R-M o ,{R o } = 

and the relation is proved. The variation in the total moment due to a variation 
of the point about which the moment is taken is always perpendicular to the 
resultant. 

50.] A point O' may be found such that the total moment about it is parallel 
to the resultant. The condition for parallelism is 

RxM o ,{f 1 ,f 2 ,---} = 

R x M ,{f 1; f 2 , • • • } = R x M {fi, f 2) • • • } 

+ Rx M /{R } = 

where O is any point chosen at random. Replace Mo'{Ro} by its value and 
for brevity omit to write the fi, f 2 , • • • in the braces {}. Then 

R x M > = R x M - R x (c x R) = 0. 

The problem is to solve this equation for c. 

R x M R Re + R cR = 0. 
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Now R is a known quantity. Mo is also supposed to be known. Let c be chosen 
in the plane through O perpendicular to R. Then R • c = and the equation 
reduces to 

R x M = R ■ Re 
Rx M 

C = — — . 

R R 

If c be chosen equal to this vector the total moment about the point O' , which 
is at a vector distance from O equal to c, will be parallel to R. Moreover, since 
the scalar product of the total moment and the resultant is constant and since 
the resultant itself is constant it is clear that in the case where they are parallel 
the numerical value of the total moment will be a minimum. 

The total moment is unchanged by displacing the point about which it is 
taken in the direction of the resultant. For 

M <{fi, f 2 , • • • } = M {fi,f 2 , • • • } - c x R. 



If c = 00' is parallel to R, c x R vanishes and the moment about O' is equal 
to that about O. Hence it is possible to find not merely one point O' about 
which the total moment is parallel to the resultant; but the total moment any 
point in the line drawn through O' parallel to R is parallel to R. Furthermore 
the solution found in equation for c is the only one which exists in the plane 
perpendicular to R — unless the resultant R vanishes. The results that have 
been obtained may be summed up as follows: 

If any system of forces fi , f 2 , • • • whose resultant is not zero act upon a 
rigid body, then there exists in space one and only one line such that the total 
moment about any point of it is parallel to the resultant. This line is itself 
parallel to the resultant. The total moment about all points of it is the same 
and is numerically less than that about any other point in space. 

This theorem is equivalent to the one which states that any system of forces 
acting upon a rigid body is equivalent to a single force (the resultant) acting in 
a definite line and a couple of which the plane is perpendicular to the resultant 
and of which the moment is a minimum. A system of forces may be reduced 
to a single force (the resultant) acting at any desired point O of space and a 
couple the moment of which (regarded as a vector quantity) is equal to the total 
moment about O of the forces acting on the body. But in general the plane of 
this couple will not be perpendicular to the resultant, nor will its moment be a 
minimum. 

Those who would pursue the study of systems of forces acting on a rigid body 
further and more thoroughly may consult the Traite de Mecanique Rationnelle 1 
by P. Appell. The first chapter of the first volume is entirely devoted to the 
discussion of systems of forces. Appell defines a vector as a quantity possessing 
magnitude, direction, and point of application. His vectors are consequently 
not the same as those used in this book. The treatment of his vectors is carried 



1 Paris, Gauthicr-Villars et Fils, 1893. 
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through in the Cartesian coordinates. Each step however may be easily con- 
verted into the notation of vector analysis. A number of exercises is given at 
the close of the chapter. 



51.] Suppose a body be rotating about an axis with a constant angular 
velocity a. The points in the body describe circles 
concentric with the axis in planes perpendicular to the 
axis. The velocity of any point in its circle is equal to 
the product of the angular velocity and the radius of 
the circle. It is therefore equal to the product of the 
angular velocity and the perpendicular distance from 
the point to the axis. The direction of the velocity 
is perpendicular to the axis and to the radius of the 
circle described by the point. 

Let a (Fig. 25) be a vector drawn along the axis 
of rotation in that direction in which a right-handed 
screw would advance if turned in the direction in 
which the body is rotating. Let the magnitude of a 
be a, the angular velocity. The vector a may be taken 
to represent the rotation of the body. Let r be a radius vector drawn from any 
point of the axis of rotation to a point in the body. The vector product 




Fig. 25 



a x r = ar sin(a, r) 

is equal in magnitude and direction to the velocity v of the terminus of r. For 
its direction is perpendicular to a and r and its magnitude is the product of a 
and the perpendicular distance r sin(a, r) from the point to the line a. That is 

v = a x r. (45) 

If the body be rotating simultaneously about several axes ai, a 2 , a 3 , ••• 
which pass through the same point as in the case of the gyroscope, the velocities 
due to the various rotations are 

vi = ai x ri 
v 2 = a 2 x r 2 
v 3 = a 3 x r 3 



where ri, r 2 , r 3 , • • • are the radii vectors drawn from points on the axis ai, a 2 , 
a 3 , • • • to the same point of the body. Let the vectors ri, r 2 , r 3 , • • • be drawn 
from the common point of intersection of the axes. Then 



ri = r 2 = r 3 = 



= r 
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and 

v = vi + v 2 + v 3 H = ai x r + a 2 x r + a 3 x r + • • • 

= (ai + a 2 + a 3 + • • • ) x r. 

This shows that the body moves as if rotating with the angular velocity which 
is the vector sum of the angular velocities ai , a 2 , a 3 , • • • . This theorem is 
sometimes known as the parallelogram law of angular velocities. 

It will be shown later (Art. 60) that the motion of any rigid body one point 
of which is fixed is at each instant of time a rotation about some axis drawn 
through that point. This axis is called the instantaneous axis of rotation. The 
axis is not the same for all time, but constantly changes its position. The motion 
of a rigid body one point of which is fixed is therefore represented by 

v = a x r. (45) 

where a is the instantaneous angular velocity; and r, the radius vector drawn 
from the fixed point to any point of the body. 

The most general motion of a rigid body no point of which is fixed may 
be treated as follows. Choose an arbitrary point O. At any instant this point 
will have a velocity vq. Relative to the point O the body will have a motion of 
rotation about some axis drawn through O. Hence the velocity v of any point 
of the body may be represented by the sum of Vo the velocity of O and a x r 
the velocity of that point relative to O. 

v = v + a x r. (46) 

In case vo is parallel to a, the body moves around a and along a simultane- 
ously This is precisely the motion of a screw advancing along a. In case Vo 
is perpendicular to a, it is possible to find a point, given by the vector r, such 
that its velocity is zero. That is 

a x r = — vo. 

This may be done as follows. Multiply by xa. 

(a x r) x a = — v x a 
or 

a • ar — a • ra = v x a. 

Let r be chosen perpendicular to a. Then a • r is zero and 

a • ar = vo x a 

— vo x a 



r = 



a • a 



The point r, thus determined, has the property that its velocity is zero. If a 
line be drawn through this point parallel to a, the motion of the body is one of 
instantaneous rotation about the new axis. 
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In case vo is neither parallel nor perpendicular to a it may be resolved into 
two components 

vo = v + v 

which are respectively parallel and perpendicular to a. 

v = v ' + v " + a x r 



A point may now be found sich that 

v " = —a x r. 

Let the different points of the body referred to this point be denoted by r'. 
Then the equation becomes 

v = v ' + a x r' (46)' 

The motion here expressed consists of rotation about an axis a and translation 
along that axis. It is therefore seen that the most general motion of a rigid 
body is at any instant the motion of a screw advancing at a certain rate along 
a definite axis a in space. The axis of the screw and its rate of advancing per 
unit of rotation {i.e. its pitch) change from instant to instant. 

52.] The conditions for equilibrium as obtained by the principle of virtual 
velocities may be treated by vector methods. Suppose any system of forces fi, 
f 2 , • • • act on a rigid body. If the body be displaced through a vector distance 
D whether this distance be finite or infinitesimal the work done by the forces is 

D f 1; D f 2 , 

The total work done is therefore 

W = D • f ! + D • f 2 + • • • 

If the body be in equilibrium under the action of the forces the work done must 
be zero. 

W = D • fi + D • f 2 + • • • = D • (fi + f 2 + • • • ) = D • R = 0. 

The work done by the forces is equal to the work done by their resultant. This 
must be zero for every displacement D. The equation 

D R = 

holds for all vectors D. Hence 

R = 0. 

The total resultant must be zero if the body be in equilibrium. 



71 



The work done by a force f when the rigid body is displaced by a rotation 
of angular velocity a for an infinitesimal time t is approximately 

a • d x ft, 

where d is a vector drawn from any point of the axis of rotation a to any 
point of f. To prove this break up f into two components f, f" parallel and 
perpendicular respectively to a. 

adxf = adxf' + adx f". 

As f is parallel to a the scalar product [adf] vanishes. 

adxf=adx f". 

On the other hand the work done by f " is equal to the work done by f during the 
displacement. For f being parallel to a is perpendicular to its line of action. If 
h be the common vector perpendicular from the line a to the force f", the work 
done by f" during a rotation of angular velocity a for time t is approximately 

W = hf'at = a • h x f"t. 

The vector d drawn from any point of a to any point of f may be broken up 
into three components of which one is h, another is parallel to a, and the third 
is parallel to f". In the scalar triple product [adf] only that component of d 
which is perpendicular alike to a and f" has any effect. Hence 

W = a • h x f "t = a • d x ft' = a • d x ft. 

If a rigid body upon which the forces fi , f2 , • • • act be displaced by an angular 
velocity a for an infinitesimal time t and if di, d2, • • • be the vectors drawn 
from any point O of a to any points of fi , f 2 , ■ ■ ■ respectively, then the work 
done by the forces fi , f 2 , • • • will be approximately 

W = (a • di x fi + a • d 2 x f 2 H )t 

= a • (di x fi + d 2 x f 2 H )t 

= aM {f 1 ,f 2 ,---}t. 

If the body be in equilibrium this work must be zero. Hence 

a-M o {f 1 ,f 2 ,---}t = 0. 

The scalar product of the angular velocity a and the total moment of the forces 
fi , f 2 , • • • about any point O must be zero. As a may be any vector whatsoever 
the moment itself must vanish. 

M o {f 1 ,f 2 ,..-} = 0. 
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The necessary conditions that a rigid body must be in equilibrium under the 
action of a system of forces is that the resultant of those forces and the total 
moment about any point in space shall vanish. 

Conversely if the resultant of a system of forces and the moment of those 
forces about any one particular point in space vanish simultaneously, the body 
will be in equilibrium. 

If R = 0, then for any displacement of translation D 

D R = 0. 

VK = Df 1 +Df 2 +-=0 

and the total work done is zero, when the body suffers any displacement of 
translation. 

Let Mo{f l7 f 2 , • • • } be zero for a given point O. Then for any other point 

a 

M <{fi, f 2 , • • • } = M {fi, f 2 , • • • } + M o ,{R }. 
But by hypothesis R is also zero. Hence 

M O '{fi,f 2 ,-"} = 0. 
Hence 

a-M O /{fi,f 2) ---}t = 

where a is any vector whatsoever. But this expression is equal to the work done 
by the forces when the body is rotated for a time t with angular velocity a about 
the line a passing through the point O' . This work is zero. 

Any displacement of a rigid body may be regarded as a translation through a 
distance D combined with a rotation for a time t with angular velocity a about 
a suitable line a in space. It has been proved that the total work done by the 
forces during this displacement is zero. Hence the forces must be in equilibrium. 
The theorem is proved. 

Applications to Geometry 

53.] Relations between two right-handed systems of three mutually perpen- 
dicular unit vectors. — Let i, j, k and i', j', k' be two such systems. They form 
their own reciprocal systems. Hence 



r = rii + rjj + r-kk 

r = r • i'i' + r • j'j' + r k'k'. 



(47) 



From this 



i' = i' • ii + i' • j j + i' • kk = a-\\ + a 2 j + 03k 
! j' = y • ii + j' • j j + j' • kk = M + 6 2 j + 63k (47)' 

k' = k' • i i + k' • j j + k' • k k = cii + c 2 j + c 3 k. 
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The scalars a\, a 2l a 3 ; b\, b 2 , b 3 ; ci, C2, C3 are respectively the direction cosines 
of i'; j'; k' with respect to i, j, k. That is 



a\ = cos(i',i) 
h = cos(j',i) 
C\ = cos(k', i) 



a 2 = cos(i', j) 
h =cos(j',j) 
c 2 = cos(k', j) 



a 3 = cos(i',k) 
&3 = cos(j',k) 
c 3 = cos(k',k). 



(48) 



In the same manner 



and 



and 



and 



and 



But 
Hence 



k = k • i' i' 



i- j'j' + i- k'k' = aii + a 2 j + a 3 k 
j-j'j'+j-k'k' = fe 1 i + 6 2 j + 6 3 k 
+ k • j' j' + k • k' k' = cii + c 2 j + c 3 k 




aifei - 
= hci 
= ciai 



[ijk] - [i'j'k'] = 1 = 



a 2 &2 - 
- b 2 c 2 - 
- c 2 a 2 

a 1 
bi 



«3^3 
&3C 3 

-c 3 a 3 



a 2 
b 2 

C-2 



a 3 
63 
C3 



k' = i' x j' = (a 2 6 3 - a 3 6 2 )i- 
(a 3 &i - ai6 3 )j+ 
(oi6 2 - a2^i)k. 

k' = cii + c 2 j+c 3 k. 



Cl = 


= (a 2 b 3 - 


- a 3 6 2 


C2 = 


= (a3h - 


- aib 3 


C3 : 


= {a\b 2 - 


- a 2 bi 



(47)" 



(49) 



(49)' 



(50) 



(50)' 



(51) 



(52) 
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Or 



c\ = 



b 2 b 3 



('2 



a 3 oi 
6 3 61 



C3 



«1 «2 
6l 6 2 



and similar relations may be found for the other six quantities 01, 02, 03; &i, 62, 
63. All these scalar relations between the coefficients of a transformation which 
expresses one set of orthogonal axes X' , Y' , Z' in terms of another set X, Y, 
Z are important and well known to students of Cartesian methods. The ease 
with which they are obtained here may be noteworthy. 

A number of vector relations, which are perhaps not so well known, but 
nevertheless important, may be found by multiplying the equations 

i' = oii + a 2 j +a 3 k 
aii' + &ij' + cik' = i 



in vector multiplication. 



61k' - cij' = a 3 j - a 2 k. 



(53) 



The quantity on either side of this equality is a vector. From its form upon the 
right it is seen to possess no component in the i direction but to lie wholly in 
the jk-plane; and from its form upon the left it is seen to lie in the j'k'-planc. 
Hence it must be the line of intersection of those two planes. Its magnitude is 



^ 



«2 Z 



<Z3 2 or 



\/b\ + ci 2 . This gives the scalar relations 



«2 



2 Li 

a 3 =bi 



2-1 2 

C\ = 1 — <X\ . 



The magnitude 1 — a\ 2 is the square of the sine of the angle between the vectors 
i and i'. Hence the vector 



61k' - cij' = a 3 j - a 2 k 



(53) 



is the line of intersection of the j'k'- and jk-planes, and its magnitude is the sine 
of the angle between the planes. Eight other similar vectors may be found, each 
of which gives one of the nine lines of intersection of the two sets of mutually 
orthogonal planes. The magnitude of the vector is in each case the sine of the 
angle between the planes. 



54.] Various examples in Plane and Solid Geometry may be solved by means 
of products. 

Example 1: The perpendiculars from the vertices of a triangle to the op- 
posite sides meet in a point. Let ABC be the triangle. Let the perpendiculars 
from A to BC and from B to CA meet in the point O. To show OC is perpen- 
dicular to AB. Choose O as origin and let OA — A, OB = B, and OC = C. 
Then 

BC = C-B, C7L = A-C, AB = B-A. 
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By hypothesis 



A-(C-B) =0 
and B • (A - C) = 0. 



Add; C • (B - A) = 0, 

which proves the theorem. 

Example 2: To find the vector equation of a line drawn through the point 
B parallel to a given vector A. 

Let O be the origin and B the vector OB. Let R be the radius vector from 
O to any point of the required line. Then R — B is parallel to A. Hence the 
vector product vanishes. 

A x (R-B) =0. 

This is the desired equation. It is a vector equation in the unknown vector R. 
The equation of a plane was seen (page 64) to be a scalar equation such as 

R C = c 

in the unknown vector R. 

The point of intersection of a line and a plane may be found at once. The 
equations are 

A x (R-B) =0 
R C = c 

A x R = A x B 

(A x R) x C = (A x B) x C 
A CR C RA = (A x B) x C 

A • CR - cA = (A x B) x C 



Hence 



_, (A x B) x C + cA 
R= A~C 



The solution evidently fails when A • C = 0. In this case however the line is 
parallel to the plane and there is no solution; or, if it lies in the plane, there are 
an infinite number of solutions. 

Example 3: The introduction of vectors to represent planes. 

Heretofore vectors have been used to denote plane areas of definite extent. 
The direction of the vector was normal to the plane and the magnitude was 
equal to the area to be represented. But it is possible to use vectors to denote 
not a plane area but the entire plane itself, just as a vector represents a point. 
The result is analogous to the plane coordinates of analytic geometry. Let O be 
an assumed origin. Let MN be a plane in space, The plane MN is to be denoted 
by a vector whose direction is the direction of the perpendicular dropped upon 
the plane from the origin O and whose magnitude is the reciprocal of the length 
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of that perpendicular. Thus the nearer a plane is to the origin the longer will 
be the vector which represents it. 

If r be any radius vector drawn from the origin to a point in the plane and 
if p be the vector which denotes the plane, then 

r • p = 1 

is the equation of the plane. For 

r • p = rcos(r,p)p. 

Now p, the length of p is the reciprocal of the perpendicular distance from O to 
the plane. On the other hand rcos(r,p) is that perpendicular distance. Hence 
r • p must be unity. 

If r and p be expressed in terms of i, j, k 

r = xi + yj + zk 
p = ui + vj + wk 
Hence 

r • p = xu + yv + zw = 1 . 

The quantities u, v, w are the reciprocals of the intercepts of the plane p upon 
the axes. 

The relation between r and p is symmetrical. It is a relation of duality. If 
in the equation 

r • p = 1 

r be regarded as variable, the equation represents a plane p which is the locus 
of all points given by r. If however p be regarded as variable and r as constant, 
the equation represents a point r through which all the planes p pass. The 
development of the idea of duality will not be carried out. It is familiar to 
all students of geometry. The use of vectors to denote planes will scarcely be 
alluded to again until Chapter VII. 

Summary of Chapter II 

The scalar product of two vectors is equal to the product of their lengths mul- 
tiplied by the cosine of the angle between them. 

A B = ABcos(A,B) (1) 

A B = B A (2) 

A-A = A 2 . (2) 

The necessary and sufficient condition for the perpendicularity of two vectors 
neither of which vanishes is that their scalar product vanishes. The scalar 



80 



products of the vectors i, j, k are 





i 


i=j 


j = kk 


= 1 




i 


j =j 


k = ki 


= 


A 


B 


= A 1 B 


i + A 2 B 2 


+ A 3 B 3 


A 


A = 


= A 2 = 


A^ + Ai 


2 + A 3 2 



If the projection of a vector B upon a vector A is B', 

A B . 



B' 



A A 



(4) 

(7) 
(8) 



(5) 



The vector product of two vectors is equal in magnitude to the product of 
their lengths multiplied by the sine of the angle between them. The direction of 
the vector product is the normal to the plane of the two vectors on that side on 
which a rotation of less than 180° from the first vector to the second appears 
positive. 

C = A x B = AB sin(A, B)c. (9) 

The vector product is equal in magnitude and direction to the vector which 
represents the parallelogram of which A and B are the two adjacent sides. The 
necessary and sufficient condition for parallelism of two vectors neither of which 
vanishes is that their vector product vanishes. The commutative laws do not 
hold. 



A x B = (A 2 B 3 



A x B = B x A 






(10) 


ixi=jxj = kxk = 0, 






i x j = j x i = k 

j x k = -kx j = i 




(12) 


k x i = — i x k = j 






3 B 2 )i + {A 3 B X - A 1 B 3 )$ + (A 1 B 2 - 


-A 2 B x )\a 


(13) 




i j k 








AxB = 


M A 2 A 3 
B\ B 2 B 3 






(13)' 



The scalar triple product of three vectors [ABC] is equal to the volume of 
the parallelopipcd of which A, B, C are three edges which meet in a point. 



[ABC] = ABxC = BCxA = CAxB 
= AxBC = BxCA = CxAB 

[ABC] = -[ACB]. 



(15)' 
(16)' 



The dot and the cross in a scalar triple product may be interchanged and the 
order of the letters may be permuted cyclicly without altering the value of the 
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product; but a change of cyclic order changes the sign. 

[ABC] = 



[ABC] = 



A x 


A 2 


A 3 




Si 


S 2 


S 3 


Ci 


c 2 


C 3 


Ol 


«2 


a 3 




61 


62 


6 3 


[• 


Cl 


C2 


c 3 





[abc] 



If the component of B perpendicular to A be B", 

A x (A x B) 

B = A^" 

A x (B x C) = A CB A BC 

(A x B) x C = A CB C BA 

(A x B) (C x D) = A CB D A DB C 

(A x B) x (C x D) = [ACD]B - [BCD]A 

= [ABD]C [ABC]D 

The equation which subsists between four vectors A, B, C, D is 

[BCD]A - [CDA]B + [DAB]C - [ABC]D = 0. 



(18)' 
(19)' 



(20) 

(24) 
(24)' 
(25) 

(26) 



(27) 



Application of formulae of vector analysis to obtain the formula? of Plane 
and Spherical Trigonometry. 

The system of vectors a', b', c' is said to be reciprocal to the system of three 
non-coplanar vectors a, b, c when 



b x c 

[abc] ' 



b' = 



[abc] ' 



c = 



a x b 

[abc] ■ 



(29) 



A vector r may be expressed in terms of a set of vectors and its reciprocal in 
two similar ways 



or 



r • a'a + r • b'b + r • c'c 



r • aa' + r • bb' + r • cc'. 



(30) 



(31) 



The necessary and sufficient conditions that the two systems of non-coplanar 
vectors a, b, c and a', b', c' be reciprocals is that 



a' • a = b' • b = c' • c = 1 
a' • b = a' • c = b' • a = b' • c = c' • a = c' • b = 0. 



(32) 



If a', b', c' form a system reciprocal to a, b, c; then a, b, c will form a system 
reciprocal to a', b', c'. 
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[PQR][ABC] = 



PA P B PC 
Q A Q B Q C 
R A R B R C 



(34) 



The system i, j, k is its own reciprocal and if conversely a system be its 
own reciprocal it must be a right or left handed system of three mutually per- 
pendicular unit vectors. Application of the theory of reciprocal systems to the 
solution of scalar and vector equations of the first degree in an unknown vector. 
The vector equation of a plane is 



r • A = ■ 



(36) 



Applications of the methods developed in Chapter II, to the treatment of 
a system of forces acting on a rigid body and in particular to the reduction 
of any system of forces to a single force and a couple of which the plane is 
perpendicular to that force. Application of the methods to the treatment of 
instantaneous motion of a rigid body obtaining 



V = v 



- a x r 



(46) 



where v is the velocity of any point, Vo a translational velocity in the direction 
a, and a the vector angular velocity of rotation. Further application of the 
methods to obtain the conditions for equilibrium by making use of the principle 
of virtual velocities. Applications of the method to obtain the relations which 
exist between the nine direction cosines of the angles between two systems of 
mutually orthogonal axis. Application to special problems in geometry including 
the form under which plane coordinates make their appearance in vector analysis 
and the method by which planes (as distinguished from finite plane areas) may 
be represented by vectors. 

Exercises on Chapter II 

Prove the following reduction formulae 

1. A x {B x (C x D)} = [ACD]B A BC x D 

= B DA x C B CA x D. 

2. [AxB CxD Ex F] = [ABD][CEF] - [ABC][DEF] 

= [ABE][FCD] - [ABF][ECD] 
= [CDA][BEF] - [CDB][AEF]. 



3. [A x B B x C CxA] = [ABC] 2 . 

4. [PQE](Ax B) = 

5. A x (B x C) + B x (C x A) + C x (A x B) = 0. 



PA P B P 
Q A Q B Q 
R A R B R 
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6. [AxP BxQ CxR] + [AxQ BxR CxP] 

+ [AxR BxP CxQ]=0. 

7. Obtain formula (34) in the text by expanding 

[(A x B) x P] • [C x (Q x R)] 
in two different ways and equating the results. 

8. Demonstrate directly by the above formulae that if a', b', c' form a recip- 
rocal system to a, b, c; then a, b, c form a system reciprocal to a', b', 
c'. 

9. Show the connection between reciprocal systems of vectors and polar tri- 
angles upon a sphere. Obtain some of the geometrical formulas such as 
(3) in the above list. 

10. The perpendicular bisectors of the sides of a triangle meet in a point. 

11. Find an expression for the common perpendicular to two lines not lying 
in the same place. 

12. Show by vector methods that the formulae for the volume of a tetrahedron 
whose four vertices are 

{xi,yi,zi) (x 2 ,y 2 ,Z2) (x 3 ,y 3 ,z 3 ) (x 4 ,y 4 ,z 4 ) 



x\ yi Z\ 1 

X2 2/2 Z 2 1 

X3 2/3 Z 3 1 

x 4 j/4 z 4 1 





1 


n 


m 


abc 


n 


1 


I 


\ 


M 


I 


1 



13. Making use of formula (34) of the text show that 

[abc] 

where a, b, c are the lengths of a, b, c respectively and where 
/ = cos(b, c), m — cos(c, a), n = cos(a, b). 

14. Determine the perpendicular (as a vector quantity) which is dropped from 
the origin upon a plane determined by the termini of the vectors a, b, c. 
Use the method of solution given in Art. 46. 

15. Show that the volume of a tetrahedron is equal to one sixth of the product 
of two opposite edged by the perpendicular distance between them and 
the sine of the included angle. 
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16. If a line is drawn in each face plane of any triedral angle through the 
vertex and perpendicular to the third edge, the three lines thus obtained 
lie in a plane. 



CHAPTER III 



THE DIFFERENTIAL CALCULUS OF VECTORS 
Differentiation of Functions of One Scalar Variable 

55.] If a vector varies and changes from r to r' the increment of r will be 
the difference between r' and r and will be denoted as usual by Ar. 

Ar = r'-r, (1) 

where Ar must be a vector quantity. If the variable r be unrestricted the 
increment Ar is of course also unrestricted: it may have any magnitude and any 
direction. If, however, the vector r be regarded as a function (a vector function) 
of a single scalar variable t the value of Ar will be completely determined when 
the two values t and t' of t, which give the two values r and r', are known. 

To obtain a clearer conception of the quantities involved it will be advanta- 
geous to think of the vector r as drawn from a fixed origin O (Fig. 26) . When 
the independent variable t changes its value the vector 
r will change, and as t possesses one degree of freedom 
r will vary in such a way that its terminus describes 
a curve in space, r will be the radius vector of one 
point P of the curve; r', of a neighbouring point P'. 
Ar will be the chord PP' of the curve. The ratio 



Ar 

At 




Fig. 26 



will be a vector collinear with the chord PP' but mag- 
nified in the ratio 1 : At. When At approaches zero P' will approach P, the 
chord PP' will approach the tangent at P, and the vector 

— — will approach — - 
At yy dt 

which is a vector tangent to the curve at P directed in that sense in which the 
variable t increases along the curve. 

If r be expressed in terms of i, j, k as 

r = rii + r 2 j + r 3 k 

the scalar components r\, r 2 , r 3 will be functions of the scalar t. 

r' = (n + An)i + (r 2 + Ar 2 )j + (r 2 + Ar 2 )k 
Ar = r' - r = Ani + Ar 2 j + Ar 3 k 
Ar Ari . Ar 2 . Ar 3 

At = ~A7 1+ ^tT J + lit r 



8G 
and 



dr _ dr x dr 2 . dr 3 

dt~ dt 1+ dt i + dt (2) 



Hence the components of the first derivative of r with respect to t are the first 
derivatives with respect to t of the components or r. The same is true for the 
second and higher derivatives. 

d 2 r d 2 ri, d 2 r 2 . d 2 r 3 

dt 2 = "W 1 + lit 27 -* + ~d¥~ ' / 2 y 

d n r _ d n n. d n r 2 . d n r 3 { ' 

dt™ ~ dt n * dt n J dt n 

In a similar manner if r be expressed in terms of any three non-coplanar vectors 
a, b, c as 





r = aa + bh + cc 


d n r 


d n a d n b, d n c 
= ^a+ ^b+ ^c 

dt n dt n dt n 



Example: Let 



r = acosi + bsint. 



The vector r will then describe an ellipse of which a and b are two conjugate 
diameters. This may be seen by assuming a set of oblique Cartesian axes X, Y 
coincident with a and b. Then 

X = acost, Y = bs'mt, 

x 2 ^ y^ 

~a 2+ l? ~ ' 

which is the equation of an ellipse referred to a pair of conjugate diameters of 
lengths a and b respectively. 

dr 

— = a sin t + b cos t. 

dt 

Hence 

dr 

— =acos(t + 90°) + bsin(t + 90°). 

The tangent to the curve is parallel to the radius vector for (t + 90° ) . 

d 2 r 

—5- = — (acost + bsint). 

at z 

The second derivative is the negative of r. Hence 

d\ _ _ 
dt 2 ~~ T 

is evidently a differential equation satisfied by the ellipse. 
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Example: Let 



r = a cosh t + b sinh t. 



The vector r will then describe an hyperbola of which a and b are two conjugate 
diameters. 



and 



Hence 



rfr 
dt. 

d 2 r 



= a sinh t + b cosh t, 

a cosh t + bsinhi. 

d 2 v 
= r 

dt 2 



is a differential equation satisfied by the hyperbola. 



56.] A combination of vectors all of which depend on the same scalar 

variable t may be differentiated very much as in ordinary calculus. 



dt 



(a • b) = a 



dh 

~dt 



■h. 



For 



(a + Aa) (b + Ab) = a • b + a • Ab + Aa • b + Aa • Ab 

A(a • b) = (a + Aa) • (b + Ab) - a • b 
= a • Ab + Aa • b + Aa • Ab 
A(a-b) Ab Aa , Aa • Ab 

— ^ " = a ' -IT- + -IT- b + X • 

At At At At 



Hence in the limit when At = 

d 



. . dh da 

, (a • b) = a • — — h — ■ b 

dt y ' dt dt 



d (dh 

— a x b = a x — - 
dV ' \dt 



xb 



d, . , , fdc\ fdh\ 

— (a-bxc)=a-bx — +a- — xc 

dV \dt) \dt) 



— • b x c. 

dt) 



d_ 
dt 



(ax [b x c]) = a x 



bx 



[bx c] 



a x 



dh 
~dt 



x c 



(3) 
(4) 

(5) 

(6) 



The last three of these formulae may be demonstrated exactly as the first was. 



The formal process of differentiation in vector analysis differs in no way from 
that in scalar analysis except in this one point in which vector analysis always 
differs from scalar analysis, namely: The order of the factors in a vector product 
cannot be changed without changing the sign of the product. Hence of the two 
formulae 

(a x b) = ( -^ ) xb+f T xa 



dt \ dt J \ dt J 

and 

d . , . fda\ , fdb 

— (axb)= — xb + ax — 
dV ' \dt ) \dt 

the first is evidently incorrect, but the second correct. In other words, scalar 
differentiation must take place without altering the order of the factors of a 
vector product. The factors must be differentiated in situ. This of course was 
to be expected. 

In case the vectors depend upon more than one variable the results are 
practically the same. In place of total derivatives with respect to the scalar 
variables, partial derivatives occur. Suppose a and b arc two vectors which 
depend on three scalar variables x, y, z. The scalar product a • b will depend 
upon these three variables, and it will have three partial derivatives of the first 
order. 

— fa b) - (— \ b -i ( — 

dx \dx J \dx 

>■*>-{%)■»»■& 

d . , , (da\ . fdb 

_(a.b)=^-j.b + a.^- 

The second partial derivatives are formed in the same way. 
d 2 . x _ / 9 2 a \ fda\ ( db 



dxdy \ dxdy ) \ dx J \dy 

da\ (db\ f d 2 b 

dy J \ dx J \ dxdy 

Often it is more convenient to use not the derivatives but the differentials. 
This is particularly true when dealing with first differentials. The formulas (3), 
(4) become 

d(a • b) = da ■ b + a • db (3)' 

d(a x b) = da x b + a x db (4)' 

and so forth. As an illustration consider the following example. If r be a unit 
vector 

r • r = 1. 



The locus of the terminus of r is a spherical surface of unit radius described 
about the origin, r depends upon two variables. Differentiate the equation. 

(dr ■ r + r • (dr) = 2r • (dr) = 0. 
Hence 

r • dr = 0. 

Hence the increment dr of a unit vector is perpendicular to the vector. This 
can be seen geometrically. If r traces a sphere the variation dr must be at each 
point in the tangent plane and hence perpendicular to r. 

57.] Vector methods may be employed advantageously in the discussion of 
curvature and torsion of curves. Let r denote the radius vector of a curve 

r = f(t), 

where f is some vector function of the scalar t. In most applications in physics 
and mechanics t represents the time. Let s be the length of arc measured from 
some definite point of the curve as origin. The increment Ar is the chord of 
the curve. Hence Ar/As is approximately equal in magnitude to unity and 
approaches unity as its limit when As becomes infinitesimal. Hence dr/ds will 
be a unit vector tangent to the curve and will be directed toward that portion 
of the curve along which s is increasing (Fig. 27). Let t be the unit tangent 

dr , . 

-=t. (8) 

as 

The curvature of the curve is the limit of the 

ratio of the angle through which the tangent turns 

to the length of the arc. The tangent changes by the 

increment At. As t is of unit length, the length of 

At is approximately the angle through which the rIG. 27 

tangent has turned measured in circular measure. Hence the directed curvature 

Cis 

„ At dt d 2 r , N 

C = lim IT = T = T^ 9 

As=o As ds ds z 

The vector C is collinear with At and hence perpendicular to t; for inasmuch 

as t is a unit vector At is perpendicular to t. 

The tortuosity of a curve is the limit of the ratio of the angle through which 

the osculating plane turns to the length of the arc. The osculating plane is the 

plane of the tangent vector t and the curvature vector C. The normal to this 

plane is 

N = t x C. 

If c be a unit vector collinear with C 

n = t x c 
will be a unit normal (Fig. 28) to the osculating plane and the three vectors t, 
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c, n form an i, j, k system, that is, a right-handed 
rectangular system. Then the angle through which the 
osculating plane turns will be given approximately by 
An and hence the tortuosity is by definition dn/ds. 

From the fact that t, c, n form an i, j, k system of 
unit vectors 




Fig. 28 



and 



t t 



Differentiating the first set 



1 



tc = cn = nt = 0. 



t ■ dt = c ■ dc = n ■ dn = 0, 



and the second 



t • dc + dt ■ c — c ■ dn + dc ■ n = n • dt + dn • t = 0. 



But dt is parallel to c and consequently perpendicular to n. 

n • dt = 0. 



AHcncc 



dn ■ t = 0. 



The increment of n is perpendicular to t. But the increment of n is also per- 
pendicular to n. It is therefore parallel to c. As the tortuosity is T = dn/ds, it 
is parallel to dn and hence to c. 
The tortuosity T is 



T=-(txc) = 
ds 



d^r 
ds* 



d 
ds 

1 



dr 

ds 



d 2 r 1 
ds 2 ycTc 



(11) 



ds 2 TcTC 



dr d 3 r 1 

ds ds 3 ycT~C 



dr 



d 2 v d 



ds ds 2 ds y/C ■ C ' 

The first term of this expression vanishes. T moreover has been seen to be 
parallel to C = d 2 r/ds 2 . Consequently the magnitude of T is the scalar product 
of T by the unit vector c in the direction of C. It is desirable however to have 
the tortuosity positive when the normal n appears to turn in the positive or 
counterclockwise direction if viewed from that side of the nc-planc upon which 
t or the positive part of the curve lies. With this convention dn appears to move 
in the direction — c when the tortuosity is positive, that is, n turns away from 
c. The scalar value of the tortuosity will therefore be given by — c ■ T. 



dr d 3 r 1 
-c • T = -c • — x — rr . 

ds ds 3 VC-C 



f 



dr d 2 r d 

ds ds 2 ds ycT~C 
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But c is parallel to the vector d 2 r/ds 2 . Hence 

dr d 2 v 
ds ds 2 

And c is a unit vector in the direction C. Hence 



c = 



C _ d 2 Y 1 



Hence 



Or 



„ m d 2 r dv d 3 r 1 
T = -cT = — • — x 



ds 2 ds rfs 3 C • C ■ 



T 



dr d 2 r d 3 r 
ds ds 2 ds 3 



d 2 r d 2 r 

ds 2 ' ds 2 



(12) 



(13) 



The tortuosity may be obtained by another method which is somewhat 
shorter if not quite so straightforward. 



t-c = c-n = n-t = 0. 



Hence 



dt ■ c = — dc ■ t 
dc ■ n = —tin • c 
dn • t = — dt ■ n 

Now dt is parallel to c; hence perpendicular to n. Hence dt ■ n = 0. Hence 
dn ■ t = 0. But dn is perpendicular to n. Hence dn must be parallel to c. 
The tortuosity is the magnitude of dn/ds taken however with the negative sign 
because dn appears clockwise from the positive direction of the curve. Hence 
the scalar tortuosity T may be given by 



T 



dn 

= ~~ds~ 

T = t x c- 



rfc 
da 



dc 
ds ' 



(14) 
(14)' 



dc 
t X c • — = 

ds 



c= "c c s 

txc^\/(rc-txc.c|v / ac 
ds ds 



^C C 
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But 



t x c-C = 0. 



T - 



t xc- ^p\/crc 

as v 

c c 

txC.^ 

as 



T 



T 



C C 

dr d 2 r d 3 r 
ds ds 2 ds 3 



d 2 v 
ds 2 






(13) 



In Cartesian coordinates this becomes 



ds 



T 



d:\i- 

,ls-- 



<Jjl 
ds 

d 2 y 
ds 2 

,fy 

d.-'- 



d . 
ds 

d 2 z 
ds 2 

d : 'z 
ds 3 



(I 2 ;r 






t/ J -. 



(13)' 



Those who would pursue the study of twisted curves and surfaces in space 
further from the standpoint of vectors will find the book "Application de la 
Methode Vectorielle de Grassmann a la Geometrie Infinitesimale" 1 by Fehr 
extremely helpful. He works with vectors constantly. The treatment is elegant. 
The notation used is however slightly different from that used by the present 
writer. The fundamental points of difference are exhibited in this table 

ai x a 2 ~ [ai a 2 ] 
ai -a 2 ~ [ai\a 2 ] 
ai • a 2 x a 3 = [aia 2 a 3 ] — [ai a 2 a 3 ]. 

One used to either method need have no difficulty with the other. All the 
important elementary properties of curves and surfaces are there treated. They 
will not be taken up here. 



Kinematics 

58.] Let r be a radius vector drawn from a fixed origin to a moving point 
or particle. Let t be the time. The equation of the path is then 

r = f(t). 

The velocity of the particle is its rate of change of position. This is the limit of 
the increment Ar to the increment At. 



v = lim 

At=o 



Ar 

At 



dr 
rft 



(15) 



1 Paris, Carre ct Naud, 1899. 
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This velocity is a vector quantity. Its direction is the direction of the tangent 
of the curve described by the particle. The term speed is used frequently to 
denote merely the scalar value of the velocity. This convention will be followed 
here. Then 

-§< (16 > 

if s be the length of the arc measured from some fixed point of the curve. It 
is found convenient in mechanics to denote differentiations with respect to the 
time by dots placed over the quantity differentiated. This is the old fluxional 
notation introduced by Newton. It will also be convenient to denote the unit 
tangent to the curve by t. The equations become 



v = r = 



rfr 
dt. 
ds 

df 



v = vt 



(15) 

(16) 
(17) 



The acceleration is the rate of change of velocity. It is a vector quantity. Let 
it be denoted by A. Then by definition 



and 



Differentiate the expression v 



A = lim 

At=0 


Av" 

Ai_ 


dv . 

= ~r = v 
dt 


dv d f dr\ d 2 r 


V ~ ~dt ~ dt \dt) ~ ~d¥ ~ 


n v = vt. 


dv d(vt) dv dt 

= = = t+v , 
dt dt dt dt 


dv d 2 s 


~dt ~ dt 2 _ ' S 


dt 


dt ds 





(18) 



dt ds dt 



= Cv, 



where C is the (vector) curvature of the curve and v is the speed in the curve. 
Substituting these values in the equation the result is 



A = 'st + v 2 C. 



(19) 



The acceleration of a particle moving in a curve has therefore been broken up 
into two components of which one is parallel to the tangent t and of which the 
other is parallel to the curvature C, that is, perpendicular to the tangent. That 
this resolution has been accomplished would be unimportant were it not for the 
remarkable fact which it brings to light. The component of the acceleration 
parallel to the tangent is equal in magnitude to the rate of change of speed. 
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It is entirely independent of what sort of curve the particle is describing. It 
would be the same if the particle described a right line with the same speed as 
it describes the curve. On the other hand the component of the acceleration 
normal to the tangent is equal in magnitude to the product of the square of the 
speed of the particle and the curvature of the curve. The sharper the curve, the 
greater this component. The greater the speed of the particle, the greater the 
component. But the rate of change of speed in path has no effect at all on this 
normal component of the acceleration. 
If r be expressed in terms of i, j, k as 



A 



v = xi + yj + zk, 
v = r = xi + yj + ik, 

v = v x 2 + y 2 + z 2 , 
A = v = r = xi + yj + zk, 
xx + yy + zz 



(15)' 

(16)' 
(18)' 



v 



y'x 2 + y 2 + z 2 



From these formula; the difference between s, the rate of change of speed, and 
A = r, the rate of change of velocity, is apparent. Just when this difference first 
became clearly recognized would be hard to say. But certain it is that Newton 
must have had it in mind when he stated his second law of motion. The rate of 
change of velocity is proportional to the impressed force; but rate of change of 
speed is not. 

59.] The hodograph was introduced by Hamilton as an aid to the study of 
the curvilinear motion of a particle. With any assumed origin the vector velocity 
r is laid off. The locus of its terminus is the hodograph. In other words, the 
radius vector in the hodograph gives the velocity of the particle in magnitude 
and direction at any instant. It is possible to proceed one step further and 
construct the hodograph of the hodograph. This is done by laying off the vector 
acceleration A = r from an assumed origin. The radius vector vector in the 
hodograph of the hodograph therefore gives the acceleration at each instant. 
Example 1: Let a particle revolve in a circle (Fig. 29) of radius r with a 
_, uniform angular velocity a. The speed of 

the particle will then be equal to 



Let r be the radius vector drawn to the par- 
ticle. The velocity v is perpendicular to r 
and to a. It is 




Fig. 29 



The vector v is always perpendicular and of constant magnitude. The hodo- 
graph is therefore a circle of radius v = ar. The radius vector r in this circle 
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is just ninety degrees in advance of the radius vector in its circle, and it conse- 
quently describes the circle with the same angular velocity a. The acceleration 
A which is the rate of change of v is always perpendicular to v and equal in 
magnitude to 

A = av — a r. 

The acceleration A may be given by the formula 

r = A = axv = ax (a x r) = a • ra a • ar. 
But as a is perpendicular to the plane in which r lies, a • r = 0. Hence 

r = A = —a • ar = — a 2 r. 

The acceleration due to the uniform motion of a particle in a circle is directed 
toward the centre and is equal in magnitude to the square of the angular velocity 
multiplied by the radius of the circle. 

Example 2: Consider the motion of a projectile. The acceleration in this 
case is the acceleration g due to gravity. 

r = A = g. 

The hodograph of the hodograph reduces to a constant vector. The curve is 
merely a point. It is easy to find the hodograph. Let Vo be the velocity of the 
projectile in path at any given instant. At a later instant the velocity will be 

v = v + ig. 

Thus the hodograph is a straight line parallel to g and passing through the 
extremity of Vo. The hodograph of a particle moving under the influence of 
gravity is hence a straight line. The path is well known to be a parabola. 
Example 3: In case a particle move under any central acceleration 

r = A = f(r). 

The tangents to the hodograph of r are the accelerations r. But these tangents 
are approximately collincar with the chords between two successive values r and 
ro of the radius vector in the hodograph. That is approximately 









r = 


r-r 
At ■ 


Multiply by rx. 














r 


x r = r 


..A*- r o) 

At 


Since r and r 


are 


parallel, 


r x (r 


-r )=0. 
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Hence 



r x r = r x r . 



But |r x f is the rate of description of area. Hence the equation states that 
when a particle moves under an acceleration directed toward the centre, equal 
areas are swept over in equal times by the radius vector. 

Perhaps it would be well to go a little more carefully into this question. If r 
be the radius vector of the particle in its path at one instant, the radius at the 
next instant is r + Ar. The area of the vector of which r and r + Ar are the 
bounding radii is approximately equal to the area of the triangle enclosed by r, 
r + Ar, and the chord Ar. This area is 

1 , a n ! * a ! 

-r x (r + Ar) = -r x r -\ — r x Ar = -r x Ar. 

2 V ; 2 2 2 

The rate of description of area by the radius vector is consequently 

1 r x (r + Ar) 1 Ar 1 

hm = hm -r x — — = -r x r. 

At=o 2 At At=o 2 At 2 

Let r and fo be two values of the velocity at two points P and Pq which are 
near together. The acceleration fo at Po is the limit of 

(r-r ) _ Ar 
At ~ At' 

Break up the vector — — = — into two components one parallel and the 

other perpendicular to the acceleration fo. 

Ar 

At =Xro + yn > 

if n be a normal to the vector ro. The quantity x approaches unity when At 
approaches zero. The quantity y approaches zero when At approaches zero. 

Ar = r — r = .xAtr + yAtn. 
Hence 

r x (r — fo) = xAtr x f o + j/Atr x n. 

r x (f - f ) = r x f - f r + — At J x f . 

Hence 

Ar 

r x r — f — f o = — x f o At + xAt r x f + yAt r x n. 

But each of the three terms upon the right-hand side is an infinitesimal of the 
second order. Hence the rates of description of area at P and Po differ by an 
infinitesimal of the second order with respect to the time. This is true for any 
point of the curve. Hence the rates must be exactly equal at all points. This 
proves the theorem. 
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60.] The motion of a rigid body one point of which is fixed is at any instant 
a rotation about an instantaneous axis passing through a fixed point. 

Let i, j, k be three axes fixed in the body but moving in space. Let the 
radius vector r be drawn from the fixed point to any point of the body. Then 

r = xi + yj + zk, 
dr = xdi + ydj + zdk. 
But 

dr = (dr ■ i)i + (dr • j)j + (dr ■ k)k. 

Substituting the values of dr • i, dr ■ j, dr ■ k obtained from the second equation 



But 
Hence 

Moreover 
Hence 



dr = (xi ■ di + yi ■ dj + z'\ ■ dk)i 
+ (xj -di + yj -dj + zj ■ dk)j 
+ (xk ■ di + yk • dj + zk ■ <ik)k. 



ij=jk = ki = 0. 

i • 4j + j • di = or j • di = — i • dj 
j • dk + k • dj = or k • dj = — j • dk 
k • di + i • dk = or i • dk = k • di. 

ii= j j = kk= 1. 



i • di = j • dj = k • dk = 0. 

Substituting these values in the expression for dr. 

dr = (zi ■ dk — yj • di)i + (xj • di — zk • dj)j 
+(yk • dj — xi ■ dk)k. 

This is a vector product. 

dr = (k • dj i + i • dk j + j • di k) x (xi + yj + zk) . 



Let 



Then 



di . dk . . di , 

k- -M + i- -r j+j- T k. 

dt dt dt 



dr 

r = ~r 
dt 



This shows that the instantaneous motion of the body is one of rotation with 
the angular velocity a about the line a. This angular velocity changes from 
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instant to instant. The proof of this theorem fills the lacuna in the work in Art. 
51. 

Two infinitesimal rotations may be added like vectors. Let ai and a 2 be two 
angular velocities. The displacements due to them are 

d\r = ai x rdt, 
<i 2 r = a 2 x r dt. 

If r be displaced by a, it becomes 

r + dir = r + &i x rdt. 

If it then be displaced by a2, it becomes 

r + dv = r + d\r + a 2 x [r + (a! x r) dt] dt. 
Hence 

dv = &i x rdt + a 2 x r dt + a 2 x (ai x r) (dt) 2 . 

If the infinitesimals (dt) 2 of order higher than the first be neglected, 

dr = ai x r dt + a 2 x r dt = (ai + a 2 ) x rdt, 

which proves the theorem. If both sides be divided by dt 

dr 

"=di = {ai+a2)Xr - 

This is the parallelogram law for angular velocities. It was obtained before (Art. 
51) in a different way. 

In case the direction of a, the instantaneous axis, is constant, the motion 
reduces to one of steady rotation about a. 

dr = a x r dt, 
r = a x r. 

The acceleration 

r=axr+axr=axr+ax (axr). 

As a does not change its direction a must be collinear with a and hence axr is 
parallel to a x r. That is, it is perpendicular to r. On the other hand a x (a x r) 
is parallel to r. Inasmuch as all points of the rotating body move in concentric 
about a in planes perpendicular to a, it is unnecessary to consider more than 
one such plane. 

The part of the acceleration of a particle toward the centre of the circle in 
which it moves is 

ax (axr). 

This is equal in magnitude to the square of the angular velocity multiplied by 
the radius of the circle. It does not depend upon the angular acceleration a at 
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all. It corresponds to what is known as the centrifugal force. On the other hand 
the acceleration normal to the radius of the circle is 

a x r. 

This is equal in magnitude to the rate of change of angular velocity multiplied 
by the radius of the circle. It does not depend in any way upon the angular 
velocity itself but only upon its rate of change. 

61.] The subject of integration of vector equations in which the differentials 
depend upon scalar variables needs but a word. It is precisely like integration 
in ordinary calculus. If then 

dr = ds, 
r = s + C, 

where C is some constant vector. To accomplish the integration in any particular 
case may be a matter of some difficulty just as it is in the case of ordinary 
integration of scalars. 

Example 1: Integrate the equation of motion of a projectile. 

The equation of motion is simply 



which expresses the fact that the acceleration is always vertically downward and 
due to gravity. 

r = g£ + b, 

where b is a constant of integration. It is evidently the velocity at the time 
t = 0. 

1 2 , 
r = -gT +bt + c. 

c is another constant of integration. It is the position vector of the point at 
time t = 0. The path which is given by this last equation is a parabola. That 
this is so may be seen by expressing it in terms of x and y and eliminating t. 

Example 2: The rate of description of areas when a particle moves under 
a central acceleration is constant. 

r = f(Y). 

Since the acceleration is parallel to the radius, 

r x r = 0. 

But 

d . 

r x r = — (r x r). 
at 

For 

d . . . 

— (r xr) = rxr + rxr. 
at 
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Hence 

and 



|(rxr)=0 



which proves the statement. 

Example 3: Integrate the equation of motion for a particle moving with an 
acceleration toward the centre and equal to a constant multiple of the inverse 
square of the distance from the centre. 

Given 

c 2 
r = — gi\ 

Then 

r x r = 0. 
Hence 

r x f = C. 

Multiply the equations together with x . 

rxC -1 -1 . 

— = — = —5- r x (r x r) = — =- {r • rr — r-rr}. 

2 

r • r = r . 

Differentiate. Then 

Hence 



r • r = rr. 



fxC 



= — — — r. 

c 2 r r 2 

Each side of this equality is a perfect differential. 

r x C\ /r 

c 2 / \r 

Integrate. Then 

r x C r 



• e 



I, 



cr r 



where el is the vector constant of integration, e is its magnitude and I a unit 
vector in its direction. Multiply the equation by r-. 

r • r x C r • r 

^ = + er • I. 

But 

rr x C r xr-C C-C 
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Let 

C • C 

p= — = — and cosu = cos(r, I). 
<r 

Then 

p = r + er cos u. 

Or 

P 

r = . 

1 + e cos u 

This is the equation of the ellipse of which e is the eccentricity. The vector I is 
drawn in the direction of the major axis. The length of this axis is 

V 

a= 1 2- 

1 — e z 

It is possible to carry the integration further and obtain the time. So far 
merely the path has been found. 

Scalar Functions of Position in Space. The Operator V 

62.] A function V(x, y, z) which takes on a definite scalar value for each set 
of coordinates x, y, z in space is called a scalar function of position in space. 
Such a function, for example, is 

\r( \ 2,2,2 2 

v{x,y, z) = x +y +z =r . 

This function gives the square of the distance of the point (x, y, z) from the 
origin. The function V will be supposed to be in general continuous and single- 
valued. In physics scalar functions of position are of constant occurrence. In the 
theory of heat the temperature T at an point of a body is a scalar function of 
the position of that point. In mechanics and theories of attraction the potential 
is the all-important function. This, too, is a scalar function of position. 
If a scalar function V be set equal to a constant, the equation 

V(x,y,z)=c (20) 

defines a surface in space such that at every point of it the function V has 
the same value c. In case V be the temperature, this is a surface of constant 
temperature. It is called an isothermal surface. In case V be the potential, this 
surface of constant potential is a typical scalar function of position in space, and 
as it is perhaps the most important of all such functions owing to its manifold 
applications, the surface 

V(x,y,z) =c 

obtained by setting V equal to a constant is frequently spoken of as an equipo- 
tcntial surface even in the case where V has no connection with the potential, 
but is any scalar function of positions in space. 
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The rate at which the function V increases in the X direction — that is, when 
x changes to x + Ax and y and z remain constant — is 



lim 

Ax=0 



V(x + Ax, y, z) -V(x,y,z) 
Ax 



This is the partial derivative of V with respect to x. Hence the rates at which 
V increases in the directions of the three axes X,Y,Z are respectively 

dV dV dV 
dx ' dy ' dz 

Inasmuch as these are rates in a certain direction, they may be written appro- 
priately as vectors. Let i, j, k be a system of unit vectors coincident with the 
rectangular system of axes X, Y, Z. The rates of increase of V are 

.dV .dV dV 

ox oy oz 

The sum of these three vectors would therefore appear to be a vector which 
represents both in magnitude and direction the resultant or most rapid rate of 
increase of V. that this is actually the case will be shown later (Art. 64). 

63.] The vector sum which is the resultant rate of increase of V is denoted 
by W. 

„ Tr .dV .dV ,dV 

ox oy oz 

VV represents a directed rate of change of V — a directed or vector derivative 
of V, so to speak. For this reason VV will be called the derivative of V; and V, 
the primitive of VV. The terms gradient and slope of V are also used for VV. 
It is customary to regard V as an operator which obtains a vector VV from a 
scalar function V of position in space. 

. d . d d 

dx dy dz 

This symbolic operator V was introduced by Sir W. R. Hamilton and is now 
in universal employment. There seems, however, to be no universally recognized 
name 1 for it, although owing to the frequent occurrence of the symbol some name 



'Some use the term Nabla owing to its fancied resemblance to an Assyrian harp. Others 
have noted its likeness to an inverted A and have consequently coined the non too euphonious 
name Atled by inverting the order of the letters in the word Delta. Foppl in his Einfiihrung 
in die Maxwell' sche Theorie der Electricitdt avoids any special designation and refers to the 
symbol as "die Operation V." How this is to be read is not divulged. Indeed, for printing 
no particular name is necessary, but for lecturing and purposes of instruction something is 
required — something too that does not confuse the speaker or hearer even when often repeated. 
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as a practical necessity. It has been found by experience that the monosyllable 
del is so short and easy to pronounce that even in complicated formulae in which 
V occurs a number of times no inconvenience to the speaker or hearer arises 
from the repetition. W is read simply as "del V." 
Although this operator V has been defined as 



*-, .9 . d , d 

V = i— +j— +k 
ox ay 



dz' 



so that it appears to depend upon the choice of the axes, it is in reality inde- 
pendent of them. This would be surmised from the interpretation of V as the 
magnitude and direction of the most rapid increase of V. To demonstrate the 
independence take another set of axes, i', j', k' and a new set of variables x' , 
y' , z' referred to them. Then V referred to this system is 



V 



./ 9 ., d , d 

dx' dy' dz' 



(22)' 



By making use of the formula? (47)' and (47)", Art. 53, page 75, for trans- 
formation of axes from i, j, k to i', j', k' and by actually carrying out the 
differentiations and finally by taking into account the identities (49) and (50), 
V may actually be transformed into V. 

V' = V. 

The details of the proof are omitted here, because another shorter method of 
demonstration is to be given. 



64.] Consider two surfaces (Fig. 30) 

V(x,y,z) = c 



and 



V(x,y, z) = c + dc, 



upon which V is constant and which are moreover infinitely near together. Let 
x, y, z be a given point upon the surface 
V = c. Let r denote the radius vector drawn 
to this point from any fixed origin. Then 
any point near by in the neighboring sur- 
face V = c + dc may be represented by the 
radius vector r + dr. The actual increase 
of V from the first surface to the second is 
a fixed quantity dc. The rate of increase is 
a variable quantity and depends upon the 
direction dr which is followed when passing 
from one surface to the other. The rate of 
increase will be the quotient of the actual increase dc and the distance Vdr ■ dr 




vw^ e + dt 



V{x,y,t> 



Fig. 30 
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between the surfaces at the point x, y, z in the direction dr. Let n be a unit 
normal to the surfaces and dn the segment of that normal intercepted between 
the surfaces, n dn will then be the least value for dr. The quotient 

dc 

Vdr ■ dr 

will therefore be a maximum when dr is parallel to n and equal in magnitude 
of dn. The expression 

dc ,„„. 

^ n ™ 

is therefore a vector of which the direction is the direction of most rapid increase 
of V and of which the magnitude is the rate of that increase. This vector is 
entirely independent of the axes X, Y , Z. Let dc be replaced by its equal dV 
which is the increment of V in passing from the first surface to the second. Then 
let VV be defined again as 

W = ^n. (24) 

dn 

From this definition, VV is certainly the vector which gives the direction 
of most rapid increase of V and the rate in that direction. Moreover VV is 
independent of the axis. It remains to show that this definition is equivalent to 
the one first given. To do this multiply by -dr. 

VV ■ dr = ^n • dr. (25) 

dn 

n is a unit normal. Hence n • dr is the projection of dr on n and must be equal 
to the perpendicular distance dn between the surfaces. 



VV ■ dr = ^— dn = dV (25)' 

dn 



But 



nr dv , dv , dv , 

dV = -t— dx + — - dy + — - dz, 
ox ay oz 



where 

(dx) 2 + (dy) 2 + (dz) 2 = dr ■ dr. 

If dr takes on successively the values idx, j dy, kdz the equation (25)' takes 

on the values 

dV 

VV ■ i dx = — — dx 
ox 

dV 
VV-jdy=—dy (26) 

dV 
VV ■ \dz = tt~ dz. 
oz 
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If the factors dx, dy, dz be cancelled there equations state that the components 
VV ■ i, VV • j, VV ■ k of VV in the i, j, k directions respectively are equal to 







dV dV dV 






dx ' dy dz 




VV = 


= (VV • i) i + (VV ■ j) j + (VV ■ k) k. 


by (26) 




„ Tr .dV .dV , dV 
ox oy dz 



(21) 

The second definition (24) has been reduced to the first and consequently is 
equivalent to it. 



65.] The equation (25)' found above is often taken as a definition of VV. 

dy 

d.v 



According to ordinary calculus the derivative -p satisfies the equation 



dx— = dy. 
dx 

Moreover this equation defines dy/dx. In a similar manner it is possible to lay 
down the following definition. 

Definition: The derivative VV of a scalar function of position in space shall 
satisfy the equation 

dv ■ VV = dV 

for all values of dr. 

This definition is certainly the most natural and important from theoretical 
considerations. But for practical purposes either of the definitions before given 
seems to be better. They are more tangible. The real significance of this last 
definition cannot be appreciated until the subject of linear vector functions has 
been treated. See Chapter VII. 

The computation of the derivative V of a function is most frequently carried 
on by means of the ordinary partial differentiation. 

Example 1: Let 



V(x, y, z) = r = \J x 2 + y 2 + z 
„ .dr .dr . dr 

Vr = 1 ^r +J7r + k 7r- 

dx dy oz 



2 



Vr 



Hence 



and 



yjx 2 + y 2 + z 2 y/x 2 + y 2 + z 2 sj x 2 + y 2 + z 2 






r r 

Vr = . = -. 

Vr • r r 
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The derivative or r is a unit vector in the direction of r This is evidently the 
direction of most rapid increase of r and the rate of that increase. 
Example 2: Let 

V{x, y,z) = - = =. 

r y/x 2 +y 2 + z 2 

—l.x . y , z 

V- = — i r —j 3- — k r . 

r (x 2 +y 2 + z 2 ) : s (x 2 + y 2 + z 2 )i (x 2 + y 2 + z 2 )i 

Hence 

V- = s-(— ix — )y — kz) 

(1-1 n n \ O \ tt rJ / 

x 2 +y 2 + z 2 Y 

and 

1 — r — r 

V- = j- = -^. 

r (r-r)5 r A 

The derivative of 1/r is a vector whose direction is that of — r, and whose 
magnitude is equal to the reciprocal of the square of the length r. 
Example 3: 

Vr" = nr n - 2 r = nr n — . 
r • r 

The proof is left to the reader. 
Example 4-' Let 



V{x, y, z) = log \Jx 2 + y 2 . 

Vlog^/x 2 +y 2 = i X +j V +0k 
x z _|_ yt x z + y z 

1 /• 
= 2 ~ 2 {™+iy). 
x A + y A 

If r denote the vector drawn from the origin to the point (x, y, z) of space, 
the function V may be written as 

V(x, y, z) = log y/r ■ r - (k • r) 2 
and 

i.x + jy = r — k k • r. 
Hence 



Vlogy^ 



x 2 + y 2 = 



r kk • r 



r • r — (k • r) 2 
r kk • r 



(r — k k • r) • (r — k k • r) 
There is another method of computing V which is based upon the identity 

dr-VV = dV. 
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Example 1: Let 




= dr ■ W. 



Hence 



W 



Example 2: Let V = r • a, where a is a constant vector. 

dV = dv ■ a = dr • VV. 

W = a 

Example 3: Let V = (r x a) • (r x b), where a and b are constant vectors. 

V = r-ra-b — r-ar-b. 

dV = 2dr • r a • b — <ir • a r • b — dr -hr ■ & = dr ■ W 
Hence 

VV = 2ra-b — ar-b — br-a 

VV" = (r a • b — a r • b) + (r a • b — bra) 

= b x (r x a) + a x (r x b). 

Which of these two methods for computing V shall be applied in a partic- 
ular case depends entirely upon their relative ease of execution in that case. 
The latter method is independent of the coordinate axes and may therefore be 
preferred. It is also shorter in case the function V can be expressed easily in 
terms of r. But when V cannot be so expressed the former method has to be 
resorted to. 



66.] The great importance of the operator V in mathematical physics may 
be seen from a few illustrations. Suppose T(x,y,z) be the temperature at the 
point x, y, z of a heated body. That direction in which temperature decreases 
most rapidly gives the direction of the flow of heat. VT, as has been seen, gives 
the direction of most rapid increase of temperature. Hence the flow of heat f is 

f = -kVT, 

where k is a constant depending upon the material of the body. Suppose again 
that V be the gravitational potential due to a fixed body. The force acting upon 
a unit mass at the point (cc, y, z) is in the direction of most rapid increase of 
potential and is in magnitude equal to the rate of increase per unit length in 
that direction. Let F be the force per unit mass. Then 

F = VV. 
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As different writers use different conventions as regards the sign of the grav- 
itational potential, it might be well to state that the potential V referred to 
here has the opposite sign to the potential energy. If W denoted the potential 
energy of a mass m situated at x, y, z, the force acting upon that mass would 
be 

F = -VW. 

In case V represent the electric or magnetic potential due to a definite electric 
charge or to a definite magnetic pole respectively the force F acting upon a unit 
charge or unit pole as the case might be is 

F = - W. 

The force is in the direction of most rapid decrease of potential. In dealing with 
electricity and magnetism potential and potential energy have the same sign; 
whereas in attraction problems they are generally considered to have opposite 
signs. The direction of the force in either case is in the direction of most rapid 
decrease of potential energy. The difference between potential and potential 
energy is this. Potential electricity or magnetism is the potential energy per 
unit charge or pole; and potential in attraction problems is potential energy per 
unit mass taken, however, with the negative sign. 

67.] It is often convenient to treat an operator as a quantity provided it 

obeys the same formal laws as that quantity. Consider for example the partial 

differentiators 

d d d 

dx' dy' dz 

As far as combinations of these are concerned, the formal laws are precisely 
what they would be if instead of differentiators three true scalars 



were given. For instance 
the commutative law 



a, 



d d d d 
dx dy dy dx 



the associative law 

dx \dy dz J \ dx dy J dz 
and the distributive law 

d ( d d \ d d d d 

dx \dy dz J dx dy dx dz 



ab = ba, 

a{bc) = [ab)c 1 



a(b + c) = ab 



hold for the differentiators just as for scalars. Of course such formula? as 

d d 
dx dx 
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where u is a function of x cannot hold on account of the properties of differ- 
entiators. A scalar function u cannot be placed under the influence of the sign 
of differentiators. Such a patent error may be avoided by remembering that an 
operand must be understood upon which d/dx is to operate. 

In the same way a great advantage may be obtained by looking upon 

— , . d . d , d 

V = i— +j— +k— 

ox oy oz 

as a vector. It is not a true vector, for the coefficients 

d d d 

dx 1 dy 1 dz 

are not true scalars. It is a vector differentiator and of course an operand is 
always implied with it. As far as formal operations are concerned it behaves 
like a vector. For instance 

V(u + v) = Vu + Vv, 

V(m>) = (Vu)v + w(Vw), 

cVw = V(cu), 

if u and v are any two scalar functions of the scalar variables x, y, z and if c be 
a scalar independent of the variables with regard to which the differentiations 
are performed. 

68.] If A represent any vector the formal combination A • V is 

provided 

A = Aii + A 2 j + A 3 k. 

This operator A • V is a scalar differentiator. When applied to a scalar function 
V(x, y, z) it gives a scalar. 

dV dV dV 

(A.V)V^ 1 - + ^ 2 - + A 3 -. (28) 

Suppose for convenience that A is a unit vector a. 

dV dV dV 

(a.V)y^ ai - +a2 - +a3 ^. (29) 

where a\, a 2 , 03 are the direction cosines of the line a referred to the axes X, 
Y, Z. Consequently (a • V)V appears as the well-known directional derivative 
of V in the direction a. This is often written 

dV dV dV dV ,„„.. 

-5- = ai^— +a 2 ^— +a 3 — -. (29) 

os ox oy oz 
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It expressed the magnitude of the rate of increase of V in the direction a. In 
the particular case where this direction is the normal n to a surface of constant 
value of V, this relation becomes the normal derivative. 

, „ XTr dV dV dV dV , nn .„ 

if m, 112, ri3 be the direction cosines of the normal. 

The operator a • V applied to a scalar function of position V yields the same 
result as the direct product of a and the vector VV. 

(a-V)V = a-(VV). (30) 

For this reason either operation may be denoted simply by 

a- VV 

without parentheses and no ambiguity can result from the omission. The two 
different forms (a- V)V and a- (VV) may however be interpreted in an important 
theorem, (a • V)V is the directional derivative of V in the direction a. On the 
other hand a • (VV) is the component of VV in the direction a. Hence: The 
directional derivative of V in any direction is equal to the component of the 
derivative of V VV in that direction. If V denote gravitational potential the 
theorem becomes: The directional derivative of the potential in any direction 
gives the component of the force per unit mass in that direction. In case V be 
electric or magnetic potential a difference of sign must be observed. 

Vector Functions of Position in Space 
69.] A vector function of position in space is a function 

V(x,y,z) 

which associates with each point x, y, z in space a definite vector, The function 
may be broken up into its three components 

V(x,y,z) = V 1 (x,y,z)i + V 2 (x,y,z)j + V 3 (x,y,z)\t. 

Examples of vector functions are very numerous in physics, already the function 
VV has occurred. At each point of space VV has in general a definite vector 
value. In mechanics of rigid bodies the velocity of each point of the body is a 
vector function of the position of the point. Fluxes of heat, electricity, magnetic 
force, fluids, etc., are all vector functions of position in space. 

The scalar operator a • V may be applied to a vector function V to yield 
another vector function. 

Let 

V = V 1 (x,y,z)i + V 2 (x,y,z)j + V 3 (x,y,z)k 



Ill 



and 
















a 


= a 1 i + a 2 j + a 3 k. 




Then 
















a- V = 


d 
dx 


d d 

+ a 2 ^- + a 3 — 
oy oz 






(a 


■ V)V= (a- 


V)Kii- 


f (a-V)T/ 2 j + (a-' 


V)V 3 k 


and 
















(a-V)V = ( 


' dVi. 

v dx 


dVi dVi x 

+ fl 2^ ^ a 3^~ 

ay az , 


)' 






+ ( 


' 0V 2 
v ox 


dV 2 dV 2 " 

+ 0,2^. 1- a 3 ^— - 

oy oz / 


)J 






+ ( 


' dV 3 

ai^— 

v ox 


^ dv 3 dv 3 " 

+ a 2 ^. \~a 3 — — 

oy oz _, 


), 


This may 


be written in the form 










(a- V)V 


. dV x 

ds 


. ^ dV 2 dv 3 

OS OS 





(31) 



(31)' 

Hence (a • V)V is the directional derivative of the vector function V in the 
direction a. It is possible to write 

(a • V) V = a • VV 

without parentheses. For the meaning of the vector symbol V when applied to a 
vector function V has not yet been defined. Hence from the present standpoint 
the expression a- VV can have but the one interpretation given to it by (a- V)V. 

70.] Although the operation VV has not been defined and cannot be at 
present, 1 two formal combinations of the vector operator V and a vector function 

V may be treated. These are the (formal) scalar product and the (formal) vector 
product of V into V. They are 

and 

vxv 4! +j ! +k !) xv (33) 

V • V is read del dot V; and V x V, del cross V. 

d d d 
The differentiators — , — , — — , being scalar operators, pass by the dot and 
ox oy oz 

the cross. That is 

dV dV dV 

V-V = i-^ r +j.^-+k.^ (32)' 

ox oy oz 



1 A definition of VV will be given in Chapter VII. 
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and 



r, , r . dV . dV 

VxV = ix— +jx — 
dx dy 



kx 



dV 
dz 



(33)' 



These may be expressed in terms of the components Vi, V 2 , V 3 of V. 
Now 



Then 



Hence 



Moreover 



Hence 

V x V 



dy 



dV dVi . 

dx dx 


8V 2 dV 3 
dx ox 






dV dVi . dV 2 . dV 3 
dy dy dy dy 






dV dVi . dV 2 . dV 3 , 

~^~ = "IT" 1 + "IT" J + ~7T~ k - 

az dz dz dz 






. dV dVi 






dx dx 






. dV dV 2 






dy dy ' 






dV dV 3 
dz dz 






v . Y = dv 1 + dv l + dv 3 

dx dy dz 






. dV dV 2 .dV 3 
dx dx dx 






. dV .dV 3 dVx 
dy dy dy 






, dV ,dVi .dV 2 

kx 7T = Jli 1 ^T- 

dz dz dz 






dz J \ dz dx J \ 


dV 2 
dx 


dVi 

dy 


;he form of a determinant 








i J k 








Vx V = 


JL JL JL 

dx dy dz 

v 1 v 2 v 3 









(34) 



(32)' 



(33)" 



(33)' 



It is to be understood that the operators are to be applied to the functions V\, 
V 2 , V 3 when expanding the determinant. 

From some standpoints objections may be brought forward against treating 
V as a symbolic vector and introducing V • V and V x V respectively as the 
symbolic scalar and vector products of V into V. These objections may be 
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avoided by simply laying down the definition that the symbols V- and Vx, 
which may be looked upon as entirely new operators quite distinct from V, 
shall be 



and 



v-v 



V x V 



dV 
dx 

<9V 

dx 



J x 



dV 
dy 

dV 
dy 



k- 



dV 



kx 



dV 

dz 



(32)' 



(33)' 



But for practical purposes and for remembering formulae it seems by all means 

advisable to regard 

„ . d . d , <9 

V = i— +j— +k— 

dx dy dz 

as a symbolic vector differentiator. This symbol obeys the same laws as a vector 

d d d 
just in so far as the differentiators — , — , — obey the same laws as ordinary 

dx dy dz 

scalar quantities. 

71.] That the two functions V • V and V x V have very important physical 
meanings in connection with the vector function V may be easily recognized. By 
the straightforward proof indicated in Art. 63 it was seen that the operator V is 
independent of the choice of axes. From this fact the inference is immediate that 

V • V and V x V represent intrinsic properties of V invariant of choice of axes. 
In order to perceive these properties it is convenient to attribute to the function 

V some definite physical meaning such as flux or flow of a fluid substance. 
Let therefore the vector V denote at each point of space the direction and the 
magnitude of the flow of some fluid. This may be a material fluid as water or gas, 
or a fictitious one as heat or electricity. To obtain as great clearness as possible 
let the fluid be material but not necessarily restricted to incomprcssibility like 
water. Then 



V-V 



dV 

dx 



dV 
dy 



dV 

dz 



is called the divergence of V and is of- 
ten written 

V- V = divV. 

The reason for this term is that V • V 
gives at each point the rate per unit 
volume per unit time at which fluid is 
leaving that point — the rate of diminu- 
tion of density. To prove this consider 



-i dy 



dz* 



xyz 



r 



J » i dy d* 

x+dx , yt. 



Fig. 31 



a small cube of matter (Fig. 31). Let the edges of the cube be dx, dy, and dz 
respectively. Let 



V(x,y,z) = Vi{x,y, z)i + V 2 (x,y, z)j + V 3 (x,y, z) k. 
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Consider the amount of fluid which passes through those faces of the cube which 
are parallel to the YZ-p\ane, i.e. perpendicular to the X axis. The normal to 
the face whose x coordinate is the lesser, that is, the normal to the left-hand 
face of the cube is — i. The flux of substance through this face is 

— i • V(;r, y, z) dy dz. 

The normal to the opposite face, the face whose x coordinate is greater by the 
amount dx, is +i and the flux through it is therefore 



V(.t + dx, y, z) dy dz 



dV 
V(x,y,z) + — dx 



dy dz 



.<9V 
i • "V(x, y, z) dy dz + i— — dx dy dz. 



The total flux outward from the cube through these two faces is therefore the 
algebraic sum of these quantities. This is simply 

. dV dVi 

i— — dx dy dz — — — dx dy dz. 
ox ox 

In like manner the fluxes through the other pairs of faces of the cube are 

.dV dV 

j — — dx dy dz and k— — dx dy dz. 
dy dz 

The total flux out from the cube is therefore 

dV . dV , dV\ , , , 

— h j • — — + k • — — dx dy dz. 

ox oy oz J 

This is the net quantity of fluid which leaves the cube per unit time. The 
quotient of this by the volume dx dy dz of the cube gives the rate of diminution 
of density. This is 

. <9V . dV dV_dV }L dV^ dVs 

dx dy dz dx dy dz 

Because V • V thus represents the diminution of density or the rate at which 
matter is leaving a point per unit volume per unit time, it is called divergence. 
Maxwell employed the term convergence to denote the rate at which fluid ap- 
proaches a point per unit volume per unit time. This is the negative of the 
divergence. In case the fluid is incompressible, as much matter must leave the 
cube as enters it. The total change of contents must therefore be zero. For this 
reason the characteristic differential equation which any incompressible fluid 
must satisfy is 

V-V = 

where V is the flux of the fluid. This equation is often known as the hydrody- 
namic equation. It is satisfied by any flow of water, since water is practically 
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incompressible. The great importance of the equation for work in electricity 
is due to the fact that according to Maxwell's hypothesis electric displacement 
obeys the same laws as an incompressible fluid. If then D be the electric dis- 
placement, 

divD = V-D = 0. 

72.] To the operator Vx Maxwell gave the name curl. This nomenclature 
has become widely accepted. 

V x V = curlV. 

The curl of a vector function is itself a vector function of position in space. As 
the name indicates, it is closely connected with the angular velocity velocity or 
spin of the flux at each point. But the interpretation of the curl is neither so 
easily obtained nor so simple as that of the divergence. 

Consider as before that V represents the flux of a fluid. Take at a definite 
instant an infinitesimal sphere about any point (x,y, z). At the next instant 
what has become of the sphere? In the first place it may have moved off as a 
whole in a certain direction by an amount dr. In other words it may have a 
translational velocity of dr/dt. In addition to this it may have undergone such a 
deformation that it is no longer a sphere. It may have been subjected to a strain 
by virtue of which it becomes slightly ellipsoidal in shape. Finally it may have 
been rotated as a whole about some axis through an angle dw. That is to say, it 
may have an angular velocity the magnitude of which is dw/dt. An infinitesimal 
sphere therefore may have any one of three distinct types of motion or all of 
them combined. First, a translation with definite velocity. Second, a strain 
with three definite rates of elongation along the axes of an ellipsoid. Third, an 
angular velocity about a definite axis. It is this third type of motion which is 
given by the curl. In fact, the curl of the flux V is a vector which has at each 
point of space the direction of the instantaneous axis of rotation at that point 
and a magnitude equal to twice the instantaneous angular velocity about that 
axis. 

The analytic discussion of the motion of a fluid presents more difficulties 
than it is necessary to introduce in treating the curl. The motion of a rigid 
body is sufficiently complex to give an adequate idea of the operation. It was 
seen (Art. 51) that the velocity of the particles of a rigid body at any instant 
is given by the formula 

v = vo + a x r. 
curl v = Vxv = Vxv +Vx (axr). 
Let 

a = ail + a 2 j + 03k 
r = ri'i + r 2 j + r 3 k = xi + y] + zk 

expand V x (a x r) formally as if it were the vector triple product of V, a, and 
r. Then 

V x v = V x v + (V • r) a - (V • a) r. 
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Vo is a constant vector. Hence the term V x vq vanishes. 

dx dy dz 
dx dy dz 

As a is a constant vector it may be placed upon the other side of the differential 
operator, V • a = a • V. 

( d d d \ • 

a- Vr = ai— +a 2 ^- + a 3 — r = a x i + a 2 j + a 3 k = a. 

\ ox ay dz J 

Hence 

Vxv = 3a — a = 2a 

Therefore in the case of the motion of a rigid body the curl of the linear velocity 
at any point is equal to twice the angular velocity in magnitude and in direction. 

V x v = curl v = 2a, 

a = -V x v = -curlv. 
2 2 

v = v + -(V x v) x r = v + -(curlv) x r (34) 

The expansion of V x (a x r) formally may be avoided by multiplying a x r out 
and then applying the operator Vx to the result. 

73.] If frequently happens, as in the case of the application just cited, that 
the operators V, V-, Vx, have to be applied to combinations of scalar functions, 
vector functions, or both. The following rules of operation will be found useful. 
Let u, v be scalar functions and u, v vector functions of position in space. Then 

V(u + v) = Vu + Vv (35) 

V-(u + v) = V-u + V-v (36) 

Vx(u + v)=Vxu + Vxv (37) 

V(uv) =vVu + uVv (38) 

V • (mv) = Vw • v + uV • v (39) 

V x (mv) =Vmxv|hVxv (40) 

V(u • v) = v • Vu + v • Vu + v x (V x u) + u x (V x v) 1 (41) 

V-(uxv)=vVxu-u-Vxv (42) 

V x (u x v) = v • Vu - vV • u - u • Vv + uV • v. 1 (43) 



A word is necessary upon the matter of the interpretation of such expressions 
as 

Vww, Vw • v, Vu x v. 



x By Art. 69 the expressions v- Vu and u- Vv are to be interpreted as (v- V)u and (u- V)v. 
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The rule followed in this book is that the operator V applies to the neares term 
only. That is, 

Vuv = (Vu)v 

V« • v = (Vu) • v 

Vm x v = (Vu) x v 

If V is to be applied to more than the one term which follows it, the terms to 
which it is applied are enclosed in a parenthesis as upon the left-hand side of 
the above equations. 

The proofs of the formulas may be given most naturally by expanding the 
expressions in terms of three assumed unit vectors i, j, k. The sign ^2 of 
summation will be found convenient. By means of it the operators V, V-, Vx 
take the form 









V 


= E* 


a 
dx' 












V- 


= E* 


d 
dx 1 












Vx 


= E» 


d 
dx' 






The summation extendi 


5 over x, y, 


z. 








To demonstrate 




















Vx 


(wv) = 


= Vu x 


v + kV x v. 




V x 


(uv) = 


= E 


. d 
dx 


(uv) = 


E-( 


' du d\r \ 
dx dx J 




V x (uv) = 


E- 


^tH+E- 


; x ( 


U dx) 








eC 


. du\ 
dx J 


:v +E' 


ui x 


dv 
dx' 



Hence 

V x (uv) = Vu x v + uV x v. 

To demonstrate 

V(u • v) = v • Vu + v • Vu + v x (V x u) + u x (V x v). 
,-, / x v^ . 9 , , v-^ . f du dv 

v ( u - v ) = E i ^( u - v )-E i ( v ^- v +-a c 

t-F / x v^ . du -r-^ . dv 

v(u-v) = E^- v +E 1 -^ 

Now 

du tt-^ du . ^-^ . du 

— = y v ■ — i — > v • i — . 

dx t-** dx ^— ' dx 

Edu . ._ . v^ . du 

v— i = vx(Vxu) + ^vi- 



vx(Vxu)=vx^ix-=^v-i-^vi- 



9a; -^ 9x 
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or 



In like manner 



E<? u . ._ . _ 

v • — — 1 = v x (V x u) + v • Vu. 
ox 

E<9v . ,_ . _ 

u • — — 1 = u x (V x v) + u • Vv. 
ox 



Hence 

V(u • v) = v • Vu + v • Vu + v x (V x u) + u x (V x v). 

The other formulae are demonstrated in a similar manner. 

74.] The notation 1 

V(u-v) u (44) 

will be used to denote that in applying the operator V to the product (u • v), 
the quantity u is to be regarded as constant. That is, the operation V is carried 
out only partially upon the product (u • v). In general if V is to be carried out 
partially upon any number of functions which occur after it in a parenthesis, 
those functions which are constant for the differentiations are written after the 
parenthesis as subscripts. 



Let 



then 



and 



u = uii + u 2 j + u 3 k, 
v = uii + v 2 j + v 3 k. 

u • v = mvi + u 2 v 2 + M3V3 






_ . d 

v ( u ' v ) = ^J i q-(«iVi + u 2 v 2 + u 3 v 3 ). 

Y^. (du\ du 2 du 3 

V(u-v) = ^i ^— Vl + — V2 + — V3 

sr^ • ( & v i 9v 2 dv 3 



But 



and 



/ 1 Mi — h u 2 — bu 3 

*— ' V ox ox ox 



V(u.v) u = ^i[ Ul -^ +u 2 — +u 3 — 



V(u-v) u = ]Ti 



du 1 9«2 9«3 

«l -5 h «2 -5 h ^3 -5— 

ox ox ax 



1 This idea and notation of a partial V so to speak may be avoided by means of the formula 
41. But a certain amount of compactness and simplicity is lost thereby. The idea of V(u • v) u 
is surely no more complicated than u • Vv or v X (V X u). 



Hence 

But 

and 
Hence 
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V(u • V) = V\ Vmi + V 2 Vu 2 + l>3 VU3 

+ u\ Vui + u 2 Vw 2 + u 3 Vv 3 . 
V(u-v) u = u 1 Vv 1 +u 2 Vv 2 +u 3 Vv 3 (44)' 

V(u • v) v = vi Vui + v 2 Vu 2 + v 3 V« 3 . 



V(u-v)=V(u-v) u + V(u-v) v . (45) 

This formula corresponds to the following one in the notation of differentials 

d(u ■ v) = d(u ■ v) u + d(u • v) v 
or 

d(u ■ v) = u • dv + du ■ v. 

The formulae (35)-(43) given above (Art. 73) may be written in the follow- 
ing manner, as it is obvious from analogy with the corresponding formula? in 
differentials 

V(u + v) = V(u + v) u + V(u + v) v (35)' 

V-(u + v)=V-(u + v) u + V-(u + v) v (36)' 

V x (u + v) = V x (u + v) u + V x (u + v) v (37)' 

V(uv) = V(uv) u + V{uv) v (38)' 

V • (uv) = V • (wv) u + V • (uv) v (39)' 
V x (wv) = V x (uv)„ + V x (wv) v (40)' 

V(u-v) = V(u-v) u + V(u-v) v (41)' 

V • (u x v) = V • (u x v) u + V • (u x v) v (42)' 

V x (u x v) = V x (u x v) u + V x (u x v) v . (43)' 

This notation is particularly useful in the case of the scalar product u • v 
and for this reason it was introduced. In almost all other cases it can be done 
away without loss of simplicity. Take for instance (43)'. Expand V x (u x v) u 
formally. 

V x (u x v) u = (V • v) u - (V • u) v, 

where it must be understood that u is constant for the differentiations which 
occur in V. Then in the last term the factor u may be placed before the sign 
V. Hence 

V x (u x v) u = u V • v u • Vv. 
In like manner 

V x (u x v) v = v V • u — v • Vu. 
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Hence 



V x (u x v) = v • Vu — v V • u — u • Vv + u V • v. 



75.] There are a number of important relations in which the partial opera- 
tion V(u • v) u figures. 

u x (V x v) = V(u ■ v) u - u • Vv, (46) 

or 

V(u • v) u = u • Vv + u x (V x v), (46)' 

or 

u- Vv = V(u- v) u + (V x v) x u. (46)" 

The proof of this relation may be given by expanding in terms of i, j, k. A 
method of remembering the result easily is as follows. Expand the product 

u x (V x v) 

formally as if V, u, v were all real vectors. Then 

ux (Vxv) = u-vV — u- Vv. 

The second term is capable of interpretation as it stands. The first term, how- 
ever, is not. The operator V has nothing upon which to operate. It therefore 
must be transposed so that it shall have u-v as an operand. But u being outside 
of the parenthesis in u x (V x v) is constant for the differentiations. Hence 

u- vV = V(u- v) u 
and 

u x (V x v) = V(u ■ v) u - u • Vv. (46) 

If u be a unit vector, say a, the formula 

a- Vv = V(a- v) a + (V x v) x a (47) 

expresses the fact that the directional derivative a • Vv of a vector function v 
in the direction a is equal to the derivative of the projection of the vector v in 
that direction plus the vector product of the curl of v into the direction a. 
Consider the values of v at two neighboring points. 

v(x,y,z) 

and 

v(x + dx, y + dy, z + dz) 
dv = v(x + dx, y + dy, z + dz) — v(x, y, z). 



Let 

But by (25)' 

Hence 
Hence 
By (46)" 
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v = «ii + v 2 j + i^k 
dv = dvi'i + dv2j + dv^k.. 

dvi = dr ■ Vi>i 
dv2 = dr ■ Vi>2 
dv 3 = dr ■ Vi>3 . 

dv = dr ■ ( Vvi i + V«2 j + V«3 k) . 

dv = dr ■ Vv 

dv = V(rfr • v) dr + (V x v) x dr. (48) 



Or if Vo denote the value of v at the point (x, y, z) and v the value at a neigh- 
boring point 

v = v + V(dr • v) dr + (V x v) x dr. (49) 

This expression of v in terms of its value vo at a given point, the dels, and 
the displacement dr is analogous to the expansion of a scalar function of one 
variable by Taylor's theorem, 

f(x) = f(xo) + f(x )dx. 

The derivative of (r • v) when v is constant is equal to v. 

That is 

V(r-v) v = v. 



For 



Hence 



V(r • v) v = v • Vr — (V x r) x v, 
v = vxi + v 2 ] + v 3 k, 
_ d d d 

V • V = Vl— +U2TT +v 3 — , 

ox ay oz 

r = xi + yj + zk, 
v • Vr = uii + v 2 j + v 3 k = v, 
V x r = 0. 

V(r-v) v = v. 



In like manner if instead of the finite vector r, an infinitesimal vector dr be 
substituted, the result still is 

V(r-v) v = v. 
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By (49) 

Hence 

Substituting: 



v = v + V(dr • v) dr + (V x v) x dr. 
V(dr • v) = V(rfr • v) dr + V(dr • v) v . 

V(dr • v) dr = V(rfr • v) - v. 

v = -v + ~ V(dr • v) + -(V x v) x dr. (50) 

This gives another form of (49) which is sometimes more convenient. It is also 
slightly more symmetrical. 

76.] Consider a moving fluid. Let v(x,y, z,t) be the velocity of the fluid 
at the point (x,y,z) at the time t. Surround a point (xo,yo,zo) with a small 
sphere. 

dr ■ dr = c 2 . 

At each point of this sphere the velocity is 

v = vo + dr ■ Vv. 
In the increment of time St the points of this sphere will have moved the distance 

(v + dr • Vv) St. 

The point at the centre will have moved the distance 

v St. 

The distance between the centre and the points that were upon the sphere of 
radius dr at the commencement of the interval St has become at the end of that 
interval St 

dr' = dr + dr ■ Vv St. 

To find the locus of the extremity of dr' it is necessary to eliminate dr from the 
equations 

dr' = dr + dr ■ Vv St, 
c 2 = dr ■ dr. 

The first equation may be solved for dr by the method of Art. 47, page 65, 
and the solution substituted into the second. The result will show that the 
infinitesimal sphere 

dr ■ dr = c 2 . 

has been transformed into an ellipsoid by the motion of the fluid during the 
time St. 
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A more definite account of the change that has taken place may be obtained 
by making use of equation (50) 

11 1 

v = -v + -V(dr ■ v) + -(V x v) x dr, 

v = v o + 2 I V ( dr ' v ) - v o] + o( V x v ) x dr; 
or of the equation (49) 

v = v + V(dr • v) dr + (V x v) x dr, 

v = v + 



V(dr • v) dr -„(Vxv)xdr 



H — (V x v) x dr. 



The first term Vo in these equations expresses the fact that the infinitesimal 
sphere is moving as a whole with an instantaneous velocity equal to Vo- This is 
the translational element of motion. The last term 

- ( V X v) X dr = - curl v x dr 

2 V ' 2 

shows that the sphere is undergoing a rotation about an instantaneous axis in 
the direction of curl v and with an angular velocity equal in magnitude to one 
half the magnitude of curl v. The middle term 

- [V(rfr • v) - v ] 
or 

V(rfr • v) dr - -(V x v) x dr 

expresses the fact that the sphere is undergoing a deformation known as homo- 
geneous strain by virtue of which it becomes ellipsoidal. For this term is equal 
to 

dx Vl> i + dy V«2 + dz Vt>3, 

if vi, t>2, V3 be respectively the components of v in the directions i, j, k. It 
is fairly obvious that at any given point (x n ,y .z a ) a set of three mutually 
perpendicular axes i, j, k may be chosen such that at that point Vui, Vt>2, Vi>3 
are respectively parallel to them. Then the expression above becomes simply 

dvi dv 2 dv 3 

dx ——l + dy — — j + dz — — k. 

ox oy oz 

The point whose coordinates referred to the center of the infinitesimal sphere 
are 

dx, dy, dz 

is therefore endowed with this velocity. In the time 5t it will have moved to a 
new position 

dx(l + ^S t y dy(l + ^6 t y dz(l + d -^5t 



124 

The totality of the points upon the sphere 

dr ■ dv = dx 2 + dy 2 + dz 2 = c 2 
goes over into the totality of points upon the ellipsoid of which the equation is 



dx 2 dy 2 dz 2 



(i+&a) (i+tf^) (i+ft*r 



c 2 . 



The statements made before (Art. 72) concerning the three types of motion 
which an infinitesimal sphere of fluid may possess have therefore now been 
demonstrated 

77.] The symbolic operator V may be applied several times in succession. 
This will correspond in a general way to forming derivatives of an order higher 
than the first. The expressions found by thus repeating will all be independent 
of the axes because V itself is. There are six of these dels of the second order. 
Let V(x,y,z) be a scalar function of position in space. The derivative VV 
is a vector function and hence has a curl and a divergence. Therefore 

V • VV, V x VV 

are the two derivatives of the second order which may be obtained from V. 

V -VV = divW (51) 

VxW = curlW. (52) 

The second expression V x VV vanishes identically. That is, the derivative 
of any scalar function V possesses no curl. This may be seen by expanding 
V x VV in terms of i, j, k. All the terms cancel out. Later (Art. 83) it will be 
shown conversely that if a vector function W possesses no curl, i.e. if 

V x W = curlW = 0, then W = VV 

W is the derivative of some scalar function V. 

The first expression V • VV when expanded in terms of i, j, k becomes 

V VV - — — — (51V 

dx 2 dy 2 dz 2 

Symbolically, 

d 2 d 2 d 2 

V • V = 1 1 . 

dx 2 dy 2 dz 2 

The operator V • V is therefore the well-known operator of Laplace. Laplace's 
Equation 

d 2 V d 2 V d 2 V 

dx 2 dy 2 dz 2 
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becomes in the notation here employed 

V-VF = 0. (53)' 

When applied to a scalar function V the operator V • V yields a scalar function 
which is, moreover, the divergence of the derivative. 

Let T be the temperature in a body. Let c be the conductivity, p the density, 
and k the specific heat. The flow f is 

f = -cVT. 

The rate at which heat is leaving a point per unit volume per unit time is V • f . 
The increment of temperature is 

dT = -V-fdt. 

pk 

dT c 

— = — V • VT. 
at pk 

This is Fourier's equation for the rate of change of temperature. 

Let V be a vector function, and Vi, V2, V3 its three components. The 
operator V • V of Laplace may be applied to V. 

V- VV = V- VVii + V- W 2 j + V- VV 3 k (54) 

If a vector function V satisfies Laplace's Equation, each of its three scalar 
components does. Other dels of the second order may be obtained by considering 
the divergence and curl of V. The divergence V • V has a derivative 

VV-V = VdivV. (55) 

The curl V x V has in turn a divergence and a curl, 

and 

V-VxV, VxVxV. 
V- V x V = divcurlV (56) 

and 

V x V x V = curl curl V. (57) 

Of these expressions V • V x V vanishes identically. That is, the divergence of 
the curl of any vector is zero. This may be seen by expanding V • V x V in terms 
of i, j, k. Later (Art. 83) it will be shown conversely that if the divergence of 
a vector function W vanishes identically, i.e. if 

V • W = div W = 0, then W = V x V = curl V, 

W is the curl of some vector function V. 
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If the expression V x (V x V) were expanded formally according to the law 
of the triple product, 

Vx(VxV) = V-VV-V- VV. 

The term V • V V is meaningless until V be transposed to the beginning so that 
it operates upon V. 

V x V x V = VV-V-V- VV, (58) 
or 

curl curl V = VdivV- V- VV. (58)' 

This formula is very important. It expresses the curl of the curl of a vector in 
terms of the derivative of the divergence and the operator of Laplace. Should 
the vector function V satisfy Laplace's Equation, 

V • VV = and 
curl curl V = VdivV. 

Should the divergence of V be zero, 

curl curl V = -V • VV. 

Should the curl of the curl of V vanish, 

VdivV = V- VV. 

To sum up. There are six of the dels of the second order. 

V ■ VV, V x VV, 

V-VV, VV-V, V-VxV, VxVxV. 

Of these, two vanish identically. 

VxVV = 0, V-VxV. 
A third may be expressed in terms of two others. 

V xV xV = VV-V-V- VV. (58) 
The operator V • V is equivalent to the operator of Laplace. 

78.] The geometric interpretation of V • Vu is interesting. It depends upon 
a geometric interpretation of the second derivative of a scalar function u of the 
one scalar variable x. Let Ui be the value of u at the point Xi- Let it be required 
to find the second derivative of u with respect to x at the point Xq. Let X\ and 
X2 be two points equidistant from xo- That is, let 

%2 — Xq — Xq — X\ = a. 
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Then 



2 



"0 



is the ratio of the difference between the average of u at the points x\ and xi 
and the value of u at xq to the square of the distance of the points x\, xi from 
xq. That 

1 d 2 u _ ^^ - u Q 

2 dx 2 a=Q a 2 

is easily proved by Taylor's theorem. Let tibea scalar function of position in 
space. Choose three mutually orthogonal lines i, j, k and evaluate the expres- 
sions 

d 2 u d 2 u d 2 u 

dx 2 ' dy 2 ' dz 2 

Let Xi and x\ be two points on the line i at a distance a from xq] X4 and £3, 
two points on j at the same distance a from £0; Xq and x$, two points on k at 
the same distance a from xq. 

1 «2„, «l+"2 



2 dx 2 a=0 



«o 



a 



2dy'< 

ld 2 u 
2dz^ 



= lim — ? — ^ 

a=0 a 2 

u e +u 5 

lim s 



"o 



'u 



a=0 



«- 



Add: 



a u 
dx 2 



a u 

dy 2 



a u 
dz 2 



= -V-Vu 

6 



lim 

a=0 



"l+"2+"3 + "4+"5+"6 

6 



'«() 



As V and V- are independent of the particular axes chosen, this expression may 
be evaluated for a different set of axes, then for still a different one, etc. By 
adding together all these results 



IV- Vu 



ui~\-U2~\ |-6n terms 

lim ^— r 



wo 



Let n become infinite and at the same time let the different sets of axes point 
in every direction issuing from xq. The fraction 



u 2 



6n terms 



(in 

then approaches the average value or u upon the surface of a sphere of radius a 
surrounding the point xq. Denote this by u a . 



V- V« 



lim ■ 

a=0 



wo 
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V • Vw is equal to six times the limit approached by the ratio of the excess of 
u on the surface of a sphere above the value at the center to the square of the 
radius of the sphere. The same reasoning holds in case u is a vector function. 

If u be the temperature of a body V • Vm (except for a constant factor 
which depends upon the material of the body) is equal to the rate of increase 
of temperature (Art. 77). If V • Vw is positive the average temperature upon 
a small sphere is greater than the temperature at the center. The center of the 
sphere is growing warmer. In the case of a steady flow the temperature at the 
centre must remain constant. Evidently therefore the condition for a steady 
flow is 

V- Vw = 0. 

That is, the temperature is a solution of Laplace's Equation. 

Maxwell gave the name concentration to —V • Vu whether u be a scalar 
of vector function. Consequently V • Vu may be called the dispersion of the 
function u whether it be scalar or vector. This dispersion is proportional to 
the excess of the average value of the function on an infinitesimal surface above 
the value at the centre. In case u is a vector function the average is a vector 
average. The additions in it are vector additions. 

Summary of Chapter III 

If a vector r is a function of a scalar t the derivative of r with respect to t is a 
vector quantity whose direction is that of the tangent to the curve described by 
the terminus of r and whose magnitude is equal to the rate of advance of that 
terminus along the curve per unit change of t. The derivatives of the components 
of a vector are the components of the derivatives. 

d n r = <fVi. d n r 2 . d n r 3k () , 

dt n dt n 1 dt n J dt n ' ^ ' 

A combination of vectors or of vectors and scalars may be differentiated just as 
in ordinary scalar analysis except that the differentiations must be performed 

in situ. 

A A n AU 

(3) 
(4) 

Ub Ub Ub 

or 

(3)' 
(4)' 

and so forth. The differential of a unit vector is perpendicular to that vector. 

The derivative of a vector r with respect to the arc s of the curve which 
the terminus of the vector describes is the unit tangent to the curves directed 
toward that part of the curve along which s is supposed to increase. 

§-*■ < 8 » 



d 

-r a 
dV 


•b) = 


da. dh 

= rfT b + a '^' 


1 1 

-(ax 


b) = 


da dh 

■■ — - x h + a x — - 

dt dt 


d(a 


■b) = 


= da ■ h + a ■ dh 


d(a x 


b) = 


-- da x b + a x dh 
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The derivative of t with respect to the arc s is a vector whose direction is normal 
to the curve on the concave side and whose magnitude is equal to the curvature 
of the curve. 



C = — = 



(9) 



dt _ d 2 r 

ds ds 2 

The tortuosity of a curve in space is the derivative of the unit normal n to the 
osculating plane with respect to the arc s. 



The magnitude of the tortuosity is 



dn d 


( dr d 2 r 
\ ds ds 2 


1 


ds ds 


Vc-c 


uosity is 




T — 


dr d 2 r d 3 r 
ds ds 2 ds 3 




± — 


d 2 r t d 2 r 

ds 2 ds 2 





(11) 



(13) 

If r denote the position of a moving partivlc, t the time, v the velocity A 
the acceleration, 

(15) 

(16) 

A = v = ^ = ^ = r. (18) 

The acceleration may be broken up into two components of which one is parallel 
to the tangent and depends upon the rate of change of the scalar velocity v of 
the particle in its path, and of which the other is perpendicular to the tangent 
and depends upon the velocity of the particle and the curvature of the path. 



dr 




- 


= r 


dt 




ds 




- — - 


= s 


dt 




dv 


d 2 v 


dt " 


dt 2 



at- 



(19) 



Applications to the hodograph, in particular motion in a circle, parabola, or 
under a central acceleration. Application to the proof of the theorem that the 
motion of a rigid body one point of which is fixed is an instantaneous rotation 
about an axis through the fixed point. 

Integration with respect to a scalar is merely the inverse of differentiation. 
Application to finding paths due to given accelerations. 

The operator V applied to a scalar function of position in space gives a 
vector whose direction is that of most rapid increase of that function and whose 
magnitude is equal to the rate of that increase per unit change of position in 
that direction 



W 



dV 


.av 


dx 


+ J7T 
dy 


. d 


. d 



dx dy 



dV 



dz 



(21) 
(22) 
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The operator V is invariant of the axes i, j, k. It may be defined by the equation 

W=^„, (24) 

or 

W • dr = dV. (25)' 

Computation of the derivative VV^ by two methods depending upon equations 
(21) and (25)'. Illustration of the occurrence of nabla in mathematical physics. 
V may be looked upon as a fictitious vector, a vector differentiator. It obeys 
the formal laws of vectors just in so far as the scalar differentiators of d/dx, 
d/dy, d/dz obey the formal laws of scalar quantities 

dV dV dV 

A-WV = A 1 "^+A 2 "^+A 3 "^. (28) 

ox oy oz 

If a be a unit vector a • V^ is the directional derivative of V in the direction a. 

a- W = (a- V)F = a-(W). (30) 

If V is a vector function a • W is the directional derivative of that vector 
function in the direction a. 

dV dV dV 

V-V = i.^-+j.^-+k.^- (32)' 

ox oy oz 

dV dV dV 

VxV = ix^-+jx^-+kx^- (33)' 

ox oy oz 

dV\ dVo dVi 

ox oy oz 

V,V = i (« «) +i (« «) tl («f), (33)» 

\ oy oz J \ oz ox J \ ox oy J 

Proof that V • V is the divergence of V and V x V, the curl of V. 

V- V = divV, 

V x V = curlV. 

V(u + v) = Vu + Vv (35) 

V-(u + v) = V-u + V-v (36) 

Vx(u + v)=Vxu + Vxv (37) 

V(uv) =vVu + uVv (38) 

V • (mv) = Vw • v + mV • v (39) 

V x (mv) =Vmxv|hVxv (40) 

V(u • v) = v • Vu + v • Vu + v x (V x u) + u x (V x v) (41) 

V-(uxv)=vVxu-u-Vxv (42) 

V x (u x v) = v • Vu - vV • u - u • Vv + uV • v. (43) 
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Introduction of the partial del, V(u • v) , in which the differentiations are 
performed upon the hypothesis that u is constant. 

u x (V x v) = V(u- v) u u Vv, (46) 

If a be a unit vector the directional derivative 

a- Vv = V(a- v) a + (V x v) x a. (47) 

The expansion of any vector function v in the neighborhood of a point (xq, yo, Zq) 
at which it takes on the value of vq is 

v = v +V(dr-v) dr + (V x v) x dr, (49) 

or 

v = -v + -V(rfr • v) + -(V x v) x dr. (50) 

Application to hydrodynamics. 

The dels of the second order are six in number. 

Vx W = curlW = 0. (52) 

d 2 V d 2 V d 2 V 

"■ vv -*'* v -e7 + W + -i>*- (51) 

V • V is Laplace's operator. If V • W = 0, V satisfies Laplace's Equation. The 
operator may be applied to a vector. 

V VV - — — — 
dx 2 dy 2 dz 2 

VV-V = VdivV, (55) 

V • V x V = divcurl V = 0, (56) 

V x V x V = curlcurlV = VV- V- V- VV. (58) 

The geometric interpretation of laplacianl as giving the dispersion of a func- 
tion. 

Exercises on Chapter III 

1. Given a particle moving in a plane curve. Let the plane be the ij-plane. 
Obtain the formula? for the components of the velocity parallel and per- 
pendicular to the radius vector r. These arc 

r 

r-, 0k x r, 
r 

where 9 is the angle the radius vector r makes with i, and k is the normal 
to the plane. 
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2. Obtain the accelerations of the particle parallel and perpendicular to the 
radius vector. These are 

(r-r6 2 ) r , (r8 + 2r8)kx r . 
r r 

Express these formulas in the usual manner in terms of x and y. 

3. Obtain the accelerations of a moving particle parallel and perpendicular 
to the tangent to the path and reduce the results to the usual form. 

4. If r, (/>, 8 be a system of polar coordinates in space, where r is the distance 
of a point from the origin, <fi the meridianal angle, and 8 the polar angle; 
obtain the expressions for the components of the velocity and acceleration 
along the radius vector, a meridian, and a parallel of latitude. Reduce 
these expressions to the ordinary form in terms of x, y, z. 

5. Show by the direct method suggested in Art. 63 that the operator V is 
independent of the axes. 

6. By the second method given for computing V find the derivative V of a 
triple product [abc] each term of which is a function of x, y, z in case 

a = (r • r) r, b = (r • a) e, c = r x f , 

where d, e, f are constant vectors. 



7. Compute V • W when V is r 2 , r, -, or 



J 1 

2 ' 



r r* 

8. Compute V • VV, V V • V, and V x V x V when V is equal to r and when 
r 

^3- 



r 

V is equal to —^, and show that in these cases the formula (58) holds. 



9. Expand V x W and V • V x V in terms of i, j, k and show that they 
vanish (Art. 77). 

10. Show by expanding in terms of i, j, k that 

VxVxV = VV-V-V- VV. 

11. Prove 

A- V(V-W) = VA- VW + WA- VV, 
and 

(V x V) x W = V x (V x W) W +WV- V- V(V- W) w - 



CHAPTER IV 



THE INTEGRAL CALCULUS OF VECTORS 

79.] Let W(a;, y, z) be a vector function of position in space. Let C be 
any curve in space, and r the radius vector drawn from some fixed origin to the 
points of the curve. Divide the curve into infinitesimal elements dr. From the 
sum of the scalar product of these elements dr and the value of the function W 
at some point of the element — thus 



E w 



dr. 



The limit of this sum when the elements dv become infinite in number, each 
approaching zero, is called the line integral of W along the curve C and is 
written 

W- dr. 
c 
If 

W = Wii + W 2 j + W 3 k, 

and 

dv = i dx + j dy + k dz, 

f W • dr = j [Wi dx + W 2 dy + W 3 dz}. (1) 

Jc Jc 

The definition of the line integral therefore coincides with the definition usu- 
ally given. It is however necessary to specify in which direction the radius vector 
r is supposed to describe the curve during the integration. For the elements dr 
have opposite signs when the curve is described in opposite directions. If one 
method of description be denoted by C and the other by — C, 

W • dr = - / W • dr. 

-c Jc 

In case the curve C is a closed curve bounding a portion of surface the curve 
will always be regarded as described in such a direction that the enclosed area 
appears positive (Art. 25). 

If f denote the force which may be supposed to vary from point to point 
along the curve C, the work done by the force when its point of application is 
moved from the initial point ro of the curve C to its final point r is the line 
integral 

{ ■ dr = f • dr. 

C Jr 

Theorem: The line integral of the derivative V V of a scalar function V(x, y, z) 
along any curve from the point ro to the point r is equal to the difference be- 
tween the values of the function V(x,y,z) at the point r and at the point rp. 
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That is, 

f VV-dr = V(r) - V(r ) = V(x, y, z) - V(x , y , z ). 

By definition 

dv-VV = dV 

dV = V(r) - V(r ) = V(x, y, z) - V(x , y , z ). (2) 

Theorem: The line integral of the derivative VV^ of a single valued scalar 
function of position V taken around a closed curve vanishes. 

The fact that the integral is taken around a closed curve is denoted by writing 
a circle at the foot of the integral sign. To show 



W • dr = 0. (3) 

The initial point ro and the final point r coincide. Hence 

V(r) = V(r Q ). 
Hence by (2) 

W • dr = 0. 



Theorem: Conversely if the line integral of W about every closed curve 
vanishes, W is the derivative of some scalar function V(x, y, z) of position in 
space. 

Given 

/ W • dv = 0. 

Jo 

To show 

W = W. 

Let r be any fixed point in space and r a variable point. The line integral 

W-dr 



is independent of the path of integration C. For let any two paths C and C be 
drawn between r and r. The curve which consists of the path C from r to r 
and the path — C" from r to ro is a closed curve. Hence by hypothesis 

W • dr + J W • dr = 0, 
< J-C 

W • dr = - J W • dr. 

c Jc 



135 

Hence 

f W • dr = - J W-dr. 
Jc Jc 

Hence the value of the integral is independent of the path of integration and 
depends only upon the final point r. 

The value of the integral is therefore a scalar function of the position of the 
point r whose coordinates are x, y, z. 



/ W-dr = V{x,y,z). 

-' rn 



Let the integral be taken between two points infinitely near together. 

W-dr = dV(x,y,z). 
But by definition 

W • dv = dV. 
Hence 

W = W. 

The theorem is therefore demonstrated. 

80.] Let f be the force which acts upon a unit mass near the surface of the 
earth under the influence of gravity. Let a system of axes i, j, k be chosen so 
that k is vertical. Then 

f = -gk. 

The work done by the force when its point of application moves from the position 
ro to the position r is 

w = I f • dr = I — gk ■ dr = — / gdz. 

Hence 

w = -g(z - z ) = g(z - z). 

The force f is said to be derivable from a force-function V when there exists 
a scalar function of position V such that the force is equal at each point of the 
derivative VV. Evidently if V is one force-function, another may be obtained 
by adding to V any arbitrary constant. In the above example the force- function 

is 

V = w = g(z - z). 
Or more simply 

V = -gz. 
The force is 

f = W = -gk. 
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The necessary and sufficient condition that a force-function V(x, y, z) exist, 
is that the work done by the force when its point of application moves around 
a closed circuit be zero. 

The work done by the force is 

w = I f • dr. 



If this integral vanishes when taken around every closed contour 

f = W = Vw. 

And conversely if 

f = W 

the integral vanishes. The force-function and the work done differ only by a 
constant. 

V = w + const. 

In case there is friction no force-function can exist. For the work done by friction 
when a particle is moved around in a closed circuit is never zero. 

The force of attraction exerted by a fixed mass M upon a unit mass is 
directed toward the fixed mass and is proportional to the inverse square of the 
distance between the masses. 

M 



This is the law of universal gravitation as stated by Newton. It is easy to sec that 
this force is derivable from a force- function V. Choose the origin of coordinates 
at the center of the attracting mass M. Then the work done is 



But 



f M A 

w = — / c— 3 r • dr. 

Jr a r 




r ■ dr = r dr, 




c mI V % = -cm{ 1 - 


1 


Jro r 2 [r 


ro 



w 



By a proper choice of units the constant c may be made equal to unity. The 
force-function V may therefore be chosen as 

r 

If there had been several attracting bodies M\, M2, M3, • • • the force- function 
would have been 

,'Mi , M 2 , M 3 

r\ r 2 r 3 
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where r\, r 2 , r 3 , ■■■ are the distances of the attracted unit mass from the 
attracting masses Mi , M 2 , M 3 , ■ ■ ■ 

The law of the conservation of mechanical energy requires that the work done 
by the forces when a point is moved around a closed curve shall be zero. This 
is on the assumption that none of the mechanical energy has been converted 
into other forms of energy during the motion. The law of conservation of energy 
therefore requires the forces to be derivable from a force-function. Conversely if 
a force-function exists the work done by the forces when a point is carried around 
a closed curve is zero and consequently there is no loss of energy. A mechanical 
system for which a force-function exists is called a conservative system. From 
the example just cited above it is clear that bodies moving under the law of 
universal gravitation form a conservative system — at least so long as they do 
not collide. 

81.] Let W(#, y, z) be any vector function of position in space. Let S be 
any surface. Divide this surface into infinitesimal elements. These elements may 
be regarded as plane and may be represented by infinitesimal vector of which 
the direction is at each point the direction of the normal to the surface at that 
point and of which the magnitude is equal to the magnitude of the area of the 
infinitesimal clement. Let this infinitesimal vector which represents the element 
of surface in magnitude and direction be denoted by da. Form the sum 



E w 



da, 



which is the sum of the scalar products of the value of W at each element of 
surface and the (vector) element of surface. The limit of this sum when the 
elements of surface approach zero is called the surface integral of W over the 
surface S, and is written 

ff W • da. (4) 

s 

The value of the integral is scalar. If W and da be expressed in terms of their 
three components parallel to i, j, k 

W = W 1 i + W 2 j + W 3 k, 
da = (da • i) i + (da • j) j + (da • k) k, 
or 

da = dy dz i + dz dx j + dx dy k, 

JTW • da = JJ[VFi dydz + W 2 dzdx + W 3 dxdy]. (5) 

s 

The surface integral has been defined as is customary in ordinary analysis. 
It is however necessary to determine with the greatest care which normal to 
the surface da is. That is, which side of the surface (so to speak) the integral 
is taken over. For the normals upon the two sides are the negatives of each 
other. Hence the surface integrals taken over the two sides will differ in sign. 
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In case the surface be looked upon as bounding a portion of space da is always 
considered to be the exterior normal. 

If f denote the flux of any substance the surface integral 



JJ 



{■da 



gives the amount of that substance which is passing through the surface per unit 
time. It was seen before (Art. 71) that the rate at which matter was leaving 
a point per unit volume per unit time was V • f . The total amount of matter 
which leaves a closed space bounded by a surface S per unit time is the ordinary 
triple integral 

JJJvfdv. (6) 

Hence the very important relation connecting a surface integral of a flux taken 
over a closed surface and the volume integral of the divergence of the flux taken 
over the space enclosed by the surface — 

JJ fda = JJJ Vf ^ ( ? ) 

s 

Written out in the notation of the ordinary calculus this becomes 

[\[X dydz + Y dzdx + Zdxdy}= [ j f ( — — + — + — J dxdydz (8) 

where X, Y , Z arc the three components of the flux f . The theorem is perhaps 
still more familiar when each of the three components is treated separately. 

jjxdxdy = jjj -^dxdydz. (8)' 

This is known as Gauss's Theorem. It states that the surface integral (taken 
over a closed surface) of the product of a function X and the cosine of the angle 
which the exterior normal to that surface makes with the X-axis is equal to the 
volume integral of the partial derivative of that function with respect to x taken 
throughout the volume enclosed by that surface. 

If the surface S be the surface bounding an infinitesimal sphere or cube 



a 



f -da. = V-fdw 



where dv is the volume of that sphere or cube. Hence 

V f = -J 1 fff -da. (9) 

dv JJ 

s 

This equation may be taken as a definition of the divergence V-f . The divergence 
of a vector function f is equal to the limit approached by the surface integral of 
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f taken over a surface bounding an infinitesimal body divided by that volume 
when the volume approaches zero as its limit. That is 

Vf = lim -J- fff -da. (10) 

dv=o dv JJ 

s 

From this definition which is evidently independent of the axes all the properties 
of the divergence may be deduced. In order to make use of this definition it 
is necessary to develop at least the elements of the integral calculus of vectors 
before the differentiating operators can be treated. This definition of V • f conse- 
quently is interesting more from a theoretical than from a practical standpoint. 

82.] Theorem: The surface integral of the curl of a vector function is 

equal to the line integral of that vector function taken around the closed curve 
bounding that surface. 



IT 



V x W-da= Wdr. (11) 



This is the celebrated theorem of Stokes. On account of its great importance in 
all branches of mathematical physics a number of different proofs will be given. 
First Proof: Consider a small triangle 123 upon the surface S (Fig. 32). 
Let the value of W at the vertex 1 be Wo. Then by (50), Chap. III., the value 
at any neighboring point is 

W = {W + V(W • 6t) + (V x W) x <5r} , 

where the symbol <5r has been introduced for the sake of distinguishing it from 
dr which is to be used as the element of integration. The integral of W taken 
around the triangle 123 is 




Fig. 32 



/ W • dv = - / W • dr + - / V(W • 6t) ■ dr 
J A 2 J A 2 J A 

+ - / (V x W) x 8r-dr. 
2 Ja 
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The first term 



-i 



, , W • dr = * W • / dr 

* ./A £ J A 



vanishes because the integral of dv around a closed figure, in this case a small 
triangle, is zero. The second term 



\ { V(W • 8t) ■ dv 
2 J A 



2ja 
vanishes by virtue of (3) page 134. Hence 



W • dr = - I V x W x <5r • dr. 



A 2 JA 



Interchange the dot and the cross in this triple product. 

W • dr = - / V x W • Sr x dr. 



A 2 JA 

When dr is equal to the side 12 of the triangle, <5r is also equal to this side. 
Hence the product 

5v x dv 

vanishes because <5r and dr are collinear. In like manner when dr is the side 31, 
Sr is the same side 13, but taken in the opposite direction. Hence the vector 
product vanishes. When dr is the side 23, Sr is a line drawn from the vertex 1 
at which W = Wo to this side 23. Hence the product <5r x dr is twice the area 
of the triangle. This area, moreover, is the positive area 123. Hence 

i.rxdr.da, 
2 

where da denotes the positive area of the triangular clement of surface. For the 
infinitesimal triangle therefore the relation 

W • dr = V x W • da 

A 

holds. 

Let the surface S be divided into elementary triangles. For convenience let 
the curve which bounds the surface be made up of the sides of these triangles. 
Perform the integration 

/ W-dr 

J A 

around each of these triangles and add the results together. 



Y^ /*W-dr = ^VxW-da 

c. J A c 
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The second member 



Y^ V x W • da 



S 
is the surface integral of the curl of W. 



Y V x W • da = \\ V x W • da 



In adding together the line integrals which occur in the first member it is neces- 
sary to notice that all the sides of the elementary triangles expect those which lie 
along the bounding curve of the surface are traced twice in opposite directions. 
Hence all the terms in the sum 



VL Wdr 



which arise from those sides of the triangles lying within the surface S cancel 
out, leaving in the sum only the terms which arise from those sides which make 
up the bounding curve of the surface. Hence the sum reduces to the line integral 
of W along the curve which bounds the surface S. 



^2 W • dr = / W • dr. 

c J A Jo 



Hence 

JJv x W-da= / W dr. i I.I.) 



n 



Second Proof: Let C be any closed contour drawn upon the surface S (Fig. 
33). It will be assumed that C is continuous and does not cut itself. Let C be 
another such contour near to C. Consider the variation S which takes place in 
the line integral of W in passing from the contour C to the contour C . 



W-dr= W-dr- W-dr, 
Jc Jc 

6 W-dr = / <5(W ■ dr) = / W • S dv + 5W ■ dr. 

But 

d(W • 5r) = dW ■ Sr + W • d8r 
and 

5 dr — dSr. 
Hence 

jW-Sdr= jW-dSr= j d(W ■ Sr) - j dW ■ Sr. 

The expression d(W ■ Sr) is by its form a perfect differential. The value of the 
integral of that expression will therefore be the difference between the values of 
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Fig. 33 



But by (25) page 81 



AHcncc 



W • dr at the end and at the beginning of the path of 
integration. In this case the integral is taken around 
the closed contour C. Hence 



/ (W • or) = 0. 
Jc 



Hence 



W • 5dr : 



dW ■ 8t, 



and 



6 / W • dr = / <5W • dr- = / dW ■ Sr 



S / W • dr = / {SW -dr-dW ■ 6r} , 



But 



or 



_ 9W J dw , 

dW = — — dx + — — dy ^ 
ox ay 

JTET 9W ■ J dW ■ J 

a W = — — l • dr H — - — j • dr 
ox dy 



and 

r „ r 9w. t aw. . 

dW = — — i • or H — - — j • or 
ox oy 

Substituting these values 

raw 



S / W • dr 



\ dx 



■ dr i • <5r 



dW 
dz 

dW 

dz 

aw 

dz 

aw 

dx 



dz. 



k • dr, 



kor. 



■ Sri- dr 



similar terms in y and z. 



i x — — • or x dr = — - — ■ dri ■ or — ■ on ■ or 



dx J {5r X dY) dx 



dx 



5 Wdr = 



• dW x A 
l x — — • or x dr 

dx 



similar terms in y and z. 



6 / W • dr = / V x W • or x dr. 



Aor 



In Fig. 33 it will be seen that dr is the element of arc along the curve C and 
Sr is the disctance from the curve C to the curve C". Hence Sr x dr is equal to 
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the area of an elementary parallelogram included between C and C" upon the 
surface S. That is 

<5r x dr = da, 

,) I W • dr = f V x W • da.. 



Let the curve C starting at a point O in S expand until it coincides with the 
contour bounding S The line integral 

W-dr 

will vary from the value at the point O to the value 

W-dr 



taken around the contour which bounds the surface S. This total variation of 
the integral will be equal to the sum of the variations 6 



^6 jW -dr = Y^ /V x W • da. 



AOr 



W-rfr 



jTvxW-da. (11) 



83.] Stokes's theorem that the surface integral of the curl of a vector function 
is equal to the line integral of the function taken along the closed curve which 
bounds the surface has been proved. The converse is also true. If the surface 
integral of a vector function U is equal to the line integral of the function W 
taken around the curve bounding the surface and if this relation holds for all 
surfaces in space, then U is the curl of W. That is 

if JT U • da = Wdr, then U = V x W. (12) 

Form the surface integral of the difference between U and V x W. 

JJ(U - V x W) • da = Aw ■ dr - f W • dr = 0, 

or 

JJ(U - V x W) • da = 0. 
s 

Let the surface S over which the integration is performed be infinitesimal. The 
integral reduces to merely a single term 

(U - V x W) • da = 0. 
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As this equation holds for any element of surface da, the first factor vanishes. 
Hence 

U- V x W = 0. 
Hence 

U = V x W. 

The converse is therefore demonstrated. 

A definition of V x W which is independent of the axes i, j, k may be 
obtained by applying Stokes's theorem to an infinitesimal plane area. Consider 
a point P. Pass a plane through P and draw in it, concentric with P, a small 
circle of area da. 

V x W • da = / W • dr. (13) 

Jo 

When da has the same direction as V x the value of the line integral will be a 
maximum, for the cosine of the angle between V x W and da will be equal to 
unity. For this value of da, 

da 



V x W = lim 

da=0 



. W-dr 
da ■ da 



(13)' 



Hence the curl V x W of a vector function W has at each point of space the 
direction of the normal to that plane in which the line integral of W taken 
about a small circle concentric with the point in question is a maximum. The 
magnitude of the curl at the point is equal to the magnitude of that line integral 
of maximum value divided by the area of the circle about which it is taken. This 
definition like the one given in Art. 81 for the divergence is interesting more 
from theoretical than from practical considerations. 

Stokes's theorem or rather its converse may be used to deduce Maxwell's 
equations of the electro-magnetic field in a simple manner. Let E be the elec- 
tric force, B the magnetic induction, H the magnetic force, and C the flux of 
electricity per unit area per unit time (i.e. the current density). 

It is a fact learned from experiment that the total electromotive force around 
a closed circuit is equal to the negative of the rate of charge of total magnetic 
induction through the circuit. The total electromotive force is the line integral 
of the electric force taken around the circuit. That is 

E-dr. 

The total magnetic induction through the circuit is the surface integral of the 
magnetic induction B taken over a surface bounded by the circuit. That is 



S 
Experiment therefore shows that 



JjB.da. 



E - dr ^-llJ B - da ' 

s 
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or 



/ E • dr = JJ -B • da. 



s 
Hence by the converse of Stokes's theorem 

VxE = -B, curlE=-B. 

It is also a fact of experiment that the work done in carrying a unit positive 
magnetic pole around a closed circuit is equal to 4tt times the total elextric flux 
through the circuit. The work done in carrying a unit pole around a circuit is 
the line integral of H around the circuit. That is 

H dr. 

The total flux of electricity through the circuit is the surface integral of C taken 
over a surface bounded by the circuit. That is 

JJCda. 

s 

Experiment therefore teaches that 

H-dr = 47rJJC-da. 

s 

By the converse of Stokes's theorem 

V x H = 4ttC. 

With a proper interpretation of the current C, as the displacement current 
in addition to the conduction current, an interpretation depending upon one 
of Maxwell's primary hypotheses, this relation and the preceding one are the 
fundamental equations of Maxwell's theory, in the form used by Heaviside and 
Hertz. 

The theorems of Stokes and Gauss may be used to demonstrate the identities. 

V-VxW = 0, divcurlW = 0. 
VxW = 0, curlVF = 0. 



According to Gauss's theorem 



J jJ V • V x W dv = JJ V x W • da. 

s 



According to Stokes's theorem 



fTVx W-da= / W-r/r. 
s 
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Hence 



Iff 



V • V x W dv = Wdr 



Apply this to an infinitesimal sphere. The surface bounding the sphere is closed. 
Hence its bounding curve reduces to a point; and the integral around it, to zero. 



V • V x W dv = / W • dv = 0, 

Jo 

V • V x W = 0. 
Again according to Stokes's theorem 

jj V x W • da = fw- dr. 

Apply this to any infinitesimal portion of surface. The curve bounding this 
surface is closed. Hence the line integral of the derivative W vanishes. 

V x W • da = 0. 

As this equation holds for any da, it follows that 

V x W = 0. 

In a similar manner the converse theorems may be demonstrated. If the 
divergence V • U of a vector function U is everywhere zero, then U is the curl 
of some vector function W. 

U = V x W. 

If the curl V x U of a vector function U is everywhere zero, then U is the 
derivative of some scalar function V, 

U = W. 

84.] By making use of the three fundamental relations between the line, 
surface, and volume integrals, and the dels, viz.: 

/ W • dr = V(r) - V(r ) (2) 

\\ V x W • da = I W • dr. (11) 

JIT V ' Wdv = JJ W ' da ( 7 ) 

s 

it is possible to obtain a large number of formulae for the transformation of 
integrals. These formulae correspond to those connected with "integration by 
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parts" in ordinary calculus. They are obtained by integration both sides of the 
formulae, page 119, for differentiating. 

First 

\7(uv) = u\7v + v\7u. 



/ V(w) • dr = / uVv ■ dr + / uVu • dr. 
Jc Jc Jc 

I uVu ■ dr = [uv]l o — / vVu ■ dr. (14) 



>C 
Hence 



The expression 



represents the difference between the value of (uv) ar r, the end of the path, 
and the value at ro, the beginning of the path. If the path be closed 

uWv ■ dr = - / vWu ■ dr. (14)' 



Second 



V x (uv) = uV x v + V« x v. 
V x (uv) • da = uV x v • da + Vu x v • da. 



s 



Hence 



or 



| Vu x v • da = / uv • dr — uV x v • da, (15) 

s ^° s 

j uV x v • da = uv ■ dr — Vu x v • da, (15)' 



s s 



Third 



But 



Hence 



V x (uVu) = uV x Vu + Vu x Vu. 

V x Vu = 

V x (uVv) = Vu x Vu, 
j f V x (uVv) ■ da = ff Vu x Vu • da 
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Hence 



Fourth 



Hence 



or 



Fifth 



Hence 



I Vw x Vu ■ da = / uVv ■ dv = — / vVu ■ dr, (16) 

V • (uv) = uV • v + Vu • v. 
(jfv • (uv)dv = [[fwV- vdv+ fj fVu- vdv. 

j I [ uV ■ v dv = ff uv da - [\ [ V« • v dv, (17) 

S 

I j [ r vu • v dv = rr uv • ^a - rrr uv • v d«, (17)' 



V • (Vu x v) = V x Vu • v - Vu • V x v. 
V • (Vu x v) = -Vu • V x v, 

1 1 f V • (Vu xv)rfw = - f| [ Vu • V x v du. 

I fVux v-rfa = - (ffVu- V x vdv. (18) 



In all these formulas which contain a triple integral the surface S is the closed 
surface bounding the body throughout which the integration is performed. 

Examples of integration by parts like those above can be multiplied almost 
without limit. Only one more will be given here. It is known as Green's Theorem 
and is perhaps the most important of all. If u and v are any two scalar functions 
of position, 

V • (uVw) = Vu • Vu + uV • Vu, 

V • (uVu) = Vu • Vu + uV • Vu, 

Vu-Vv = V • (uVv) - uV • Vu = V • (uVu) - uV • Vu, 

j | f Vu • Vu rfu = [j f V • (uVu) dv - f JT uV • Vu du 

= [| [V • (uVu)rfu- [jTuV-Vucfo. 
Hence 

j j [ Vu • Vu dv = ff uVv ■ da - [\ [uV-Vv dv 

= rr vVu ■ da - ri r uv • v« <&>. 



149 

By subtracting these equalities the formula 

( [f(uV -Vv-vV ■ Vw) dv = N(uVv - vVu) ■ da. (20) 

is obtained. By expanding the expression in terms of i, j, k the ordinary form 
of Green's theorem may be obtained. A further generalization due to Thomson 
(Lord Kelvin) is the following: 

roVu • Vw dv = uwWv ■ da — uV ■ [roVw] dv 

= vwWu ■ da — v V • [toVii] dv. 

where w is a third scalar function of position. 

The element of volume dv has nothing to do with the scalar function v in 
these equations or in those that go before. The use of v in these two different 
sense can hardly give rise to any misunderstanding. 

85.] In the preceding articles the scalar and vector functions which have 
been subject to treatment have been supposed to be continuous, single-valued, 
possessing derivatives of the first two orders at every point of space under con- 
sideration. When the functions are discontinuous or multiple-valued, or fail 
to possess derivatives of the first two orders in certain regions of space, some 
caution must be exercised in applying the results obtained. 
Suppose for instance 

V = tan- 1 -, 
x 



The line integral 



v x 

x A + y x z + y z 



„ T . , , x dy — y dx 



2 I ,,2 



x + y 



Introducing polar coordinates 



x = r cos 6, 

y = r sin#, 

xdy — y dx = r d9 1 

W • rfr = / dd. 



Form the line integral from the point (+1,0) to the point (—1,0) along two 
different paths. Let one path be a semicircle lying above the X-axis; and the 
other, a semicircle lying below that axis. That value of the integral along the 
first path is 



d0 = ir; 
o 
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along the second path, 



dO = -7T. 

o 



From this it appears that the integral does not depend merely upon the limits 
of integration, but upon the path chosen, the value along one path being the 
negative of the value along the other. The integral around the circle which is a 
closed curve does not vanish, but is equal to ±27r. 

It might seem therefore the results of Art. 79 were false and that conse- 
quently the entire bottom of the work which follows fell out. This however is 
not so. The difficulty is that the function 

V = tan" 1 V - 
x 

is not single- valued. At the point (1, 1), for instance, the function V takes on 
not only the value 

V = tan -1 1 = -, 
4 

but a whole series of values 

-+fc7T, 

where k is any positive or negative integer. Furthermore at the origin, which 
was included between the two semicircular paths of integration, the function V 
becomes wholly indeterminate and fails to possess a derivative. It will be seen 
therefore that the origin is a peculiar of singular point of the function V. If the 
two paths of integration from (+1, 0) to (— 1, 0) had not included the origin the 
values of the integral would not have differed. In other words the value of the 
integral around a closed curve which does not include the origin vanishes as it 
should. 

Inasmuch as the origin appears to be the point which vitiates the results 
obtained, let it be considered as marked by an impassable barrier. Any closed 
curve C which does not contain the origin may be shrunk up or expanded at 
will; but a closed curve C which surrounds the origin cannot be so distorted 
as no longer to enclose that point without breaking its continuity. The curve 
C not surrounding the origin may shrink up to nothing without a break in its 
continuity; but C can only shrink down and fit closer and closer about the 
origin. It cannot be shrunk down to nothing. It must always remain encircling 
the origin. The curve C is said to be reducible; C, irreducible. In case of the 
function V , then, it is true that the integral taken around any reducible circuit 
C vanishes; but the integral around any irreducible circuit C does not vanish. 

Suppose next that V is any function whatsoever. Let all the points at 
which V fails to be continuous or to have continuous first partial derivatives 
be marked as impassable barriers. Then any circuit C which contains within it 
no such point may be shrunk up to nothing and is said to be reducible; but a 
circuit which contains one or more such points cannot be so shrunk up without 
breaking its continuity and it is said to be irreducible. The theorem may then 
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be stated: The line integral of the derivative \7V of any function V vanishes 
around any reducible circuit C '. It may or may not vanish around an irreducible 
circuit. In case one irreducible circuit C may be distorted so as to coincide 
with another irreducible circuit C without passing through any of the singular 
points of V and without breaking its continuity, the two circuits are said to be 
reconcilable and the values of the line integral of V^ about them are the same. 
A region such that any closed curve C within it may be shrunk up to noth- 
ing without passing through any singular point of V and without breaking its 
continuity that is, a region every closed curve in which is reducible, is said to 
be acyclic. All other regions are cyclic. 

By means of a simple device any cyclic region may be rendered acyclic. Con- 
sider, for instance, the region (Fig. 34) enclosed between the surface of a cylinder 
and the surface of a cube which contains the cylinder and 
whose bases coincide with those of the cylinder. Such a 
region is realized in a room in which a column reaches 
from the floor o the ceiling. It is evident that this region 
is cyclic. A circuit which passes around the column is 
irreducible. It cannot be contracted to nothing without 
breaking its continuity. If now a diaphragm be inserted 
reaching from the surface of the cylinder or column to the 
surface of the cube the region thus formed bounded by the 
surface of the cylinder, the surface of the cube, and the 
two sides of the diaphragm is acyclic. Owing to the insertion of the diaphragm 
it is no longer possible to draw a circuit which shall pass completely around the 
cylinder — the diaphragm prevents it. Hence every closed circuit which may be 
drawn in the region is reducible and the region is acyclic. 

In like manner any region may be rendered acyclic by inserting a sufficient 
number of diaphragms. The bounding surfaces of the new region consist of the 
bounding surfaces of the given cyclic region and the two faces of each diaphragm. 
In acyclic regions or regions rendered acyclic by the foregoing device all the 
results contained in Arts. 79 et seq. hold true. For cyclic regions they may 
or may not hold true. To enter further into these questions at this point is 
unnecessary. Indeed, even as much discussion as has been given them already 
may be superfluous. For they are questions which do not concern vector methods 
any more than the corresponding Cartesian ones. They belong properly to the 
subject of integration itself, rather than to the particular notation which may 
be employed in connection with it and which is the primary object of exposition 
here. In this respect these questions are similar to questions of rigor. 




Fig. 34 



The Integrating Operators. The Potential 



86.] Hitherto there have been considered line, surface, and volume integrals 
of functions both scalar and vector. There exist, however, certain special vol- 
ume integrals which, owing to their intimate connection with the differentiating 
operators V, V-, Vx, and owing to their especially frequent occurrence and 
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great importance in physics, merit especial consideration. Suppose that 

V(x 2 ,y 2 ,z 2 ) 
is a scalar lunction of the position in space of the point 

(X2,y2,z 2 ). 

For the sake of definiteness V may be regarded as the density of matter at 
the point (x 2 ,y 2 , z 2 ). In a homogeneous body V is constant. In those portions 
of space in which no matter exists V is identically zero. In non-homogeneous 
distributions of matter V varies from point to point; but at each point it has a 
definite value. 

The vector 

r 2 = x 2 \ + y 2 j + z 2 k, 

drawn from any assumed origin, may be used to designate the point (x 2 , y 2l z 2 ). 
Let 

(xi,j/i,zi) 

be any other fixed point of space, represented by the vector 

ri =x 1 i + y 1 j + z 1 k, 

drawn from the same origin. Then 

r2 - ri = (x 2 - zi)i + (y 2 - yi)j + (z 2 - zi)k 

is the vector drawn from the point (xi,yi, Zi) to the point {x 2l y 2 , z 2 ). As this 
vector occurs a large number of times in the sections immediately following, it 
will be denoted by 

r 12 = r 2 — r l- 

The length of r\ 2 is then r\ 2 and will be assumed to be positive. 

r\i = V r i2 • ri2 = \](x 2 - xi) 2 + (y 2 - j/i) 2 + (z 2 - zi) 2 . 

Consider the triple integral 

ti \ {■(■(■ y{ x 2,V2-,z 2 ) 
I(xi,yi,zi) = J J J dx 2 dy 2 dz 2 . 

The integration is performed with respect to the variables x 2l y 2 , z 2 — that is, 
with respect to the body of which V represents the density (Fig. 35). During 
the integration the point (x\,y\,zi) remains fixed. The 
integral / has a definite value at each definite point 
(xi,yi,zi). It is a function of that point. The interpreta- 
tion of this integral / is easy, if the function V be regarded 
as the density of matter in space. The element of mass dm 
Fig. 35 at f^ 2 '^,^) is 

dm = V(x 2 ,y 2 ,z 2 ) dx 2 dy 2 dz 2 = V dv. 
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The integral I is therefore the sum of the elements of mass in a body, each 
divided by its distance from a fixed point {x\, y\,z{). 

f dm 
J r 12 ' 

This is what is termed the potential at the point (xi,y\,Zi) due to the body 
whose density is 

V(x 2 ,y 2 ,z 2 ). 

The limits of integration in the integral / may be looked at in either of two 
ways. In the first place they may be regarded as coincident with the limits of 
the body of which V is the density. This indeed might seen the most natural set 
of limits. On the other hand the integral I may be regarded as taken over all 
space. The value of the integral is the same in both cases. For when the limits 
are infinite the function V vanishes identically at every point (x 2 , y 2 ,z 2 ) situated 
outside of the body and hence does not augment the value of the integral at all. 
It is found most convenient to consider the limits as infinite and the integral as 
extended over all space. This saves the trouble of writing in special limits for 
each particular case. The function V of itself then practically determines the 
limits owing to its vanishing identically at all points unoccupied by matter. 

87.] The operation of finding the potential is of such frequent occurrence 
that a special symbol, Pot, is used for it. 



PotV = $ V{ y 2 > Z > ) dx 2 dy 2 dz 2 . (22) 



The symbol is read "the potential of V." The potential, Pot V, is a function not 
of the variables x 2 , y 2 , z 2 with regards to which the integration is performed 
but of the point (xi,yi,zi) which is fixed during the integration. These vari- 
ables enter in the expression for r 12 . The function V and Pot V therefore have 
different sets of variables. 

It may be necessary to note that although V has hitherto been regarded 
as the density of matter in space, such an interpretation for V is entirely too 
restricted for convenience. Whenever it becomes necessary to form the integral 



err V(x 2 , y2 ,z 2 ) ^ ^ ^ = ,,, v^ ^ 

JJJ fin JJJ T-ir, 



of any scalar function V, no matter what V represents, that integral is called 
the potential of V. The reason for calling such an integral the potential even in 
cases in which it has no connection with physical potential is that it is formed 
according to the same formal law as the true potential and by virtue of that 
formation has certain simple rules of operation which other types of integrals 
do not possess. 

Pursuant to this idea the potential of a vector function 

W(x 2 ,y 2 ,Z2) 
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may be written down. 

Pot W = JJJ W(X2 ' y2,Z2) dx 2 dy 2 dz 2 . (23) 

In this case the integral is the sum of vector quantities and is consequently itself 
a vector. Thus the potential of a vector function W is a vector function, just as 
the potential of a scalar function V was seen to be a scalar function of position 
in space. If W be resolved into its three components 

W(x 2 ,y 2 ,z 2 ) = iX(x 2 ,y 2 ,z 2 ) + j Y(x 2 ,y 2 , z 2 ) + kZ(x 2 ,y 2 ,z 2 ) 

PotW = iPotX+jPotr + kPotZ. (24) 

The potential of a vector function W is equal to the vector sum of the potentials 
of its three components X, Y, Z. 

The potential of a scalar function V exists at a point (xi, yi,zi) when and 
only when the integral 

Poty= fff — dv 2 , 

JJJ V\ 2 

taken over all space converges to a definite value. If, for instance, V were 
everywhere constant in space the integral would become greater and greater 
without limit as the limits of integration were extended farther and farther out 
into space. Evidently therefore if the potential is to exist V must approach 
zero as its limit as the point (x 2 ,y 2 , z 2 ) recedes indefinitely. A few important 
sufficient conditions for the convergence of the potential may be obtained by 
transforming to polar coordinates. Let 

x = r sin 9 cos 4>, 

y = r sin 9 sin <f>, 

z = r cos 9, 

dv = r s'm9 dr d9 d<j>. 

Let the point (£i,2/i,Zi) which is fixed for the integration be chosen at the 
origin. Then 

r-12 =r 

and the integral becomes 

^d V2 =m v 

r 12 JJJ r 

or simply 

Pot V = JTT Vr sin 9 dr d6 d<j>. 
If the function V decrease so rapidly that the product 

Vr 3 



ffl ~ dV2 = ffl ~ r2 Sin ° dT dd d ^ ( 22 ) 
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remains finite as r increases indefinitely, then the integral converges as far as 
the distant regions of space are concerned. For let 



Vr 6 <K 



[ff W sin 0drd0( 

r=R 



< 



K 



Stf- 2 drdOdt 



r=R 



iff 

r=R 



K K 

— drd9d<P = 2Tr 2 — . 
r 2 R 



Hence the triple integral taken over all space outside of a sphere of radius R 
(where R is supposed to be a large quantity) is less than 2tt 2 K/R, and conse- 
quently converges as far as regions distant from the origin are concerned. 

If the function V remain finite or if it become infinite so weakly that the 
product 

Vr 

remains finite when r approaches zero, then the integral converges as far as 
regions near to the origin are concerned. For let 



Vr < K 



r— OO 

[jj"Wsin0drd0( 



< f JJ K drdOi 



r=R r=R 

K dr dO dd> = 2tt 2 KR. 



Iff 

r=R 



Hence the triple integral taken over all space inside a sphere of radius R (where 
R is now supposed to be a small quantity) is less than 2ir 2 KR and consequently 
converges as far as regions near to the origin which is the point (#1,2/1,21) are 
concerned. 

If at any point (#2,2/2,22) not coincident with the origin, i.e. the point 
(#i,2/i, 2i), the function V becomes infinite so weakly that the product of the 
value of V at a point near to (#2,2/2,22) by the square of the distance of that 
point from (#2,2/2,22) remains finite as that distance approaches zero, then the 
integral converges as far as regions near to the point (#2,2/2,22) are concerned. 
The proof is like those given before. These three conditions for the convergence 
of the integral Pot V are sufficient. They are by no means necessary. The inte- 
gral may converge when they do not hold. It is however indispensable to know 
whether or not an integral under discussion converges. Unless the tests given 
above show the convergence, more stringent ones must be resorted to. Such, 
however, will not be discussed here. They belong to the theory of integration in 
general rather than to the theory of the integrating operator Pot. The discus- 
sion of the convergence of the potential of a vector function W reduces at once 
to that of its three components which are scalar functions and may be treated 
as above. 
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88.] The potential is a function of the variables x\, yi, Z\ which are constant 
with respect to the integration. Let the value of the potential at the point 
(xi,yi,zi) be denoted by 

[ Pot ^k,yi,2i- 
The hrst partial derivative of the potential with respect to x\ is therefore 



dxi Aa;i=0 [ Ax\ 



(25) 



The value of this limit may be determined by a simple device (Fig. 36). 
Consider the potential at the point 



(xi + Axi,yi,zi) 




due to a certain body T. This is the same 
as the potential at the point 

{xi,Vi,Zi) 



due to the same body T displaced in the negative direction by the amount Axi . 
For in finding the potential at a point P due to a body T the absolute positions 
in space of the body T and the point P are immaterial. It is only their positions 
relative to each other which determines the value of the potential. If both body 
and point be translated by the same amount in the same direction the value of 
the potential is unchanged. But now if T be displaced in the negative direction 
by the amount Axi, the value of V at each point of space is changed from 



V(x 2l y 2 ,z 2 ) to V{x 2 + Ax 2 ,y 2 ,z 2 ), 



where Axi — Ax 2 . 



Hence 



Hence 



[PotV(x 2 ,y 2 , z 2 )] Xl+AxuyuZl = [PotV(x 2 + Ax 2 ,y 2l z 2 )] Xu 



lim 

Ai,=0 



lim 

Aa;i=0 



[PotV]xi+Axuyuzi ~ [Pot ^1,2/1,31 
Axi 



[Pot V(x 2 + Ax 2 , y 2 , z 2 )] Xl , yi ,z 1 - [Pot V(x 2 , y 2 , z 2 )] XuVuZl 

Axi 



It will be found convenient to introduce the limits of integration. Let the 
portion of space originally filled by the body T be denoted M; and let the 
portion filled by the body after its translation in the negative direction through 
the distance Axi be denoted by M' . The regions M and M' overlap. Let the 
region common to both be M; and let the remainder of M be m; the remainder 
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of M' m'. Then 



M = M + m, M' = M + m'. 

V(x 2 + Ax 2 ,y 2 ,z 2 ) 



Pot V(x 2 + Ax 2 ,y 2 , 2a)t = JJJ 



dv 2 



M> lA 



rrr V(x 2 + l±x 2 ,y 2 ,z 2 ) rrr v (x 2 + l±x 2 ,y 2 ,z 2 ) 

JJJ n 2 JJJ n 2 

Pot V(x 2 ,y 2 , z 2 ) = J |J dv 2 

M ri2 

= rrr V(x 2 ,y 2 ,z 2 ) ^ + rrr V(x 2 ,y 2 ,z 2 ) ^ 

JJJ T*i o JJJ fin 



A/ 



Hence (25) becomes, when Axi is replaced by its equal Ax 2 , 

Um ( JJJm gggggg *» - JJJ M g^g gg 
Az 2 =o 1 Ax 2 

fff VQa+Aa-a^,^) j _ rrr V(x2,y 2 ,z 2 ) j ~j 
JJJm' r'12 2 JJJm r 12 2 I 

^ A^ 



Or 



,. frr V(x 2 + Ax 2 , y 2 , z 2 ) - F(x 2 , y 2 , z 2 ) , 

Aa- 2 =oJJJ n 2 Ax 2 

M 

+ lim rrr V(x 2 + Ax 2 ,y 2 ,z 2 ) dv2 

m' 

,. rrrV(x 2 ,y2,z 2 ) 

— lim dw 2 

Aa-2=oJJJ n 2 Ax 2 

Um rrr V(x 2 + Ax 2 , y 2 , z 2 ) - F(x 2 , y 2 , z 2 ) ^ 
Ax 2 =oJJJ n 2 Ax 2 



M 
JJJ Um <; ■ ■■■. , —_.,.,..,. ■ ■-.,.„_, ... ^ /(i 



A/ 



I^(x 2 + Ax 2 ,7y 2 ,z 2 ) - V r (x 2 , 3/2, z 2 ) \ ^ f 
Ai 2 =o I ri2 Ax 2 



JJJ rio a.T9 



•"12 <9x 2 

M 

when Axi approaches zero as its limit the regions m and ml ', which are at no 
point thicker than Ax, approach zero; M' and M both approach M as a limit. 



'As all the following potentials are for the point xi, j/i, zi the bracket and indices have 
been dropped. 

' There are cases in which this reversal of the order in which the two limits are taken 
gives incorrect results. This is a question of double limits and leads to the mazes of modern 
mathematical rigor. 

J If the derivative of V is to exist at the surface bounding T the values of the function V 
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Then if it be assumed that the region T is finite and that V vanishes upon 
the surface bounding T 

hm M V{X2 + Ax ^ Z2) dv 2 = 

m' 

hm m V{X2 ^ Z2) dv 2 =0. 

Ax 2 =0 J J-J 7*12 Ax 2 

m 

Consequently the expression for the derivative of the potential reduces to merely 
dPotV err 1 dV , ^ dV 

M 

The partial derivative of the potential of a scalar function V is equal to the 
potential of the partial derivative ofV. 

The derivative V of the potential of V is equal to the potential of the deriva- 
tive W. 

VPotV = PotW. (27) 

This statement follows immediately from the former. As the V upon the left- 
hand side applies to the set of variables X\, j/i, Z\, it may be written Vi. In like 
manner the V upon the right-hand side may be written V 2 to call attention to 
the fact that it applies to the variables x 2l y 2 , z 2 of V . 

Then 

ViPotV = PotV 2 V. (27)' 

To demonstrate this identity V may be expanded in terms of i, j, k. 

. dPot V . <9Pot V <9Pot V 

dx\ dyi dz\ 

._ dV ._ dV , _ dV 
= iPot — + j Pot — - + kPot — . 
ox 2 oy 2 oz 2 

As i, j, k are constant vectors they may be placed under the sign of integration 
and the terms may be collected. Then by means of (26) 

ViPoty = Potv 2 v: 

The curl Vx and divergence V- of the potential of a vector function W are 
equal respectively to the potential of the curl and divergence of that function. 

Vi x PotW = Pot V 2 x W, 



must diminish continuously to zero upon the surface. If V changed suddenly from a finite 
value within the surface to a zero value outside the derivative dV/dx\ would not exist and 
the triple integral would be meaningless. For the same reason V is supposed to be finite and 
continuous at every point within the region T. 
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or 

curl Pot W = Pot curl W, (28) 

and 

Vi -PotW^PotVa-W, 
or 

div Pot W = Pot div W, (29) 

These relations may be proved in a manner analogous ti the above. It is even 
possible to go further and form the dels of higher order 

V • VPot V = Pot V • W, (30) 

V • VPot W = Pot V • VW, (31) 

VV-PotW = PotVV- W, (32) 

V x V x Pot W = Pot V x V x W, (33) 

The dels upon the left might have a subscript 1 attached to show that the 
differentiations arc performed with respect to the variables x\, yi, Zi, and for a 
similar reason the dels upon the right might have been written with a subscript 
2. The results of this article may be summed up as follows: 

Theorem: The differentiating operator V and the integrating operator Pot 
are commutative. 



89.] In the foregoing work it has been assumed that the region T was 

finite and that the function V was everywhere finite and continuous inside of 
the region T and moreover decreased so as to approach zero continuously at the 
surface bounding that region. These restrictions are inconvenient and may be 
removed by making use of a surface integral. The derivative of the potential 
was obtained (page 157) in essentially the form 



Jlf^^^ 



<9PotV ccc 1 dV 
r-12 dx 2 

,. 1 CCC * •■• i i — »•' :_'• <ri- -i i , 

iim — — av 2 

=o Ai-j JJJ 



dxi JJJ r-12 dx 2 



V(x 2 + Ax 2 ,y2,z 2 ) 

Aa; 2 =0 Ax 2 JJJ 7*12 



l_cccV( X2 ,y 2 ,z 2 ) dv2 

xo JJJ r-io 



A£C 2 =0 /S.X 2 JJJ T\ 2 

m 

Let da be a directed element of the surface S bounding the region M. The 
clement of volume dv 2 in the region m! is therefore equal to 

dv 2 = Ax 2 i • da. 
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Hence 



\xo JJJ 



V(x 2 + Ax 2 ,y 2 ,z 2 ) , 
dv 2 



Ax 2 JJJ r 12 

in' 

V(x 2 + Ax 2 ,y 2 ,z 2 ) 



JJ 



i • da. 



f'12 

The element of volume dv 2 in the region m is equal to 

dv 2 = — Ax 2 i • da. 



Hence 



\xo JJJ 



V(x 2 ,y 2 ,z 2 ) 

dv 2 



Ax 2 JJJ r 12 

m 

V(x 2 ,y 2 ,z 2 ) 



JJ 



i • da.. 



ri2 



Consequently 



<9PotF _ rrr 1 dV rr V . 

9a; 1 JJJ ri2 9x9 J J rio 

1 M 12 2 s 

The volume integral is taken throughout the region M with the understand- 
ing that the value of the derivative of V at the surface S shall be equal to the 
limit of the value of that derivative when the surface is approached from the in- 
terior of M. This convention avoids the difficulty that arises in connection with 
the existence of the derivative at the surface S where V becomes discontinuous. 
The surface integral is taken over the surface S which bounds the region. 

Suppose that the region M becomes infinite. By virtue of the conditions 
imposed upon V to insure the convergence of the potential 

Vr 3 < K. 

Let the bounding surface S be a sphere of radius R, a quantity which is large. 

i • da < R 2 d9 dd>. 



V 



R 

s 



K ,„ ,, „ 2 K 



ih' 1 - da< ii^ ded(b = 27: 



R 2 r R 2 

s 



The surface integral becomes smaller and smaller and approaches zero as its 
limit when the region M becomes infinite. Moreover the volume integral 



1 dV 
r\ 2 dx 2 



Iff — ''''- 

M 



remains finite as M becomes infinite. Consequently provided V is such a func- 
tion that Pot V exists as far as the infinite regions of space are concerned, then 
the equation 

<9Pot V dV 

dxi dx 2 
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holds as far as those regions of space are concerned. 

Suppose that V ceases to be continuous or becomes infinite at a single point 
(xi,j/i,zi) within the region T. Surround this point with a small sphere or 
radius R. Let S denote the surface of this sphere and M all the region T not 
included within the sphere. Then 

dPotF rrr 1 dV , rr V . , 

-« = — -5— d»2 + — i ■ da. 

By the conditions imposed upon V 

Vr <K 



|J — i • rfa < \\ K dO d(f> = 2ir 2 K. 
s s 

Consequently when the sphere of radius R becomes smaller and smaller the 
surface integral may or may not become zero. Moreover the volume integral 

rrr l dv &,■ 

JJJ r - 12 dxo 

may or may not approach a limit when R becomes smaller and smaller. Hence 
the equation 

<9PotF dV_ 

dxi dx2 

has not always a definite meaning at a point of the region T at which V becomes 
infinite in such a manner that the product Vr remains finite. 

If, however, V remains finite at the point in question so that the product 
Vr approaches zero, the constant K is zero and the surface integral becomes 
smaller and smaller as R approaches zero. Moreover the volume integral 

rrr l dv & 

JjJ r\2 dx2 

approaches a definite limit as R becomes infinitesimal. Consequently the equa- 
tion 

<9Pot V _ dV 

dx\ dx2 

holds in the neighborhood of all isolated points at which V remains finite even 
though it be discontinuous. 

Suppose that V becomes infinite at some single point {x2,V2, 22) n °t coinci- 
dent with (xi, j/i, Z\). According to the conditions laid upon V 

VI 2 < K, 



where I is the distance of the point (X2, 2/2,-^2) from a point near to it. Then 
the surface integral 

1 • da 

T\1 



s 
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need not become zero and consequently the equation 

<9Pot V dV 

dxi dx2 

need not hold for any point (#1,2/1, Zi) of the region. But if V becomes infinite 
at X2, 2/2, ?2 in such a manner that 

VI <K, 

then the surface integral will approach zero as its limit and the equation will 
hold. 

Finally suppose the function V remains finite upon the surface S bounding 
the region T, but does not vanish there. In this case there exists a surface of 
discontinuities of V. Within this surface V is finite; without, it is zero. The 
surface integral 



JJ 



V ■ A 

— 1 • da 

T\1 



s 
does not vanish in general. Hence the equation 

<9Pot V _ dV 

dx\ 8x2 

cannot hold. 

Similar reasoning may be applied to each of the three partial derivatives 
with respect to x\, 2/1, z\. By combining the results it is seen that in general 



ViPotI/ = PotV 2 ^+ [\ — da (35) 

JJ ri9 



Let V be any function in space, and let it be granted that Pot V exists. Surround 
each point of space at which V ceases to be finite by a small sphere. Let the 
surface of the sphere be denoted by S. Draw in space all those surfaces which 
are surfaces of discontinuity of V. Let these surfaces also be denoted by S. Then 
the formula (35) holds where the surface integral is taken over all the surfaces 
which have been designated by S. If the integral taken over all these surfaces 
vanishes when the radii of the spheres above mentioned become infinitesimal, 
then 

ViPotl/ = PotV 2 F (27)' 

This formula 

VxPotV = PotV 2 V 

will surely hold at a point (xi,yi, Zi) if V remains always finite or becomes 
infinite at a point (2:2,2/2, Z2) so that the product VI remains finite, and if V 
possesses no surfaces of discontinuity, and if furthermore the product Vr 3, re- 
mains finite as r becomes infinite. 1 In other cases special tests must be applied 



x For extensions and modifications of this theorem, see exercises. 
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to ascertain whether the formula (27)' can be used or the more complicated one 
(35) must be resorted to. 

The relation (27) is so simple and so amenable to transformation that V 
will in general be assumed to be such a function that (27) holds. In cases in 
which V possesses a surface S of discontinuity it is frequently found convenient 
to consider V as replaced by another function V which has in general the same 
values as V but which instead of possessing a discontinuity at 5* merely changes 
very rapidly from one value to another as the point (£2,2/2, z 2 ) passes from one 
side of S to the other. Such a device renders the potential of V simpler to treat 
analytically and probably conforms to actual physical states more closely than 
the more exact conception of a surface of discontinuity. This device practically 
amounts to including the surface integral in the symbol Pot VV. 

In fact from the standpoint of pure mathematics it is better to state that 
where there exist surfaces at which the function V becomes discontinuous, the 
full value of Pot VV should always be understood as including the surface inte- 
gral 

V 



JJ 



da 
in addition to the volume integral 

JJJ r-in 



In like manner Pot V • W, Pot V x W, New V • W and other similar expressions 
to be met in the future must be regarded as consisting not only of a volume 
integral but of a surface integral in addition, whenever the vector function W 
possesses a surface of discontinuities. 

It is precisely this convention in the interpretation of formulae which permits 
such simple formula? as (27) to hold in general, and which gives to the treatment 
of the integrating operators an elegance of treatment otherwise unobtainable. 
The irregularities which may arise are thrown into the interpretation, not into 
the analytic appearance of the formulae. This is the essence of Professor Gibb's 
method of treatment. 

90.] The first partial derivatives of the potential may also be obtained by 
differentiating under the sign of integration. 1 



pot v = rrr n^m^i dX2 dy2 dz 

JJJ \]{x 2 - xi) 2 + (y 2 - yi) 2 + [zi - zi) 2 

dPotF = rrr _d_ i V(x 2 ,y2,z 2 ) 

dx x JJJ dx x y ^{ X2 - Xl )2 + (y 2 _ yi )2 + ( Z2 _ Zl ) 

dPotV _ rrr (x 2 - x 1 )V(x 2 ,y 2 ,z 2 ) 



"-JJT 



9xi J^ ^/[{x 2 -x 1 ) 2 + {y 2 -y l ) 2 + {z 2 ^z 1 ) 2 Y 




1 If an attempt were made to obtain the second partial derivatives in the same manner, it 
would be seen that the volume integrals no longer converged. 
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In like manner for a vector function W 

(9PotW _ err (X%- Xl)W(x2,V2,Z2 

dxi JJJ y/Jfa - Xl )2 + ( y2 _ yi )2 + ( Z2 _ Zl )2]3 

Or 

<9PotV _ err (x2-Xi)V 



rrr ^-x 1} ^ [X2 ^ Z2} 

m • " - - zi) 2 + 0/2 - 2/i) 2 + (22 - *i) 2 ] 3 



and 



9xi 



<9PotW frf (a; 2 -xi)W 



9xi 



jtf!*-^. (38 )' 



But 



Hence 



^ rr . ^v .ay , av 

VPoty = i — + j — + k — = 
ax\ oy\ az\ 

^ ( i(x 2 - Xl )V + HV2-Vi)V + k^-^V j ^ 



i(.x 2 -xi) + j(?y 2 -J/i) +k(z 2 - zi) = r i2 . 
ri 2 F 



VPotF= ffT^I— d«2. (39) 

JJJ r 12 

In like manner 

V x Pot V = JJJ ri2 3 W dv 2 , (40) 

and 

V - P0ty -JJJ^f 2 ^ dw2 - ( 41 ) 

These three integrals obtained from the potential by the differentiating op- 
erators are of great importance in mathematical physics. Each has its own 
interpretation. Consequently although obtained so simply from the potential 
each is given a separate name. Moreover inasmuch as these integrals may exist 
even when the potential is divergent, they must be considered independent of 
it. They are to be looked upon as three new integrating operators defined upon 
its own merits as the potential was defined. 

Let, therefore, 

Iff ri2V{X ^ Z2) dv 2 . = New V, (42) 

Jff ri2XW( 3^ 2 ' Z2) dv 2 . = Lap W, (43) 

$ r ^-W(x 2 ,y 2 ,z 2 ) ^ = Max w (M) 
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If the potential exists, then 

VPot V = New V 

VxPotW = LapW (45) 

V-PotW = MaxW 

The first is written New V and read "The Newtonian of V." 

The reason for calling this integral the Newtonian is that if V represent the 
density of a body the integral gives the force of attraction at the point (xi,yi,Zi) 
due to the body. This will be proved later. The second is written Lap W and 
read "the Laplacian of W." This integral was used to a considerable extent 
by Laplace. It is of frequent occurrence in electricity and magnetism. If W 
represent the current C in space the Laplacian of C gives the magnetic force 
at the point (xi,yi,Zi) due to the current. The third is written MaxW and 
read "the Maxwellian of W." This integral was used by Maxwell. It, too, 
occurs frequently in electricity and magnetism. For instance if W represent the 
intensity of magnetization I, the Maxwellian of I gives the magnetic potential 
at the point (xi, yi,Zi) due to the magnetization. 

To show that the Newtonian gives the force of attraction according to the law 
of the inverse square of he distance. Let dra-i be any element of mass situated 
at the point (xii yiiZ^)- The force at (xi,yi, Zi) due to dm is equal to 

dm<2 

'12 
in magnitude and has the direction of the vector ri2 from the point (x\, y\, z\) 
to the point (2:2,2/2, z 2 ). Hence the force is 

r i2 dm 2 

»*12 

Integrating over the entire body, or over all space according to the convention 
here adopted, the total force is 

AT ^ AT =£*»-"-" ■ 

where V denotes the density of matter. 

The integral may be expanded in terms of i, j, k, 

a-"" - ' Iff ^F *' 2+J Iff iJ ^fF d "" +k Iff {J ^fF **■ 

The three components may be expressed in terms of the potential (if it exists) 

as 

JJj (x 2 -^)T/ ^ 2 = 



')•'■} 



12 

(2/2 -yi)V 



d 
— PotV = 

OX 1 


dx\ JJJ ri2 


^-Poty = 
dyi 


dyi JJJ r 12 


d 
az\ 


dz\ JJJ r 12 
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It is in this form that the Newtonian is generally found in books. 

To show that the Laplacian gives the magnetic force per unit positive pole 
at the point (xi,yi, z{) due to a distribution W(x2, y 2 , z 2 ) of electric flux. The 
magnetic force at {x\, 3/1, Zi) due to an element of current dC 2 is equal in mag- 
nitude to the magnitude dC 2 of that element of current divided by the square 
of the distance r\ 2 ; that is 

dC 2 

r 2 ' 
'12 

The direction of the force is perpendicular both to the vector element of current 
dC 2 and to the line 1*12 joining the points. The direction of the force is therefore 
the direction of the vector product of 1*12 and dC 2 . The force is therefore 

r 12 x dC 2 

r 12 

Integrating over all space, the total magnetic force acting at the point (£1,3/1, Z\) 
upon a unit positive pole is 



jHr^-jff^*-^ 



1-12 x dC 2 _ rrr r 12 x W 

r 12 r 12 

This integral may be expanded in terms of i, j, k. Let 



W(a; 2 , 3/2,22) = iX(x 2 ,y 2 ,z 2 ) + j Y(x 2 ,y 2 , z 2 ) + kZ(x 2 , y 2 , z 2 ). 
ri2 = (x 2 - xi) i + (y 2 - 3/1) J + ( z 2 - zi) k. 

The i, j, k components of LapW are respectively 

i . Lap w = rrr ^-y^-^-^y dV2 

JJJ r 12 

j • Lap W = ffj {^-z^X-^-x^Z ^ (43)/ 

k • Lap W = tf] (*2-*i)Y-iV2-Vi)X dv2 

In terms of the potential (if one exists) this may be written 

<9Pot Z <9Pot Y 



i • Lap W 



dy\ dz\ 



. _ „ r aPotX o>PotZ //loV , 

J ' LapW = ^ &T' (43) 

, t „ r apotr 9Potx 

k-LapW= — . 

0x1 ayi 

To show that if I be the intensity of magnetization at the point (x 2 , y 2 , z 2 ), 
that is, if I be a vector whose magnitude is equal to the magnetic moment 
per unit volume and whose direction is the direction of magnetization of the 
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element dv 2 from south pole to north pole, then the Maxwellian of I is the 
magnetic potential due to the distribution of magnetization. The magnetic 
moment of the element of volume dv 2 is ldv 2 . The potential at (x±, y\ 1 z±) due 
to this element is equal to its magnetic moment divided by the square of the 
distance r 12 and multiplied by the cosine of the angle between the direction of 
magnetization I and the vector 1*12. The potential is therefore 

ri2 • I dv 2 

Integrating, the total magnetic potential is seen to be 

ri2 -I 



III Tj ^—dv2 = Max I. 



This integral may also be written out in terms of x, y, z. Let 

1(^2,2/2,^2) = iA( x 2,V2,Z2) + JB(x 2 ,y 2 ,z 2 ) + kC(x 2 ,y 2 ,z 2 ) 
1*12 • I = (x 2 - xi) A+(y 2 - yi) B + (z 2 - zi) C. 

If instead of x\, y±, z\ the variables x, y, z; and instead of x 2 , y 2 , z 2 the variables 
£, rj, £ be used 1 the expression takes on the form given by Maxwell. 

MaxI = ffj {A(£ -x) + B(r) -y) + C(( - z)}^ dv. 
According to the notation employed for the Laplacian 

Max w = rrr (^-^+(^-^+^-^ dV2 . (44) , 

JJJ r 12 

The Maxwellian of a vector function is a scalar quantity. It may be written in 
terms of the potential (if it exists) as 

w ^r <9PotX dPotY dPotZ ltl ... 

MaxW=— + — + — . (44)" 

0x1 oyi oz\ 

This form of expression is much used in ordinary treatises upon mathematical 
physics. 

The Newtonian, Laplacian, and Maxwellian, however, should not be asso- 
ciated indissolubly with the particular physical interpretations given to them 
above. They should be looked upon as integrating operators which may be ap- 
plied, as the potential is, to any functions of position in space. The Newtonian 
is applied to a scalar function and yields a vector function. The Laplacian is ap- 
plied to a vector function and yields a function of the same sort. The Maxwellian 
is applied to a vector function and yields a scalar function. Moreover, these in- 
tegrals should not be looked upon as the derivatives of the potential. If the 
potential exists they are its derivatives. But they frequently exist when the 
potential fails to converge. 



1 Maxwcll: Electricity and Magnetism, Vol. II. p. 9. 



168 

91.] Let V and W be such functions that their potentials exist and have 
definite values. Then by (27) and (29) 

V • VPot V = V • Pot W = Pot V • W. 
But by (45) 

VPot V = New!/, 
and 

V-PotW = MaxW. 
Hence 

V • VPoty = V • NewV = Max W = Pot V • W (46) 



By (27) and (29) 

VV • Pot W = VPot V • W = Pot VV • W. 
But by (45) 

V-PotW = MaxW, 
and by (45) 

VPotV- W = NcwV- W. 
Hence 

VV • Pot W = VMaxW = New V • W = Pot VV • W (47) 



By (28) 

V x V x Pot W = V x Pot V x W = Pot V x V x W. 
But by (45) 

V x Pot W = Lap W, 
and 

V x Pot V x W = Lap V x W. 
Hence 

VxVxPotW = Vx LapW = LapV x W = Pot V x V x W. (48) 



By (56), Chap. III. 

V- V x PotW = 0, 
or 

V-PotV x W = 0. 
Hence 

V • LapW = Max V x W = 0. (49) 
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And by (52), Chap. III. 

V x VPot V = 0, 
or 

V x PotW = 0. 
Hence 

V x New V = Lap W = 0. (50) 

And by (58), Chap. III. 

VxVxW = VV-W-V- VW, 
V • VW = VV-W-VxVxW. 

Hence 

V • VPot W = NcwV • W - LapV x W, (51) 

or 

V • VPot W = VMaxW - V x Lap W. 

These formulae may be written out in terms of curl and div if desired. Thus 

div New V = Max W, (46)' 

VMax W = New div W (47)' 

curl Lap W = Lap curl W (48)' 

div Lap W = Max curl W = (49)' 

curl New V = Lap W = (50)' 

V- VPot W = New div W- Lap curl W. (51)' 

Poisson's Equation 

92.] Let V be any function in space such that the potential 

PotV 
has in general a definite value. Then 

V • VPot V = -4nV, (52) 



or 

d 2 Pot V d 2 Pot V d 2 Pot V 



dxi 2 dyi 2 dzi 2 

This equation is known as Poisson's Equation. 



-4ttV. 
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The integral which has been defined as the potential is a solution of Poisson's 
Equation. The proof is as follows. 

Fotv =W- dv >- 



ViPot V = New V = JJJ ri f^ dv 2 = jjj Vi — 



ri2 

Fdv 2 



j 2 jjj ri2 



Vi ■ ViPotV = Vi ■ NewV = Max V 2 F = J[j 



ri2- V 2 V 



rfw 2 



12 



The subscripts i and 2 have been attached to designate clearly what are vari- 
ables with respect to which the differentiations are performed. 

Vi -ViPotV = Vi -NewV = fffVi — -W 2 Vdv 2 . 

JJJ 7*19 



fl2 



But 



and 



Hence 



or 



1 1 

Vi — = -V 2 — 
ri2 ri 2 



v 2 • (Vv 2 — ^1 = V 2 — • V 2 F + VV 2 • V 2 — 



'2 • \ V V 2 = V 2 -V 2 V ^VV 2 -V 2 - 

V '"12/ ?"12 5"12 

-v 2 — • v 2 y = vv 2 • v 2 — - v 2 • ( vv 2 — 

r\i r 12 \ r 12 

Vi— -V 2 T/ = FV 2 -V 2 — +V 2 - (Vvi — 

ri2 7"12 V r 12 

Integrate: 

fffvi— -v 2 ydi; 2 = rrr^v 2 -v 2 — d V2 + rrr v 2 • ( wi— ) d V2 . 

JJJ 7*^2 JJJ 7*12 JJJ \ Ti2 

But 

V 2 -V 2 — =0. 

■"12 

That is to say - satisfies Laplace's Equation. And by (8) 
r 

rrr v 2 • ( v vi — ) ^ 2 - rr wi — • da. 

Hence 



ri2 / J ^ ri2 



Vi-ViPotV= [\[v 1 —-V 2 Vdv 

JJJ T\o 

J J rio 



da. 
ri2 



(53) 
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The surface integral is taken over the surface which bounds the region of 
integration of the volume integral. This is taken "over all space." Hence the 
surface integral must be taken over a sphere of radius R, a large quantity, and 
R must be allowed to increase without limit. At the point (xi, j/i, z{), however, 
the integrand of the surface integral becomes infinite owing to the presence of 
the term 

Hence the surface S must include not only the surface of the sphere of radius 
R, but also the surface of a sphere of radius R' , a small quantity, surrounding 
the point (x\,y\, z\) and R' must be allowed to approach zero as its limit. 

As it has been assumed that the potential of V exists, it is assumed that the 
conditions given (Art. 87) for the existence of the potential hold. That is 

Vr < K, when r is large 
Vr < K, when r is small. 

Introduce polar coordinates with the origin at the point {x\,yi,Z\). The r 12 
becomes simply r 

and 

Vi — = -V 2 — = -r. 

Then for the large sphere of radius R 

1 r 

Vi da = -^r 2 sin 6 dO dcf>. 

ri2 r d 

Hence the surface integral over that sphere approaches zero as its limit. For 



If FV i— ' da < \\ 4 dBd< ^ = 






Hence when R becomes infinite the surface integral over the large sphere ap- 
proaches zero as its limit. 
For the small sphere 

1 r 

Vi da= - — r 2 sin OdOdcj). 

n 2 r A 

Hence the integral over that sphere becomes 

- JJY sin 9d9d(j). 

Let V be supposed to be finite and continuous at the point (xi, j/i, Z\) which has 
been selected as origin. Then for the surface integral V is practically constant 
and equal to its value 

V(a;i,j/i,zi) 
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at the point in question. 

JTsin0d0# = 47r. 
Hence 

- IT V sin 6d8dcj) = -AirV 

when the radius R' of the sphere of integration approaches zero as its limit. 
Hence 

JJJVi— • \7 2 V-dv 2 = JJ^ v i— ■da=-4nV (53)' 

and 

V • VPot V = -47i-y, (52) 

In like manner if W is a vector function which has in general a definite 
potential, then that potential satisfies Poisson's Equation. 

V • VPot W = -4ttW (52)' 

The proof of this consists in resolving W into its three components. For each 
component the equation holds. Let 

W = Xi + Yj + Zk, 

V • V Pot X = -AttX, 

V • V Pot Y = -AnY, 

V • V Pot Z = -4ttZ. 

Consequently 

V • V Pot (Xi + Yj + Zk) = -47r(Xi + Y j + Zk). 

Theorem: If V and W are such functions of position in space that their 
potentials exist in general, then for all points at which V and W are finite and 
continuous those potentials satisfy Poisson's Equation, 

V • V Pot V = -4nV (52) 
V-VPotW = -47rW (52)' 

The modifications in this theorem which are to be made at points at which V 
and W become discontinuous will not be taken up here. 

93.] It was seen (46) Art. 91 that 

V • VPoty = V • NcwF = Max VV. 
Hence 

V -NewV = -AitV (53) 
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or 

MaxW = -AirV. 

In a similar manner it was seen (51) Art. 91 that 

V • VPot W = VMaxW - V x LapW 
= New V • W - Lap V x W 
Hence 

VMax W - V x Lap W = -AttV (54) 

or 

New V • W - Lap V x W = -AttV (54)' 

By virtue of this equality W is divided into two parts. 

W = —Lap V x W New V • W (55) 



Let 




W = Wi+W 2 , 


where 








Wi = 


= — LapV x W = — Lap curl W 

4vT 4?T 



(56) 

4:71 4:71 

and 

Wi = — -NcwV-W = — -NcwdivW. (57) 

4tt 4tt 

Equation (55) states that any vector function W multiplied by 4vt is equal to 
the difference of the Laplacian of its curl and the Newtonian of its divergence. 
Furthermore 

V • Wi = —V • Lap V x Wi = —V • V x LapWi. 

4vT 4tt 

But the divergence of the curl of a vector function is zero. 

Hence 

V-Wi=divWi=0 (58) 

V x W 2 = V x New V • W 2 = V x VMaxW 2 . 

4vT 4vT 

But the curl of the derivative of a scalar function is zero. 

Hence 

V x W 2 = curlW 2 = (59) 

Consequently any vector function W which has a potential may be divided into 
two parts of which one has no divergence and of which the other has no curl. 
This division of W into two such parts is unique. 



174 



In case a vector function has no potential but both its curl and divergence 
possess potentials, the vector function may be divided into three parts of which 
the first has no divergence; the second, no curl; the third, neither divergence 
nor curl. 



Let 



As before 



W=— LapVxW NewV-W + W 3 (55)' 

An 47T 



— V-LapV x W= — V- V x PotV x W = 

An An 



and 



— V x NcwV- W= — V x VPotV- W = 0. 

47T An 



The divergence of the first part and the curl of the second part of W are therefore 
zero. 

— V x LapV x W = — V x V x PotV x W 

47T An 

= — VV • Pot V x W - —V • VPot V x W. 

47r An 

— VV • Pot V x W = —VPot V • V x W = 0, 

An Ait 



for 
Hence 

Hence 



V • V x W = 0. 
— V • VPot V x W = V x W. 

47T 



— V xLapVxW = VxW = Vx Wj. 

4-7T 



The curl of W is equal to the curl of the first part 

— LapV x W 

An 

into which W is divided. Hence as the second part has no curl, the third part 
can have none. Moreover 

— - V • New V-W = V-W = V-W 2 . 
An 

Thus the divergence of W is equal to the divergence of the second part 

— NewV-W 
An 
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into which W is divided. Hence as the first part has no divergence the third can 
have none. Consequently the third part W3 has neither curl nor divergence. 
This proves the statement. 

By means of Art. 96 it may be seen that any function W3 which possesses 
neither curl nor divergence, must either vanish throughout all space or must not 
become zero at infinity. In physics functions generally vanish at infinity. Hence 
functions which represent actual phenomena may be divided into two parts, of 
which one has no divergence and the other no curl. 

94.] Definition: A vector function the divergence of which vanishes at 

every point of space is said to be solenoidal. A vector function the curl of which 
vanishes at every point of space is said to be irrotational. 

In general a vector function is neither solenoidal nor irrotational. But it has 
been shown that any vector function which possesses a potential may be divided 
in one and only one way into two parts Wi , W2 of which one is solenoidal and 
the other irrotational. The following theorems may be stated. They have all 
been proved in the foregoing sections. 

With respect to solenoidal function Wi, the operators 

— Lap and V x or curl 

are inverse operators. That is 

— LapVx Wi = Vx — LapWi =Wi. (60) 

47T 4-7T 

Applied to an irrotational function W2, either of these operators gives zero. 
That is 

-^LapW 2 =0, VxW 2 =0. (61) 

47T 

With respect to an irrotational function W 2 , the operators 
— New and — V • or — div 
are inverse operators. That is 

-— NewV- W 2 = -V- — NewW 2 = W 2 . (62) 

47T 47T 

With respect to a scalar function V the operators 
— V • or diver gt and -—New, 

47T 

and also 

Max and V 

47T 
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are inverse operators. That is 



-V-— NewF = y (63) 

47T 



and 

— -MaxW= V. 

An 

With respect to a solenoidal function Wi the operators 
— Pot and V x V x or curl curl 

4-7T 

are inverse operators. That is 

— PotVx Vx Wi = V x Vx — PotWi =Wi. (64) 

47T 47T 

With respect to an irrotational function W 2 the operators 

— Pot and - VV- 
are inverse operators. That is 

PotVV- W 2 = -VV- — PotW 2 = W 2 . (65) 

47T - 47T 

With respect to any scalar or vector function V, W the operators 

— Pot and - V • V 

4-7T 



are inverse operators. That is 






--^PotV- W = 

An 


-V- V^-PotV = 

47T 


--V. 


and 

— -PotV- VW = 

47T 


-V- V— PotW = 

4ir 


= w 



(66) 

With respect to a solenoidal function Wi the differentiating operators of the 
second order 

-V- V and V x Vx 

are equivalent 

-V-VWi = VxVxWi. (67) 

With respect to an irrotational function W 2 the differentiating operators of 
the second order 

V -V and VV- 

are equivalent. That is 

V- VW 2 = VV- Wo. 
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By integrating the equations 

A-kV = - V • New V 
and 

4ttW = V x Lap W - VMaxW 

by means of the potential integral Pot 

4?rPot V = -Pot V • New V = -Max New V (69) 

47rPot W = Pot V x Lap W - Pot VMax W 

47rPot W = Lap Lap W - New Max W. (70) 

Hence for scalar functions and irrotational vector functions 

New Max 

47T 

is an operator which is equivalent to Pot . For solenoidal vector functions the 
operator 

— -—Lap Lap 

4-7T 

gives the potential. For any vector function the first operator gives the potential 
of the irrotational part; the second, the potential of the solenoidal part. 

95.] There are a number of double volume integrals which are of such 

frequent occurrence in mathematical physics as to merit a passing mention, 
although the theory of them will not be developed to any considerable extent. 
These double integrals are all scalar quantities. They are not scalar functions 
of position in space. They have but a single value. The integrations in the 
expressions may be considered for convenience as extended over all space. The 
functions by vanishing identically outside of certain finite limits determine for 
all practical purposes the limits of integration in case they are finite. 

Given two scalar functions U, V of position in space. The mutual potential 
or potential product, as it may be called, of the two functions is the sextuple 
integral 

Pot (U, V) = JJJJjJ U(xuy^,)n X2 ,y 2 ,z 2 ) ^ ^ (?1) 

One of the integrations may be performed 

Pot{U,V) = jjj UixuyuzJ'PotV dv! 

= JJJV(*2, 2/2, to) Pot Udv 2 (72) 

In a similar manner the mutual potential or potential product of two vector 
functions W, W" is 



Pot (W, W") = JJJJJJ g^MfflgiM) dvi dv2 . ( 7i)' 
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This is also a scalar quantity. One integration may be carried out 

Pot(W',W") = JjTw'(xi,yi,zi) -PotW'dui 

= JJJw"(x 2 ,y 2 ,z 2 )-PotW'cfo 2 (72)' 

The mutual Laplacian or Laplacian product of two vector functions W, W" of 
position in space is the sextuple integral 

Lap(W',W") = JJJJJJ W'^y!,^) • ^ x W"(x2,y2,z 2 )dv 1 dv 2 . (73) 

One integration may be performed. 

Lap (W, W") = ffi W"(x 2 , y 2 ,z 2 )- Lap W dv 2 

= ^jW(x 1 ,y 1 ,z 1 )-L^W"dv 1 (74) 

The Newtonian product of a scalar function V, and a vector function W of 
position in space is the sextuple integral 

New (V, W) = JJJJJJ W(x 2 , V2,z 2 ) • ^ V(x 2 , y 2 , z 2 ) dvi dv 2 . (75) 
By performing one integration 

New(V,W) = jff W(x 2 , y 2 , z 2 )- New V dv 2 . (76) 

In like manner the Maxwellian product of a vector function W and a scalar 
function V of position in space is the integral 

Max (W, V) = JJJJJJ V(x 2 , y 2 ,z 2 ) • ^ • W(x 2 , y 2l z 2 ) dvx dv 2 . (77) 

One integration yields 

Max(W,V) = JJJy(o;i, yi,2i ) Max Wrfui =-New(V,W). (78) 

By (53) Art. 93. 

4tt U Pot V = -(V • New U) Pot V. 
V • [New U Pot V] = (V • New U) Pot V + (New U) ■ VPot V. 
-(V • New U) Pot V = -V • [New U Pot V] + New U ■ New V 

Integrate: 

4tt Jj J UPotVdv = - [j J V • [New U Pot y] rfu + J'jj New U ■ New V dv. 

47rPot ([/, V) = JIT New [/ • New V dv - \\ Pot V New [/ • da. (79) 
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The surface integral is to be taken over the entire surface S bounding the region 
of integration of the volume integral. As this region of integration is "all space," 
the surface S may be looked upon as the surface of a large sphere of radius R. 
If the functions U and V vanish identically for all points outside of certain finite 
limits, the surface integral must vanish. Hence 

4tt Pot (U, V) = JjT New U ■ New V dv. (79)' 

By (54) Art. 93, 

4tt W" • Pot W' = V x Lap W" • Pot W 
- VMaxW'-PotW. 
But 

V • [LapW" x Pot W] = Pot W • V x LapW" 

-LapW"- V x PotW, 

V • [Max W" Pot W] = Pot W • V Max W" 
+ Max W"V- PotW. 

V x Lap W" • Pot W = V • [Lap W" x Pot W] 
+ LapW" -LapW, 

V Max W" • Pot W = V • [Max W" Pot W] 

-MaxW'MaxW. 

Hence substituting: 

4tt W" • Pot W = Lap W • Lap W + Max W Max W" 

+ V- [LapW" x PotW] 
-V- [Max W" PotW]. 

Integrating: 

4tt Pot (W", W') = JjT Lap W • Lap W' dv 

+ JjT Max W Max W" dv / 8Q n 

|J Pot W x Lap W" da - JJ Max W" Pot W • da. 

s s 

If now W and W" exist only in finite space these surface integrals taken over 
a large sphere of radius R must vanish and then 

47rPot(W",W) = fffLapW-LapWcfo 

iii (so)' 

+ J JJ Max W Max W" dv. 



and 



Hence 



and 
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96.] There are a number of useful theorems of a function-theoretic nature 
which may perhaps be mentioned here owing to their intimate connection with 
the integral calculus of vectors. The proofs of them will in some instances be 
given and in some not. The theorems are often useful in practical applications 
of vector analysis to physics as well as in purely mathematical work. 

Theorem: If V(x,y, z) be a scalar function of position in space which pos- 
sesses in general a definite derivative VV' and if in any portion of space, finite or 
infinite but necessarily continuous, that derivative vanishes, then the function 
V is constant throughout that portion of space. 

Given 

w = o. 

To show 

V = const. 

Choose a fixed point (xi,yl,Z\) in the region. By (2) page 134 

W -dr = V{x,y,z) -V{x 1 ,y 1 ,z 1 ). 



'£1,2/1,21 

But 

/ W • dr = 0dr = 0. 

Hence 

V(x, y, z) — V(x\, j/i, zi) — const. 

Theorem: If V(x,y,z) be a scalar function of position in space which pos- 
sesses in general a definite derivative W; if the divergence of that derivative 
exists and is zero throughout any region of space, 1 finite or infinite but neces- 
sarily continuous; and if furthermore the derivative VV vanishes at every point 
in that region or bounding it, then the derivative vanishes throughout all that 
region and the function V reduces to a constant by the preceding theorem. 

Given 

V • W = for a region T, 
and 

W = for a finite portion of surface S. 
To show 

V = const. 

Since \7V vanishes for the portion of surface S, V is certainly constant in S. 
Suppose that, upon one side of S and in the region T, V were not constant. The 



1 The term throughout any region of space must be regarded as including the boundaries 
of the region as well as the region itself. 
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derivative VV upon this side of S has in the main the direction of the normal 
to the surface S. Consider a sphere which lies for the most part upon the outer 
side of S but which projects a little through the surface S. The surface integral 
of VV over the small portion of the sphere which projects through the surface 
S cannot be zero. For, as VV is in the main normal to S, it must be nearly 
parallel to the normal to the portion of spherical surface under consideration. 
Hence the terms 

VV -da 

in the surface integral all have the same sign and cannot cancel each other 
out. The surface integral of VV over that portion of S which is intercepted 
by the spherical surface vanishes because VV is zero. Consequently the surface 
integral of VV taken over the entire surface of the spherical segment which 
projects through S is not zero. 



But 

jj VV ■ da = ^ V ■ VV dv = 0. 
Hence 



JJ 



VV ■ da = 0. 



It therefore appears that the supposition that V is not constant upon one side 
of S leads to results which contradict the given relation V • VV = 0. The 
supposition must therefore have been incorrect and V must be constant not 
only in S but in all portions of space near to S in the region T. By an extension 
of the reasoning V is seen to be constant throughout the entire region T. 

Theorem: If V(x, y, z) be a scalar function of position in space possessing in 
general a derivative VV and if throughout a certain region 1 T of space, finite or 
infinite, continuous or discontinuous, the divergence V • VV of that derivative 
exists and is zero, and if furthermore the function V possesses a constant value 
c in all the surfaces bounding the region and V(x, y, z) approaches c as a limit 
when the point (x, y, z) recedes to infinity, then throughout the entire region T 
the function V has the same constant value c and the derivative VV vanishes. 

The proof does not differ essentially from the one given in the case of the 
last theorem. The theorem may be generalized as follows: 

Theorem: If V(x, y, z) be any scalar function of position in space possessing 
in general a derivative VV; if U(x, y, z) by any other scalar function of position 
which is either positive or negative throughout and upon the boundaries of 
a region T, finite or infinite, continuous or discontinuous; if the divergence 
V • [U VV] of the product of U and V V exists and is zero throughout and upon 
the boundaries of T and at infinity; and if furthermore V be constant and equal 
to c upon all the boundaries of T and at infinity; then the function V is constant 
throughout the entire region T and is equal to c. 



1 Thc region includes its boundaries. 
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Theorem: If V(x, y, z) be any scalar function of position in space possessing 
in general a derivative VV; if throughout any region T of space, finite or infinite, 
continuous or discontinuous, the divergence V • VV of this derivative exists and 
is zero; and if in all the bounding surfaces of the region T the normal component 
of the derivative VV vanishes and at infinite distances in T (if such there be) 
the product r 2 dV/dr vanishes, where r denotes the distance measured from any 
fixed origin; then throughout the entire region T the derivative VV vanishes and 
in each continuous portion of T V is constant, although for different continuous 
portions this constant may not be the same. 

This theorem may be generalized as the preceding one was by the substi- 
tution of the relation V • (U V V) = for V • V V = and Ur 2 dV/dr = for 
r 2 dV/dr = 0. 

As corollaries of he foregoing theorems the following statements may be 
made. The language is not so precise as in the theorems themselves, but will 
perhaps be understood when they are borne in mind. 

If V = VV, then U and V differ at most by a constant. 

If V • VU = V • VV and if V = VV in any finite portion of surface S, then 
V = VV at all points and U differs from V only by a constant at most. 

If V • Vf/ = V • VV and if U = V in all the bounding surfaces of the region 
and at infinity if the region extend thereto), then at all points U and V are 
equal. 

If V-VU = V-VV and if in all the bounding surfaces of the region the normal 
components of VU and VV are equal and if at infinite distances r 2 (dU/dr — 
dV/dr) is zero, then VU and VV are equal at all points of the region and U 
differs from V only by a constant. 

Theorem: If W and W" are two vector functions of position in space 
which in general possess curls and divergences; if for any region T, finite or 
infinite but necessarily continuous, the curl of W is equal to the curl of W" 
and the divergence of W is equal to the divergence of W"; and if moreover the 
two functions W and W" are equal to each other at every point of any finite 
volume T or of any finite surface in T or bounding it; then W is equal to W" 
at every point of the region T. 

Since V X W = V X W", V x (W - W") = 0. A vector function whose 
curl vanishes is equal to the derivative 1 of a scalar function V (page 146) . Let 
VV = W — W". Then V • VV = owing to the equality of the divergences. 
The theorem therefore becomes a corollary of a preceding one. 

Theorem: If W and W" are two vector functions of position which in 
general possess definite curls and divergences; if throughout any aperiphractic 2 
region T, finite but not necessarily continuous, the curl of W is equal to the curl 
of W" and the divergence of W is equal to the divergence of W"; and if fur- 
thermore in all the bounding surfaces of the region T the tangential components 
W and W" are equal; then W is equal to W" throughout the aperiphractic 
region T. 



1 The region T may have to be made acyclic by the insertion of diaphragms. 
2 A region which encloses within itself another region is said to be periphractic. If it encloses 
no region it is aperiphractic. 
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Theorem: If W and W" are two vector functions of position in space which 
in general possess definite curls and divergences; if throughout any acyclic region 
T, finite but not necessarily continuous, the curl of W is equal to the curl of 
W" and the divergence of W is equal to the divergence of W"; and if in all the 
bounding surfaces of the region T the normal components of W and W" are 
equal; then the functions W and W" are equal throughout the region acyclic 
T. 

Theorem: If W and W" are two vector functions such that V • VW and 
V • VW" have in general definite values in a certain region T, finite or infinite, 
continuous or discontinuous; and if in all the bounding surfaces of the region 
and at infinity the functions W and W" are equal; then W is equal to W" 
throughout the entire region T. 

The proof is given by treating separately the three components of W and 
W". 

Summary of Chapter IV 

The line integral of a vector function W along a curve C is defined as 

/ W • dv = J [W 1 dx + W 2 dy + W 3 dz}. (1) 

Jc Jc 

The line integral of the derivative VV of a scalar function V along a curve C 
from ro to r is equal to the difference between the values of V at the points 
r and ro and hence the line integral taken around a closed curve is zero; and 
conversely if the line integral of a vector function W taken around any closed 
curve vanishes, then W is the derivative W of some scalar function V . 

J W • rfr = V(r) - V(r ) (2) 

Vy • rfr = (3) 



and if 

W • dr, then W = W. 



Illustration of the theorem by application to mechanics. 

The surface integral of a vector function W over a surface S is defined as 

[f W • da = \\ [Wi dy dz + W 2 dz dx + W 3 dx dy] . 

s s 

Gauss's Theorem: The surface integral of a vector function taken over a 
closed surface is equal to the volume integral of the divergence of that function 
taken throughout the volume enclosed by that surface. 

JJJv-Wrfw^ JJW-da, (7) 

s 
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or 



dX dY dZ 



jjT [ — + — + — ) dv = j\[X dydz + Y dzdx + Z dxdy], (8) 

if X, Y, Z be the three components of the vector function W. 

Stokes's Theorem: The surface integral of the curl of a vector function taken 
over any surface is equal to the line integral of the function taken around the 
line bounding the surface. And conversely if the surface integral of a vector 
function U taken over any surface is equal to the line integral of a function W 
taken around the boundary, then U is the curl of W. 



JT V x W • da = W-dr, (11) 



s 
and if 

if JT U • da = jWdr, then U = V x W. (12) 

Application of the theorem of Stokes to deducing the equations of the electro- 
magnetic field from two experimental facts due to Faraday. Application of the 
theorems of Stokes and Gauss to the proof that the divergence of the curl of a 
vector function is zero and the curl of the derivative of a scalar function is zero. 

Formulae analogous to integration by parts 



uVv ■ dv = [uv]* — / vVu ■ dr, (14) 

I Vu x v • da = / wv • dr — uV x v • da, (15) 

s J° s 

Vu x Vv ■ da = / uVv ■ dr = — / vVu ■ dr, (16) 

| ' ( f uV ■ v dv = ff mv • da - ff [ V« • v dv, (17) 

s 

| [Vwx v-da = - [ffVw- V x vdv. (18) 

s 

Green's Theorem: 

J J f Vm • Vv dv = ff uVv -da- f | f uV • Vv dv 

= ff vVu ■ da - fl J" vV ■ Vu dv. 

s 

j (UuV ■ Vv - vV ■ Vu) dv = [T(uV?; - vVu) ■ da. (20) 
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Kelvin's generalization: 

wWu ■ Vv dv = uwVv -da — uV • [wVw] dv 
s 

= vwWu ■ da — v V • [wV«] dv 



3 
The integrating operator known as the potential is defined by the equation 

PotV = $ V{ y^ Z2) d X2 dy 2 dz 2 . (22) 

pot w = rrr w( * 2 '^ 2) dX2 dV2 dZ2 . ^ 

JJJ f\2 



VPot V = Pot W, (27) 

V x Pot W = Pot V x W, (28) 
V-PotW = PotV- W, (29) 

V • VPot V = Pot V • W, (30) 
V • VPot W = Pot V • VW, (31) 
VV-PotW = PotVV- W, (32) 

V x V x Pot W = Pot V x V x W. (33) 

The integrating operator Pot and the differentiating operator V are commuta- 
tive. 

The three additional integrating operators known as the Newtonian, the 
Laplacian, and the Maxwellian. 

Newy = rrr ^ v ^>^ dX2 dy2 dZ2 . (42) 

jjj r 12 

La P W = JJJ r 12 xW(x 2 ,, 2 ,z 2 ) ^ ^ ^ ^ 

Max w = rrr ^-w^,^ dX2 dV2 dZ2 . ^ 

JJJ r 12 

If the potential exists these integrals are related to it as follows: 

VPot V = New V, 
VxPotW = LapW, (45) 

V-PotW = MaxW. 

The interpretation of the physical meaning of the Newtonian on the as- 
sumption that V is the density of an attracting body, of the Laplacian on the 
assumption that W is electric flux, of the Maxwellian on the assumption that 
W is the intensity of magnetization. The expression of these integrals or their 
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components in terms of x, y, z; formulae (42)', (43)', (44)' and (42)", (43)", 
(44)". 



V-NewV = MaxW, (46) 

V Max W = New V • W, (47) 

V x LapW^LapV x W, (48) 
V-LapW = MaxV x W = 0, (49) 

V x New V = Lap W = 0, (50) 
V • VPotW = NcwV • W - Lap V x W. = V Max W - V x Lap W. (51) 



The potential is a solution of Poisson's Equation. That is, 



V • VPot V = -4ttV, (52) 



and 



V • VPot V -- 


= -4ttW 


47T 


• New V, 




1 



(52)' 
(53) 

W = -'-Lap V x W - --New V • W (55) 

47T 47T v ' 



Hence, W is divided into two parts of which one is solcnoidal and the other 
irrotational, provided the potential exists. In case the potential does not exist a 
third term W 3 must be added of which both the divergence and the curl vanish. 
A list of theorems which follow immediately from equations (52), (52)', (53), 
(55) and which state that certain integrating operators are inverse to certain 
differentiating operators. Let V be a scalar function, Wi a solenoidal vector 



187 



function, and W2 an irrotational vector function. Then 

— LapVx Wi = Vx — LapWi =Wi. (60) 

Alt Alt 

— LapW 2 = 0, VxW 2 =0. (61) 

Ait 

— -NcwV ■ W 2 = -V ■ -New W 2 = W 2 . (62) 

4-7T 4-7T 



-\7.-LNewV = V 
-^MaxW = V. 



(63) 



— PotVx Vx Wi = Vx Vx — PotWi =Wi. (64) 

An An 

— -PotVV- W 2 = -VV- — PotW 2 = W 2 . (65) 

A-K 47T 



•^Potv- vv = -v- v^Poty = v 

•J-PotV- VW= -V- V-^PotW^ W. 

47r Ait 



(66) 



-V- VWi = Vx Vx Wi. (67) 

V-VW 2 =VV-W 2 . (68) 

An Pot V = -Max New V (69) 

47rPotW = LapLapW-NcwMaxW. (70) 

Mutual potentials Newtonians, Laplacians, and Maxwellians may be formed. 
They are sextuple integrals. The integrations cannot all be performed immedi- 
ately; but the first three may be. Formula; (71) to (80) inclusive deal with these 
integrals The chapter closes with the enunciation of a number of theorems of 
a function-theoretic nature. By means of these theorems certain facts concern- 
ing functions may be inferred from the conditions that they satisfy Laplace's 
equation and have certain boundary conditions. 

Among the exercises number 6 is worthy of especial attention. The work 
done in the text has for the most part assumed that the potential exists. But 
many of the formula connecting Newtonians, Laplacians, and Maxwellians hold 
when the potential does not exist. These are taken up in Exercise 6 referred to. 

Exercises on Chapter III 

1. If V is a scalar function of position in space the line integral 

Vdv 



IC 

is a vector quantity. Show that 



/ V dr = - \\ VV x da = \\ da x VV. 

Jo c, c 



1 The first four exercises are taken from FoppPs Einfuhrung in die Maxwcll'schc Thcoric 
dcr Elcctricitat where they are worked out. 
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That is; the line integral of a scalar function around a closed curve is equal 
to the skew surface integral of the derivative of the function taken over 
any surface spanned into the contour of the curve. Show further that if V 
is constant the integral around any closed curve is zero and conversely if 
the integral around any closed curve is zero the function V is constant. 

Hint: Instead of treating the integral as it stands multiply it (with a dot) 
by an arbitrary constant unit vector and this reduce it to the line integral 
of a vector function. 

2. If W is a vector function the line integral 

H = / Wxdr 

Jc 

is a vector quantity. It may be called the skew line integral of the function 
W. If c is any constant vector, show that if the integral be taken around 
a closed curve 

x dr, 



and 



He 



H • c = JJ(c V • W - c • VW) ■ da = c ■ / W 

= c • i JJv • Wda - JJ V(W ■ da) I + JJ[W • [c • V(rfa) 
is s ) s 



In case the integral is taken over a plane curve and the surface S is the 
portion of plane included by the curve 



H = ^[V ■ Wda- V(W • da) 



Show that the integral taken over a plane curve vanishes when W is con- 
stant and conversely if the integral over any plane curve vanishes W must 
be constant. 

3. The surface integral of a scalar function V is 

S-JJVda. 

s 

This is a vector quantity. Show that the surface integral of V taken over 
any closed surface is equal to the volume integral of \7V taken throughout 
the volume bounded by that surface. That is 



H Vda =-W wv 



dv . 



Hence conclude that the surface integral over a closed surface vanishes if V 
be constant and conversely if the surface integral over any closed surface 
vanishes the function V must be constant. 
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4. If W be a vector function, the surface integral 

T = JJ da x W 

s 

may be called the skew surface integral. It is a vector quantity. Show 
that the skew surface integral of a vector function taken over a closed 
surface is equal to the volume integral of a vector function taken over a 
closed surface is equal to the volume integral of the vector function taken 
throughout the volume bounded by that surface. That is 



JJda x W = JJJ V x Wdv. 



Hence conclude that the skew surface integral taken over any surface in 
space vanishes when and only when W is an irrotational function. That 
is, when and only when the line integral of W for every closed circuit 
vanishes. 

5. Obtain some formulae for these integrals which are analogous to integrating 
by parts. 

6. The work in the text assumes for the most part that the potentials of 
V and W exist. Many of the relations, however, may be demonstrated 
without that assumption. Assume that the Newtonian, the Laplacian, the 
Maxwellian exist. For simplicity in writing let 

1 1*12 

P12 = — , V1P12 = - T - 

ri2 rf 2 

Then 

New7= ffjViPi 2 V(x 2 ,y 2 ,z 2 )dv 2 , (81) 

LapW = JjJVipi2xW(£ 2 , V2,z 2 )dv 2 , (82) 

M&xW = ffjV lPl2 -W(x 2 ,y 2 ,z 2 )dv 2 , (83) 

V1P12 = -V2P12 (84) 

V 2 (P12 V) = \7 2Pl2 V + p 12 \7 2 V, 

JJJ V2P12 V dv 2 = ffj V 2 (pi2 V) dv 2 - JJJ P12 V 2 Vdv 2 . 

By exercise (3) 

JJJ V 2 (pi2 V) dv 2 = JJ P12 V da. 

It can be shown that if V is such a function that New V exists, then this 
surface integral taken over a large sphere of radius R and a small sphere 
of radius R' approaches zero when R becomes indefinitely great; and R' ', 
indefinitely small. Hence 



J )J ^2Pi2Vdv 2 = -JjJ Pi2^2Vdv 2 , 
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or 

New V = Pot W. (85) 

Prove in a similar manner that 

LapW = PotVxW. (86) 

MaxW = PotV-W. (87) 

By means of (85), (86), (87) it is possible to prove that 
V x LapW = LapV x W, 
V-NcwT/ = MaxVF, 
VMaxW = NcwV- W. 
Then prove 

V x LapW = JTf P12VV • Wdv 2 - JJJ P12V • VWdv 2 
and 

V Max W = JJJ P12VV -Wdv 2 . 
Hence 

V x LapW- V Max W = - [ffp^V • VW dv 2 . 
Hence 

V x Lap W - V Max W = 4ttW. (88) 

7. An integral used by Helmholtz is 

H(V) = ^jr 12 Vfv 2 , (89) 

or if W be a vector function 

H(W) = jff ri2 W dv 2 . (90) 

Show that the integral converges if V diminishes so rapidly that 

Vr 5 < K 
when r becomes indefinitely great. 

VH(V) = H{VV) = Ncw(r 2 V), (91) 

V • H(W) = i7(V • W) = Max (r 2 W), (92) 

V x H(W) = H(V x W) = Lap (r 2 W), (93) 

V • V H{V) = H(V -VV)= Max(r 2 W) = 2 Pot V (94) 

V- Vff(W) = H(V ■ VW) = 2PotW. (95) 

H(V) = - — Pot Pot V. (96) 

27T 

H(W) = - - 1 - Pot Pot W. (97) 

-2W = VxVxif(W)+VV'if(W). (98) 
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8. Give a proof of Gauss's Theorem which does not depend upon the physical 
interpretation of a function as the flux of a fluid. The reasoning is similar 
to that employed in Art. 51 and in the first proof of Stokes's Theorem. 

9. Show that the division of W into two parts, page 173, is unique. 

10. Treat, in a manner analogous to that upon page 162, the case in which V 
has curves of discontinuities. 



CHAPTER V 



LINEAR VECTOR FUNCTIONS 

97.] After the definitions of products had been laid down and applied, 
two paths of advance were open. One was differential and integral calculus; the 
other, higher algebra in the sense of the theory of linear homogeneous substi- 
tutions. The treatment of the first of these topics led to new ideas and new 
symbols — to the derivative, divergence, curl, scalar and vector potential, that 
is, to V, V-, Vx, and Pot with the auxiliaries, the Newtonian, the Laplacian, 
and the Maxwellian. The treatment of the second topic will likewise introduce 
novelty both in concept and in notation — the linear vector function, the dyad, 
and the dyadic with their appropriate symbolization. 

The simplest example of a linear vector function is the product of a scalar 



r' = cr (1) 

is a linear function of r. A more general linear function may be obtained by 
considering the components of r individually. Let i, j, k be a system of axes. 
The components of r are 

i • r, j • r, k • r. 

Let each of these be multiplied by a scalar constant which may be different for 
the different components. 

Cii-r, c 2 jr, c 3 k • r. 

Take these as the components of a new vector r' 

r' = i (ci i • r) + j (c 2 j • r) + k (c 3 k • r). (2) 

The vector r' is then a linear function of r. Its components are always equal to 
the corresponding components of r each multiplied be a definite scalar constant. 
Such a linear function has numerous applications in geometry and physics. 
If, for instance, i, j, k be the axes of a homogeneous strain and c\, c 2 , c 3 , the 
elongations along these axes, a point 

r = ix +jy + kz 
becomes 

r' = ic 1 x+jc 2 y + kc 3 z, 
or 

r' = i ci i • r + j c 2 j • r + k c 3 k • r. 

This sort of linear function occurs in the theory of elasticity and in hydrodynam- 
ics. In the theory of electricity and magnetism, the electric force E is a linear 
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function of the electric displacement D in a dielectric. For isotropic bodies the 
function becomes merely a constant 

E = fcD. 

But in case the body be non-isotropic, the components of the force along the 
different axes will be multiplied by different constants k\, fc 2 , k 3 . Thus 

E = ifciiD+jfc 2 jD + kfc 3 kD. 

The linear vector function is indispensable in dealing with the phenomena of 
electricity, magnetism, and optics in non-isotropic bodies. 

98.] It is possible to define a linear vector function, as has been done above, 
by means of the components of a vector. The most general definition would be 
Definition: A vector r' is said to be a linear vector function of another vector 
r when the components of r' along three non-coplanar vectors are expressible 
linearly with scalar coefficients in terms of the components of r along those same 
vectors. 



If 

and 
and if 



r = xa + yh + zc, where [abc] 7^ 0, 

r' = x'a + y'h + z'c, 

x' = a\X + biy + C\Z, 

y' = a 2 x + b 2 y + c 2 z, (3) 

z' = a a x + b 3 y + c 3 Z, 

then r' is a linear function of r. (The constants 01, 61, Ci, etc., have no con- 
nection with the components of a, b, c parallel to i, j, k.) Another definition 
however is found to be more convenient and from it the foregoing may be de- 
duced. 

Definition: A continuous vector function of a vector is said to be a linear 
vector function when the function of the sum of any two vectors is the sum of 
the functions of those vectors. That is, the function / is linear if 

/(ri+r 2 )=/(n) + /(r 2 ). (4) 

Theorem: If a be any positive or negative scalar and if / be a linear function, 
then the function of a times r is a times the function of r. 

/(or) = o/(r). (5) 

And hence 

f(a 1 r 1 + a 2 r 2 + a 3 r 3 H ) = a 1 /(r 1 ) + a 2 /(r 2 ) + a 3 /(r 3 ) H (5) 
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The proof of this theorem which appears more or less obvious is a trifle long. 
It depends upon making repeated use of relation (4) . 

/(r + r) = /(r) + /(r) = 2/r. 
Hence 

/(2r) = 2/(r). 
In like manner 

/(nr) = n/(r). 

where n is any positive integer. 

Let m be any other positive integer. Then by the relation just obtained 



and 



/(r) = f[m— ) =m/( — ) 



Hence 

\ mJ \m / m 

That is, equation (5) has been proved in case the constant a is a rational positive 
number. 

To show the relation for negative numbers note that 

/(0)=/(0 + 0) = 2/(0). 
Hence 

/(0) = 0. 
But 

/(0) = /(r - r) = /(r + (-r)) = /(r) + /(-r). 
Hence 

/(r) = -/(-r). 

To prove (5) for incommensurable values of the constant a, it becomes nec- 
essary to make use of the continuity of the function /. That is 



lim f(xr) = f ( lim(a;r) J 

x—a ' \x— a J 



Let x approach the incommensurable number a by passing through a suite of 
commensurable values. Then 

f(xr) = xf(r). 
Hence 

lim f(xr) = a/(r) 

x—a 

lim(a;r) = ar. 
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Hence 

/(or) = o/(r) 

which proves the theorem. 

Theorem: A linear vector lunction /(r) is entirely determined when its 
values for three non-coplanar vectors a, b, c are known. 

Let 

l = /(a), 
m = /(b), 

n = /(c). 

Since r is any vector whatsoever, it may be expressed as 

r = sa + yh + zc. 
Hence 

/(r) = xl + ym + zn. 

99.] In Art. 97 a particular case of a linear function was expressed as 

r' = i ci i • r + j c 2 j • r + k c 3 k • r. 

For the sake of brevity and to save repeating the vector r which occurs in each 
of these terms in the same way this may be written in the symbolic form 

r' = (i c\ i + j c 2 j + k c 3 k) • r. 

In like manner if ai, a 2 , a 3 • • • be any given vectors, and bi, b 2 , b 3 • • • another 
set equal in number, the expression 

r' = ai bi • r + a 2 b 2 • r + a 3 b 3 • r -\ (6) 

is a linear vector function of r; for owing to the distributive character of the 
scalar product this function of r satisfies relation (4). For the sake of brevity r' 
may be written symbolically in the form 

r' = (ai bi + a 2 b 2 + a 3 b 3 + •••)• r. (6)' 

No particular physical or geometrical significance is to be attributed at present 
to the expression 

(aibi +a 2 b 2 +a 3 b 3 H ). (7) 

It should be regarded as an operator or symbol which converts the vector r into 
the vector r' and which merely affords a convenient and quick way of writing 
the relation (6). 

Definition: An expression ab formed by the juxtaposition of two vectors 
without the intervention of a dot or a cross is called a dyad. The symbolic sum 
of two dyads is called a dyadic binomial; of three, a dyadic trinomial; of any 
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number, a dyadic polynomial. For the sake of brevity dyadic binomials, trino- 
mials, and polynomials will be called simply dyadics. The first vector in a dyad 
is called the antecedent; and the second vector, the consequent. The antecedents 
of a dyadic are the vectors which are the antecedents of the individual dyads of 
which the dyadic is composed. In like manner the consequents of a dyadic are 
the consequents of the individual dyads. Thus is the dyadic (7) ai, a2, a3 
are the antecedents and bi, b2, b3 • • • the consequents. 

Dyadics will be represented symbolically be the capital Greek letters. When 
only one dyadic is present the letter $ will generally be used. In case several 
are under consideration other Greek capitals will be employed also. With this 
notation (7) becomes 

$ = a x bi + a 2 b 2 + a 3 b 3 H , (7)' 

and (6)' may now be written briefly in the form 

r' = $ • r. (8) 

By definition 

$ • r = ai bi • r + a 2 b 2 • r + a 3 b 3 • r + • • • 

The symbol $ • r is read $ dot r. It is called the direct product of $ into r 
because the consequents bi, b 2 , b 3 • • • are multiplied into r by direct or scalar 
multiplication. The order of the factors $ and r are important. The direct 
product of r into $ is 

r • $ = r • (a x b x + a 2 b 2 + a 3 b 3 H ) 

= r • ai bi + r • a 2 b 2 + r • a 3 b 3 -\ (9) 

Evidently the vectors $ • r and r • $ are in general different. 

Definition: When the dyadic $ is multiplied into r as $ • r, $ is said to be 
a prefactor to r. When r is multiplied in $ as r • <I>, $ is said to be a postfactor 
to r. 

A dyadic $ used either as a prefactor or as a postfactor to a vector r de- 
termines a linear vector function of r. The two linear vector functions thus 
obtained are in general different from one another. They are called conjugate 
linear vector functions. The two dyadics 

$ = ai bi + a 2 b 2 + a 3 b 3 -\ 

* = bi ai + b 2 a 2 + b 3 a 3 -\ , 

each of which may be obtained from the other by interchanging the antecedents 
and consequents, are called conjugate dyadics. The fact that one dyadic is the 
conjugate of another is denoted by affixing a subscript C to cither 

Thus 
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Theorem: A dyadic used as a postfactor gives the same result as its conju- 
gate used as a pref actor. That is 

r • $ = $ c • r (9) 

100.] Definition: Any two dyadics $ and \& are said to be equal 

when $ • r = $> ■ r for all values of r, 

or when r • $ = r • ty for all values of r, (10) 

or when s • $ • r = s • <3> • r for all values of s and r. 

The third relation is equivalent to the first. For if the vectors $ • r and \& • r 
are equal, the scalar products of any vector s into them must be equal. And 
conversely if the scalar product of any and every vector s into the vectors 3> • r 
and "f • r are equal, then those vectors must be equal. In like manner it may be 
shown that the third relation is equivalent to the second. Hence all three are 
equivalent. 

Theorem: A dyadic <& is completely determined when the values 

$ • a, $ • b, $ • c, 

where a, b, c are any three non-coplanar vectors, are known. 

This follows immediately from the fact that a dyadic defines a linear vector 
function. If 

r = x& + yh + zc, 
$ • r = $ • (ia + yh + zc) = x <f> • a + y $ • b + z <f> • c, 

consequently two dyadics $ and ^ are equal provided equations (10) hold for 
three non-coplanar vectors r and three non-coplanar vectors s. 

Theorem: Any linear vector function / may be represented by a dyadic $ 
to be used as a prefactor and by a dyadic \P, which is the conjugate of <J>, to be 
used as a postfactor. 

The linear vector function is completely determined when its values for three 
non-coplanar vectors (say i, j, k) (page 195). Let 

/(i)=a, /(j)=b, /(k) = c. 

Then the linear function / is equivalent to the dyadic $ given by 

$ = ai + bj +ck, 

to be used as a postfactor; and to the dyadic ^> 

* = $ c = ia + jb + kc, 

to be used as a prefactor. 

/(r) = $ • r = r • $ c . 
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The study of linear vector functions therefore is identical with the study of 
dyadics. 

Definition: A dyad ab is said to be multiplied by a scalar a when the an- 
tecedent or the consequent is multiplied by that scalar, or when a is distributed 
in any manner between the antecedent and the consequent. If a = a' a" 



o(ab) = (oa) b = a (ab) = (a'a) (o"b). 

A dyadic 3> is said to be multiplied by a scalar a when each of its dyads is 
multiplied by that scalar. The product is written 

a$ or $a. 

The dyadic a$ applied to a vector r either as a prefactor or as a postfactor 

yields a vector equal to a times the vector obtained by applying $ to r — that is 

Theorem: The combination of vectors in a dyad is distributive. That is 

(a + b) c = ac + b c. 
and a(b + c)=ab + ac ™ 

This follows immediately from the definition of equality of dyadics (10). For 

[(a + b) c] ■ r = (a + b) c • r = a c • r + b c • r = (a c + b c) • r 
and 

[a (b + c)] • r = a (b + c) • r = a b • r + a c • r = (a b + a c) • r. 

Hence it follows that a dyad which consists of two factors, each of which is 
the sum of a number of vectors, may be multiplied out according to the law 
of ordinary algebra — except that the order of the factors in the dyads must be 
maintained. 

(a + b + c+---)(l + m + n + ---) = al + am + an+--- 

+ bl + bm + biH / w 

(11)' 
+ cl + cm + cn + -- 



The dyad therefore appears as a product of the two vectors of which it is com- 
posed, inasmuch as it obeys the characteristic law of products — the distributive 
law. This is a justification for writing a dyad with the antecedent and con- 
sequent in juxtaposition as is customary in the case of products in ordinary 
algebra. 

The Nonion Form of a Dyadic 

101.] From the three unit vectors i, j, k nine dyads may be obtained by 
combining two at a time. These are 

ii, ij, ik, 

ji, jj, jk, (12) 

ki, kj, kk. 



199 



If all the antecedents and consequents in a dyadic $ be expressed in terms of i, j, 
k, and if the resulting expression be simplified by performing the multiplications 
according to the distributive law (11)' and if the terms be collected, the dyadic 
$ may be reduced to the sum of nine dyads each of which is a scalar multiple 
of one of the nine fundamental dyads given above. 

<f> = an i i + a i2 i j + a 13 i k 

+ a 21 ji + a 2 2Jj + a23Jk (13) 

+ a 3 i k i + a 32 k j + a 33 k k. 

This is called the nonion form of <J>. 

Theorem: The necessary and sufficient condition that two dyadics $ and W 
be equal is that, when expressed in nonion form, the scalar coefficients of the 
corresponding dyads be equal. 

If the coefficients be equal, then obviously 

$ • r = * • r 

for any value of r and the dyadics by (10) must be equal. Conversely, if the 
dyadics <I> and <3/ are equal, then by (10) 

s • $ • r = s • ty ■ r 

for all values of s and r. Let s and r each take on the values i, j, k. Then 

i- $. i = i- \|>. i, i • $ • j = i • * • j, i • <& ■ k = i • \& • k, 

j$i=j*i, j$j=j*j, j$k=j*k, (14) 

k • $ • i = k • * • i, k- <J> • j = k • * • j, k • $ • k = k • * • k. 

But these quantities are precisely the nine coefficients in the expansion of the 
dyadics $ and *&. Hence the corresponding coefficients are equal and the the- 
orem is proved. 1 This analytic statement of the equality of two dyadics can 
sometimes be used to greater advantage than the more fundamental definition 
(10) based upon the conception of the dyadic as defining a linear vector function. 

Theorem: A dyadic $ may be expressed as the sum of nine dyads of which 
the antecedents are any three given non-coplanar vectors a, b, c and the conse- 
quents any three given non-coplanar vectors 1, m, n. 

Every antecedent may be expressed in terms of a, b, c; and every consequent, 
in terms of 1, m, n. The dyadic may then be reduced to the form 

$ = an a 1 + ai2 a m + ai 3 a n 

+ a2ibl + a22bm + a 23 bn (15) 

+ a 3 i c 1 + a 32 c m + a 33 c n. 

This expression of $ is more general than that given in (13). It reduces to that 
expression when each set of vectors a, b, c and 1, m, n coincides with i, j, k. 



1 As a corollary of the theorem it is evident that the nine dyads (12) are independent. None 
of them may be expressed linearly in terms of the others. 
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Theorem: Any dyadic $ may be reduced to the sum of three dyads of which 
either the antecedents or the consequents, but not both, may be arbitrarily 
chosen provided they be non-coplanar. 

Let it be required to express $ as the sum of three dyads of which a, b, c 
are the antecedents. Let 1, m, n be any other three non-coplanar vectors. $ 
may then be expressed as in (15). Hence 

$ = a(anl + ai 2 m + 01311) + b(a 2 il + a 22 m + a 23 n) 

+ c(a 3 il + a 32 m + a 33 n), 
or 

$ = aA + bB + cC. (16) 

In like manner if it be required to express $ as the sum of three dyads of which 
the three non-coplanar vectors 1, m, n are the consequents 

$ = L1 + Mm + Nn. (16)' 

where 

L = ana + a 2i b + a 3 ic, 
M = a 12 a + a 22 b + a 32 c, 
N = ai 3 a + a 23 b + a 33 c. 

The expressions (15), (16), (16)' for $ are unique. Two equal dyadics which have 
the same three non-coplanar antecedents, a, b, c, have the same consequents A, 
B, C — these however need not be non-coplanar. And two equal dyadics which 
have the same three non-coplanar consequents 1, m, n, have the same three 
antecedents. 

102.] Definition: The symbolic product formed by the juxtaposition of two 
vectors a, b without the intervention of a dot or a cross is called the indetermi- 
nate product of the two vectors a and b. 

The reason for the term indeterminate is this. The two products a • b and 
a x b have definite meanings. One is a certain scalar, the other a certain 
vector. On the other hand the product ab is neither vector nor scalar — it is 
purely symbolic and acquires a determinate physical meaning only when used 
as an operator. The product ab does not obey the commutative law. It does 
however obey the distributive law (11) and the associative law as far as scalar 
multiplication is concerned (Art. 100). 

Theorem: The indeterminate product a b of two vectors is the most general 
product in which scalar multiplication is associative. 

The most general product conceivable ought to have the property that when 
the product is known the two factors are also known. Certainly no product 
could be more general. Inasmuch as scalar multiplication is to be associative, 
that is 

fl(ab) = (oa) b = a (ab) = (a'a) (a"b), 
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it will be impossible to completely determine the vectors a and b when their 
product ab is given. Any scalar factor may be transferred from one vector to 
the other. Apart from this possible transference of a scalar factor, the vectors 
composing the product are known when the product is known. In other words — 
Theorem: If the two indeterminate products a b and a' b' are equal, the 
vectors a and a', b and b' must be collinear and the product of the lengths of 
a and b (taking into account the positive or negative sign according as a and 
b have respectively equal or opposite directions to a' and b') is equal to the 
product of the lengths of a' and b'. 

Let 

a = ai i + a 2 j + a 3 k, 

b = b 1 i + b 2 j + b 3 k, 

a' = a[ i + a 2 j + a 3 k, 

Then 

ab = ai&i ii + a\b 2 ij + a\b 3 ik 
+ a 2 6iji + a 2 6 2 jj + a 2 6 3 jk 
+ a 3 &i k i + a 3 b 2 k j + a 3 b 3 k k. 
and 

a' b' = a[b[ i i + ai& 2 i j + a[b 3 i k 

+ a 2 &i j i + a' 2 b' 2 j j + a' 2 b' 3 j k 
+ a 3 b 1 k i + a 3 6 2 k j + a 3 b 3 k k. 

Since ab = a'b' corresponding coefficients are equal. Hence 

ai : a 2 : a 3 = a x : a 2 : a 3 , 

which shows that the vectors a and a' are collinear. 

And 

b\ : b 2 : b 3 = b[ : b' 2 : b 3 , 

which shows that the vectors b and b' are collinear. 

But 

a\b\ = a'-Ji'-^. 

This shows that the product of the lengths (including sign) are equal and the 
theorem is proved. 

The proof may be carried out geometrically as follows. Since ab is equal to 
a'b' 

a b • r = a' b' • r 

for all values of r. Let r be perpendicular to b. Then b • r vanishes and 
consequently b' • r also vanishes. This is true for any vector r in the plane 
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perpendicular to b. Hence b and b' are perpendicular to the same plane and 
are collinear. In like manner by sing ab as a postfactor a and a' are seen to be 
parallel. Also 

abb = a'b'b, 

which shows that the products of the lengths are the same. 

The indeterminate product ab imposes five conditions upon the vectors a 
and b. The directions of a and b are fixed and likewise the products of their 
lengths. The scalar product a • b, being a scalar quantity, imposes only one 
condition upon a and b. The vector product a x b, being a vector quantity 
imposes three conditions. The normal to the plane of a and b is fixed and also 
the area of the parallelogram of which they are the side. The nine indetermi- 
nate products (12) of i, j, k into themselves arc independent. The nine scalar 
products are not independent. Only two of them arc different. 

i - i = j - j = kk = 1, 

and 

ij=ji=jk = kj = ki = ik = 0. 

The nine vector products are not independent either; for 

ixi=jxj = kxk = 0, 
and 

i x j = — j x i, jxk = — k x j, k x i — — i x k. 

The two products ab and ax b obtained respectively from the indeterminate 
product by inserting a dot and a cross between the factors are functions of the 
indeterminate product. That is to say, when ab is given, a • b and a x b are 
determined. For these products depend solely upon the directions of a and b 
and upon the product of the length of a and b, all of which are known when 
ab is known. That is 

if ab = a' b', a • b = a' • b' and a x b = a' x b'. (17) 

It does not hold conversely that if a- b and a x b are known a b is fixed; for taken 
together a • b and a x b impose upon the vectors only four conditions, whereas 
ab imposes five. Hence ab appears not only as the most general product but 
as the most fundamental product. The others are merely functions of it. Their 
functional nature is brought out clearly by the notation of the dot and the cross. 
Definition: A scalar known as the scalar of $ may be obtained by inserting 
a dot between the antecedent and consequent of each dyad in a dyadic. This 
scalar will be denoted by a subscript S attached to &. 1 



1 A subscript dot might be used for the scalar of $ if it were sufficiently distinct and free 
for liability to misinterpretation. 
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If 

$ = &i bi + a 2 b 2 + a 3 b 3 -\ 

$ s = ai • bi + a 2 • b 2 + a 3 • b 3 -\ 

In like manner a vector known as the vector of $ may be obtained by inserting 
a cross between the antecedent and consequent of each dyad in <I>. This vector 
will be denoted by attaching a subscript cross to $. 

$ x = ai x bi + a 2 x b 2 + a 3 x b 3 -\ (19) 

If <I> be expanded in nonion form in terms of i, j, k, 

$s = an + «22 + d33, (20) 

$x = («23 - a 32 ) i + («3i - 013) j + (ai2 - 021) k. (21) 

Or 

$ s = i$i+j$j + k$k, (20)' 

$ x = (j $k-k$j)i 

+ (k$i-i$k)j (21)' 

+ (i.$.j-j.$.i)k. 

In equations (20) and (21) the scalar and vector of $ are expressed in terms of 
the coefficients of $ when expanded in the nonion form. Hence if $ and \I/ are 
two equal dyadics, the scalar of $ is equal to the scalar of ^ and the vector of 
$ is equal to the vector of *&. 

If 

$ = *, $ s = * s and $ x = * x . (22) 

From this it appears that $5 and $ x are functions of $ uniquely determined 
when $ is given. They may sometimes be obtained more conveniently from (20) 
and (21) than from (18) and (19), and sometimes not. 

Products of Dyadics 

103.] In giving the definitions and proving the theorems concerning products 
of dyadics, the dyad is made the underlying principle. That is true for the dyad 
is true for the dyadic in general owing to the fact that dyads and dyadics obey 
the distributive law of multiplication. 

Definition: The direct product of the dyad a b into the dyad c d is written 

(ab)-(cd) 

and is by definition equal to the dyad (b • c) ad. 

(ab)-(cd) =a(bc)d = bcad. 1 (23) 



The parentheses may be omitted in each of these three expressions. 
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That is, the antecedent of the first and the consequent of the second dyad are 
taken for the antecedent and consequent respectively of the product and the 
whole is multiplied by the scalar product of the consequent of the first and the 
antecedent of the second. 

Thus the two vectors which stand together in the product 

(ab)-(cd) 

are multiplied as they stand. The other two are left to form a new dyad. The 
direct product of two dyadics may be defined as the formal expansion (according 
to the distributive law) of the product into a sum of products of dyads. Thus if 



and 



<f> = (ai bi + a 2 b 2 + a 3 b 3 -\ ) 

* = (d di + c 2 d 2 + c 3 d 3 + • • • ) 

$ • * = (ai bi + a 2 b 2 + a 3 b 3 -\ )• 

(ci di + c 2 d 2 + c 3 d 3 H ) 

= ai bi • ci di + ai bi • c 2 d 2 + ai bi • c 3 d 3 H 

+ a 2 b 2 • ci di + a 2 b 2 • c 2 d 2 + a 2 b 2 • c 3 d 3 -\ 

+ a 3 b 3 • ci di + a 3 b 3 • c 2 d 2 + a 3 b 3 • c 3 d 3 -\ 

H 

$ • * = bi • ci ai di + bi • c 2 ai d 2 + bi • c 3 ai d 3 + 
+ b 2 • ci a 2 di + b 2 • c 2 a 2 d 2 + b 2 • c 3 a 2 d 3 + 
+ b 3 • ci a 3 dx + b 3 • c 2 a 3 d 2 + b 3 • c 3 a 3 d 3 + ■ 



(23) 



(23)' 



The product of two dyadics <& and \& is a dyadic $ • \I/. 

Theorem: The product $ • \1/ of two dyadics <£> and Vt when regarded as an 
operator to be used as a prefactor is equivalent to the operator ^ followed by 
the operator $. 



Let 

To show 

or 



fl = $•*. 



n ■ r = $■(*■ r), 



($•*) r = $• (*-r), (24) 

Let ab be any dyad of $ and c d any dyad of "P. 

(a b • c d) • r = b • c(a d • r) = (b • c) (d • r) a, 
a b • (c d • r) = a b • c (d • r) = (b • c) (d • r) a, 
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Hence 

(abed) • r = ab • (cd • r). 

The theorem is true for dyads. Consequently by virtue of the distributive law 
it holds true for dyadics in general. 

If r denote the position vector drawn from an assumed origin to a point 
P in space, r' = vf • r will be the position vector of another point P' , and 
r" = $ • ($ . r) will be the position vector of a third point P". That is to say, *$> 
defines a transformation of space such that the points P go over into the points 
P' . $ defines a transformation of space such that the points P' go over into the 
points P". Hence ^ followed by $ carries P into P" . The single operation $ • ^ 
also carries P into P" . 

Theorem: Direct multiplication of dyadics obeys the distributive law. That 
is 

$•(* + *') = $•* + $•*' 

and 

($' + $)• * = $'•* + $• f (25) 

Hence in general the product 

($ + $' + $" + •■•)•(* + *' + f" + • • • ) 

may be expanded formally according to the distributive law. 

Theorem: The product of three dyadics $, ^ , f2 is associative. That is 

($•*)• fl = $•(*• O) (26) 

and consequently either product may be written without parentheses, as 

$ • * • ft. (26)' 

The proof consists in the demonstration of the theorem for tree dyads ab, cd, 
ef taken respectively from the three dyadics $, $>, CI. 

(abcd)ef = (bc)adef = (b • c) (d • e)af, 
ab- (cd-ef) = (de)abcf = (d • e) (b • c)af. 

The proof may also be given by considering $, \I/, CI as operators 

{($•*) fl}r = ($■*) • (fi-r). 
Let 

fl ■ r = r' 
{($■#)■ fi} ■ r = ($■*)■ r' = $ •(# • r'). 
Let 

* • r = r", 
{($•*) ■fi}.r = $-r" = r / ". 



' -- r". 
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Again 

{$■(#■ ft)} ■ r = $■[(#■ ft) ■ r] 
(* • ft) • r = * • (ft • r) = * • r' = r' 
{$■(*■ ft)} • r = $•[*• r'] = $ • r" = r 

Hence 

{($•*) -ft} r= {$• (#-ft)}-r 

for all values of r. Consequently 

($•*) -ft = $• (tf -ft). 

The theorem may be extended by mathematical induction to the case of any 
number of dyadics. The direct product of any number of dyadics is associative. 
Parentheses may be inserted or omitted at pleasure without altering the result. 

It was shown above (24) that 

($•*)• r = $•(*• r) = $ • * • r. (24)' 

Hence the product of two dyadics and a vector is associative. The theorem 
is true in case the vector precedes the dyadics and also when the number of 
dyadics is greater than two. But the theorem is untrue when the vector occurs 
between the dyadics. The product of a dyadic, a vector, and another dyadic is 
not associative. 

($-r) ■#?£$■ ( r -$) (27) 

Let ab be a dyad of 4>, and c d be a dyad of ^. 

(ab • r) • cd = b • r (a • cd) = (b • r) (a • c) d, 
a b • (r • c d) = a b • d (r • c) = (b • d) (r • c) a 



Hence 



(a b • r) • c d 7^ a b • (r • c d) 



The results of this article may be summed up as follows: 

Theorem: The direct product of any number of dyadics or of any number of 
dyadics with a vector factor at either end or at both ends obeys the distributive 
and associative laws of multiplication — parentheses may be inserted or omitted 
at pleasure. But the direct product of any number of dyadics with a vector 
factor at some other position than at either end is not associative — parentheses 
are necessary to give the expression a definite meaning. 

Later it will be seen that by making use of the conjugate dyadics a vector 
factor which occurs between other dyadics may be placed at the end and hence 
the product may be made to assume a form in which it is associative. 



207 



104.] Definition: The skew products of a dyad ab into a vector r and of 
a vector r into a dyad a b are denned respectively by the equations 

(ab)xr = a(bxr), 
r x (ab) = (r x a) b. 

The skew product of a dyad and a vector at either end is a dyad. The obvious 
extension to dyadics is 

$ x r = (a! h t + a 2 b 2 + a 3 b 2 + • • • ) x r 

= ai bi x r + a 2 b 2 x r + a 3 b 3 x r + • • • 

(28) 
r x $ = r x (ai bi + a 2 b 2 + a 3 b 3 H ) 



= r x a! hx + r x a 2 b 2 + r x a 3 b 3 + • • ■ 

Theorem: The direct product of any number of dyadics multiplied at either 
end or at both ends by a vector whether the multiplication be performed with a 
cross or a dot is associative. But in case the vector occurs at any other position 
than the end the product is not associative. That is, 

(r x $) • * = r x ($ • *) = r x $ • *, 
($ • *) x r = $ • (* x r) = $ • * x r 

(r x <f>) • s = r x ($ • s) = r x $ • s, (29) 

r • ($ x s) = (r • $) x s = r • $ x s, 
r x ($ x s) = (r x $) x s = r x <f> x s. 
but 

*'(rx$)/($'r)x$. 

Furthermore the expression 

s • r x $ and $ x r • s 
can have no other meaning than 



s-rx$ = s-(rx $), 
<f> x r • s = ($ x r) • s, 



(30) 



since the product of a dyadic $ with a cross into a scalar s • r is meaningless. 
Moreover since the dot and the cross may be interchanged in the scalar triple 
product of three vectors it appears that 

s • r x $ = (s x r) • $, 

$ x r • s = <f> • (r x s), (31) 

and 

$ • (r x *) = ($ x r) • *. 
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The parentheses in the following expressions cannot be omitted without incur- 
ring ambiguity. 

<f> • (r x s) 7^ ($ • r) x s, 

(s x r) • $ ^s x (r • $), (31)' 

(<J> • r) x * ^ $ x (r • *). 
The formal skew product of two dyads a b and c d would be 

(ab) x (cd) = a(b x c) d. 

In this expression three vectors a, b x c, d are placed side by side with no sign 
of multiplication uniting them. Such an expression 

rst (32) 

is called a triad; and a sum of such expressions, a triadic. The theory of triadics 
is intimately connected with the theory of linear dyadic functions of a vector, just 
as the theory of dyadics is connected with the theory of linear vector functions 
of a vector. In a similar manner by going a step higher tetrads and tetradics may 
be formed, and finally polyads and polyadics. But the theory of these higher 
combinations of vectors will not be taken up in this book. The dyadic furnishes 
about as great a generality as is ever called for in practical applications of vector 
methods. 

Degrees of Nullity of Dyadics 

105.] It was shown (Art. 101) that a dyadic could always be reduced to a 
sum of three terms at most, and this reduction can be accomplished in only one 
way when the antecedents or the consequents are specified. In particular cases 
it may be possible to reduce the dyadic further to a sum of two terms or to a 
single term or to zero. Thus let 

$ = al + bm + cn. 

If 1, m, n are coplanar one of the three may be expressed in terms of the other 
two as 

1 = im + yn. 
Then 

$ = a xm + ayn + bm + cn, 

$ = (a x + b) m + (a y + c) n. 

The dyadic has been reduced to two terms. If 1, m, n were all collinear the 
dyadic would reduce to a single term and if they all vanished the dyadic would 
vanish. 

Theorem: If a dyadic $ be expressed as the sum of three terms 

$ = al + bm + en 
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of which the antecedents a, b, c are known to be non-coplanar, then the dyadic 
may be reduced to the sum of two dyads when and only when the consequents 
are coplanar. 

The proof of the first part of the theorem has just been given. To prove the 
second part suppose that the dyadic could be reduced to a sum of two terms 

$ = dp + eq 

and that the consequents 1, m, n of $ were non-coplanar. This supposition 

leads to a contradiction. For let 1', m', n' be the system reciprocal to 1, m, n. 

That is, 

,. mxn . nxl . lxm 

1 = m = n = . 

[lmn] ' [lmn] ' [lmn] 

The vectors 1', m', n' exist and are non-coplanar because 1, m, n have been 
assumed to be non-coplanar. Any vector r may be expressed in terms of them 

as 

r = xl' + jim' + zvl , 
<f>r = (al + bm + cn)- (xY + ym' + zn') . 
But 

1 • 1' = m • m' = n • n' = 1, 
and 

1 • m' = 1' • m = m • n' = m' • n = n • 1' = n' • 1 = 0. 
Hence 

$ • r = xa + yh + zc. 

By giving to r a suitable value the vector $ • r may be made equal to any vector 
in space. 

But 

$ • r = (dp + eq) • r = d (p • r) + e (q • r) . 

This shows that <f> • r must be coplanar with d and e. Hence $ • r can take on 
only those vector values which lie in the plane of d and e. Thus the assumption 
that 1, m, n are non-coplanar leads to a contradiction. Hence 1, m, n must be 
coplanar and the theorem is proved. 

Theorem: If a dyadic $ be expressed as the sum of three terms 

$ = al + bm + cn, 

of which the antecedents a, b, c are known to be non-coplanar, the dyadic $ 
can be reduced to a single dyad when and only when the consequents 1, m, n 
are collincar. 
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The proof of the first part was given above. To prove the second part suppose 
$ could be expressed as 

<f> = dp. 

Let 

$ = $xp = dpxp = d0 = 0, 
<3> = alxp + bmxp + cnxp. 

From the second equation it is evident that "J/ used as a postfactor for any vector 

r = xa! + yh' + zc' , 

where a', b', c' is the reciprocal system to a, b, c gives 

r • $ = ,il x p + ym x p + zn x p. 

From the first expression 

r-0 = 0. 
Hence 

xl x p + ym xp + znxp 

must be zero for every value of r, that is, for every value of x, y, z. Hence 

1 x p = 0, mxp = 0, nxp = 0. 

Hence 1, m, n are all parallel to p and the theorem has been demonstrated. 

If the three consequents 1, m, n had been known to be non-coplanar in- 
stead of the three antecedents, the statement of the theorems would have to 
be altered by interchanging the words antecedent and consequent throughout. 
There is a further theorem dealing with the case in which both antecedents and 
consequents of 4> are coplanar. Then $ is reducible to the sum of two dyads. 

106.] Definition: A dyadic which cannot be reduced to the sum of fewer 
than three dyads is said to be complete. A dyadic which may be reduced to the 
sum of two dyads, but which cannot be reduced to a single dyad is said to be 
planar. In case the plane of the antecedents and the plane of the consequents 
coincide when the dyadic is expressed as the sum of two dyads, the dyadic is 
said to be uniplanar. A dyadic which may be reduced to a single dyad is said 
to be linear. In case the antecedent and consequent of that dyad are collinear, 
the dyadic is said to be unilinear. If a dyadic may be so expressed that all of 
its terms vanish the dyadic is said to be zero. In this case the nine coefficients 
of the dyadic as expressed in nonion form must vanish. 

The properties of complete, planar, uniplanar, linear, and unilinear dyadics 
when regarded as operators are as follows. Let 

s = $ • r and t = r • $. 
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If <£> is complete s and t may be made to take on any desired value by giving r 
a suitable value. 

$ = al + bm + cn. 

As $ is complete 1, m, n are non-coplanar and hence have a reciprocal system 
1', m', n'. 

s = <f> • (xY + ym' + zn') = x& + yh + zc. 

In like manner a, b, c possess a system of reciprocals a', b', c'. 

t = (xY + jim' + zn') • $ = x\ + ym + zn. 

A complete dyadic $ applied to a vector r cannot give zero unless the vector r 
itself is zero. 

// $ is planar the vector s may take on any value in the plane of the an- 
tecedents andt any value in the plane of the consequents o/$; but no values out 
of those planes. The dyadic Phi when used as a prefactor reduces every vector 
r in space to a vector in the plane of the antecedents. In particular any vector 
r perpendicular to the plane of the consequents of $ is reduced to zero. The 
dyadic $ used as a postfactor reduces every vector r in space to a vector in the 
plane of the consequents of <J>. In particular a vector perpendicular to the plane 
of the antecedents of $ is reduced to zero. In case the dyadic is uniplanar the 
same statements hold. 

//$ is linear the vectors may take on any value collinear with the antecedent 
o/$ and t any value collinear with the consequent o/$; but no other values. The 
dyadic $ used as a prefactor reduces any vector r to the line of the antecedent of 
<J>. In particular any vectors perpendicular to the consequent of $ are reduced 
to zero. The dyadic $ used as a postfactor reduces any vector r to the line of 
the consequent of $. In particular any vectors perpendicular to the antecedent 
of <£> are thus reduced to zero. 

If & is a zero dyadic the vectors s and t are both zero no matter what the 
value of r may be. 

Definition: A planar dyadic is said to possess one degree of nullity. A linear 
dyadic is said to possess two degrees of nullity. A zero dyadic is said to possess 
three degrees of nullity or complete nullity. 

107.] Theorem: The direct product of two complete dyadics is complete; 
of a complete dyadic and a planar dyadic, planar; of a complete dyadic and a 
linear dyadic, linear. 

Theorem: The product of two planar dyadics is planar except when the 
plane of the consequent of the first dyadic in the product is perpendicular to 
the plane of the antecedent of the second dyadic. In this case the product 
reduces to a linear dyadic — and only in this case. 

Let 

$ = aibi +a 2 b 2 , 

* = cidi +c 2 d 2 , 

= $-*. 



212 



The vector s = $ • r takes on all the values in the plane of Ci and c 2 

s = xci +yc 2 . 
The vector s' = *£> ■ s takes on the values 

s' = * • s = x(hx ■ ci) ai + y(bi • c 2 ) ai 
+ x(b 2 ■ ci) a 2 + j/(b 2 • c 2 ) a 2 , 
s' = {x(bi • ci) + y(bi • c 2 )} a x + {x(b 2 • ci) + y(b 2 • c 2 )} a 2 . 
Let 

s' = x'ai + y'a 2 
where 

x' = x(bx -ci) + y(bi • c 2 ), 
and 

y' = x(b 2 -ci) +y(b 2 • c 2 ). 

These equations may always be solved for x and y when any desired values x' 
and y' are given — that is, when s' has any desired value in the plane of ai and 
a 2 — unless the determinant 



t>i . ci h x ■ c 2 
b 2 ■ ci b 2 • c 2 



0. 



But by (25), Chap. II., this is merely the product 

(bi x b 2 ) • (ci x c 2 ) = 0. 

The vector (bi x b 2 ) is perpendicular to the plane of the consequents of <f>; and 
(ci x c 2 ), to the plane of the antecedents of ty. Their scalar product vanishes 
when and only when the vectors are perpendicular — that is, when the planes 
are perpendicular. Consequently s' may take on any value in the plane of ai 
and a 2 and $ • W is therefore a planar dyadic unless the planes of bi and b 2 , Ci 
and c 2 are perpendicular. If however bi and b 2 , Ci and c 2 are perpendicular s' 
can take on only values in a certain line of the plane of ai and a 2 , and hence 
$ • ty is linear. The theorem is therefore proved. 

Theorem: The product of two linear dyadics is linear except with the con- 
sequent of the first factor is perpendicular to the antecedent of the second. In 
this case the product is zero — and only in this case. 

Theorem: The product of a planar dyadic into a linear is linear except 
when the plane of the consequents of the planar dyadic is perpendicular to the 
antecedent of the linear dyadic. In this case the product is zero — and only in 
this case. 

Theorem: The product of a linear dyadic into a planar dyadic is linear 
except when the consequent of the linear dyadic is perpendicular to the plane 
of the antecedents of the planar dyadic. In this case the product is zero — and 
only in this case. 
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It is immediately evident that in the cases mentioned the products do reduce 
to zero. It is not quite so apparent that they can reduce to zero in only those 
cases. The proofs are similar to the one given above in the case of two planar 
dyadics. They are left to the reader. The proof of the first theorem stated, page 
211, is also left to the reader. 

The Idemfactor; 1 Reciprocals and Conjugates of Dyadics 

108.] Definition: If a dyadic applied as a prefactor or as a postfactor to any 
vector always yields that vector the dyadic is said to be an idemfactor. That is 

if $ • r = r for all values of r, 
or if r • $ = r for all values of r, 

then $ is an idemfactor. The capital I is used as the symbol for an idemfactor. 
The idemfactor is a complete dyadic. For there can be no direction in which I • r 
vanishes. 

Theorem: When expressed in nonion form the idemfactor is 

I = ii+jj + kk. (33) 

Hence all idemfactors are equal. 

To prove that the idemfactor takes the form (33) it is merely necessary to 
apply the idemfactor I to the vectors i, j, k respectively. Let 

I = anii + ai2ij + a i3 ik 
+ a 2 iji + a 2 2Jj + a23Jk 
+ a 3 i k i + a 32 k j + a 33 k k. 
I • i = aui + a 2 i j + a 3i k. 
If 

I i = i, 
an = 1 and a 2 i = a 3 i = 0. 

In like manner it may be shown that all the coefficients vanish except an, a 22 , 
a 33 all of which are unity. Hence 

I = ii+jj + kk. (33) 

Theorem: The direct product of any dyadic and the idemfactor is that 
dyadic. That is, 

$ • I = $ and I • $ = $. 

For 

($ • I) • r = $ • (I • r) = $ • r, 



1 In the theory of dyadics the idemfactor I plays a role analogous to unity in ordinary 
algebra. The notation is intended to suggest this analogy. 



(34) 
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no matter what the value of r may be. Hence, page 197, 

$1 = $. 

In like manner it may be shown that I • $ = <J>. 

Theorem: If a', b', c' and a, b, c be two reciprocal systems of vectors the 
expressions 

I = a a' + bb' + cc', 

I = a' a + b' b + c' c 

are idemf actors. 

For by (30) and (31) Chap. II., 

r = raa' + rbb' + rcc', 
and 

r = r • a' a + r • b' b + r • c' c. 

Hence the expressions must be idemfactors by definition. 
Theorem: Conversely if the expression 

$ = al + bm + cn. 

is an idemfactor 1, m, n must be the reciprocal system of a, b, c. 

In the first place since $ is the idemfactor, it is a complete dyadic. Hence 
the antecedents a, b, c are non-coplanar and possess a set of reciprocals a', b', 
c'. Let 

r = xa! + yh' + zc' . 
By hypothesis 

r • $ = r. 

Then 

r • $ — x\ + ym + zn = xa' + yh' + zc' 

for all values of r, that is, for all values of x, y, z. Hence the corresponding 
coefficients must be equal. That is, 

1 = a', m = b', n = c'. 

Theorem: If $ and "J be any two dyadics, and if the product $ • ty is equal 
to the idemfactor; 1 then the product vp • <I>, when the factors are taken in the 
reversed order, is also equal to the idemfactor. 

Let 

$•* = !. 



1 This necessitates both the dyadics <& and \1/ to be complete. For the product of two 
incomplete dyadics in incomplete and hence could not be equal to the idemfactor. 
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To show 

* • $ = I. 

r •($•*)= r • I = r, 
r ■($■*)■$ = r ■ $, 

r •($•*)•$ = (r •$)•(*•$) = r • $. 

This relation holds for all values of r. As <& is complete r • $ must take on all 
desired values. Hence by definition 

* • $ = I. 

If the product of two dyadics is an idemfactor, that product may be taken in 
either order. 

109.] Definition: When two dyadics are so related that their product is 
equal to the idemfactor, they are said to be reciprocals. 1 The notation used for 
reciprocals in ordinary algebra is employed to denote reciprocal dyadics. That 
is, 

if 

$-* = I, $ = # _1 = - and * = $ _1 = -. (35) 

Theorem: Reciprocals of the same or equal dyadics are equal. 
Let $ ad ^ be two given equal dyadics, $ _1 ad \I/ _1 their reciprocals as 
defined above. By hypothesis 

$ = *, 



and 

To show 

As 



Hence 



$-$ _1 =1, 



4--*- 1 =1. 



$ _1 = * _1 . 

$ . $-! = I = Vp . Vp- 1 . 



$ = *, $-<f> 1 =$-* 1 , 
$-! . $ . (J)- 1 = $-! . $ . ty -1 , 

&- 1 $ = I, 

I . $ _1 — $ _1 = I . v]/- 1 = v]/- 1 
$ _1 = v]/^ 1 . 



An incomplete dyadic has no (finite) reciprocal. 
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The reciprocal of $ is the dyadic whose antecedents are the reciprocal system 
to the consequents of $ and whose consequents are the reciprocal system to the 
antecedents of $. 

If a complete dyadic $ be written in the form 

$ = al + bm + cn, 

its reciprocal is 

$ _1 =l'a' + m'b' + n'c'. (36) 

For 

(al + bm + cn) • (IV + m'b' + n'c') = aa' + bb' Ice'. 

Theorem: If the direct products of a complete dyadic <!> into two dyadics "J 
and Cl are equal as dyadics then \& and Q are equal. If the product of a dyadic 
$ into two vectors r and s (whether the multiplication be performed with a dot 
or a cross) are equal, then the vectors r and s are equal. That is, 

if $•* = $• fl, then * = fl, 

and if $ • r = $ • s, then r = s, (37) 

and if $ x r = $ x s, then r = s. 

This may be seen by multiplying each of the equations through by the re- 
ciprocal of $, 

$-! . $ . $ = x& = $-! . $ . Q = fi ; 

$-! . $ . r = r = $-! • $ • s = s, 
<f> _1 -$xr = Ixr = $ _1 • $ x s = I x s. 

To reduce the last equation proceed as follows. Let t be any vector, 

t-Ixr = t-Ixs, 
t -1 = t. 

Hence 

t x r = t x s. 

As t is any vector, r is equal to s. 

Equations (37) give what is equivalent to the law of cancellation for complete 
dyadics. Complete dyadics may be cancelled from either end of an expression 
just as if they were scalar quantities. The cancellation of an incomplete dyadic 
is not admissible. It corresponds to the cancellation of a zero factor in ordinary 
algebra. 
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110.] Theorem: The reciprocal of the product of any number of dyadics is 
equal to the product of the reciprocals taken in the opposite order. 

It will be sufficient to give the proof for the case in which the product consists 
of two dyadics. To show 

$ . lj/ . Xp- 1 . (J)- 1 = $ . (Vp . Vp- 1 ) . Cj)- 1 = $ . (J)- 1 = I. 

Hence 

($.$). (tf- 1 .$-1) = 1. 

Hence $ • \& and Vt -1 • $ _1 must be reciprocals. That is, 

($.$)-! =q- 1 •$-!. (38) 

The proof for any number of dyadics may be given in the same manner or 
obtained by mathematical induction. 

Definition: The products of a dyadic $, taken any number of times, by itself 
are called powers of $ and are denoted in the customary manner. 

$ • $ = $ 2 , 
$.$.$ = $• $ 2 = $ 3 

and so forth. 

Theorem: The reciprocal of a power of $ is the power of the reciprocal of 
$. 

($«)-i = ($-!)« = $-" (37) 

The proof follows immediately as a corollary of the preceding theorem. The 
symbol <J>~™ may be interpreted as the nth power of the reciprocal of $ or as 
the reciprocal of the nth power of $. 

If $ be interpreted as an operator determining a transformation of space, 
the positive powers of $ correspond to repetitions of the transformations. The 
negative powers of $ correspond to the inverse transformations. The idemfactor 
corresponds to the identical transformation — that is, no transformation at all. 
The fractional and irrational powers of $ will not be defined. They are seldom 
used and are not single- valued. For instance the idemfactor I has the two square 
roots ±1. But in addition to these it has a doubly infinite system of square roots 
of the form 

$ = -ii+jj + kk. 

Geometrically the transformation 

r' = $ • r 

is a reflection of space in the jk-plane. This transformation replaces each figure 
by a symmetrical figure, symmetrically situated upon the opposite side of the 
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jk-plane. The transformation is sometimes called perversion. The idcmfactor 
has also a doubly infinite system of square roots of the form 

* = ii-jj-kk. 

Geometrically the transformation 

r' = * • r 

is a reflection in the i-axis. This transformation replaced each figure by its 
equal rotated about the i-axis through an angle of 180°. The idemfactor thus 
possesses not only two square roots; but in addition two doubly infinite systems 
of square roots; and it will be seen (Art. 129) that these are by no means all. 

111.] The conjugate of a dyadic has been defined (Art. 99) as the dyadic 
obtained by interchanging the antecedents and consequents of a given dyadic 
and the notation of a subscript C has been employed. The equation 

r • $ = $ c • r (9) 

has been demonstrated. The following theorems concerning conjugates are use- 
ful. 

Theorem: The conjugate of the sum or difference of two dyadics is equal to 
the sum or difference of the conjugates, 

($±*) c = $ c ±* c . 

Theorem: The conjugate of a product of dyadics is equal to the product of 
the conjugates taken in the opposite order. 

It will be sufficient to demonstrate the theorem in case the product contains 
two factors. To show 

($ . y) c = * c . $ c? (40) 

($ . ij/) c . r = r ■($■*) = (r ■$)■ *, 

r • $ = $ c • r, 
( r . $) . v]/ = \S> C . ( r • $) = \f/ c ■ $ c • r 
Hence 

Theorem: The conjugate of the power of a dyadic is the power of the con- 
jugate of the dyadic. 

($«) c = ($ c )« = $« . (41) 

This is a corollary of the foregoing theorem. The expression $£, may be inter- 
preted in either of two equal ways. 

Theorem: The conjugate of the reciprocal of a dyadic is equal to the recip- 
rocal of the conjugate of the dyadic. 

( $-i) c = ( $ c )-i=$-i. (42) 
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($-!) c . $ c = ($ . $-!) c = I c = I. 

The idemfactor is its own conjugate as may be seen from the nonion form. 

I = ii+jj + kk 

($-i) c . $ c = I. 

Hence 

($ c )-i . $ c = ($-i) c . $ c . 

Hence 

The expression $^ may therefore be interpreted in either of two equivalent 
ways — as the reciprocal of the conjugate or as the conjugate of the reciprocal. 
Definition: If a dyadic is equal to its conjugate, it is said to be self- conjugate. 
If it is equal to the negative of its conjugate, it is said to be anti-self-conjugate. 
For seZ/-conjugatc dyadics 

r • $ = $ • r, <f> = $ C - 

For anti-self-conjugate dyadics 

r • <J> — -$ • r, <f> = -$c- 

Theorem: Any dyadic may be divided in one and only one way into two 
parts of which one is self-conjugate and the other anti-self-conjugatc. 



For 

$ = I($ + $ C ) + I($_$ C ). (43) 

But 

($ + $ c ) c = $ c + $ cc = $ c + $, 
and 

($ - $ c ) c = $ c - $ cc = $ c - $. 

Hence the part ^($ + $c) is self-conjugate; and the part |($ — $c), anti-self- 
conjugate. Thus the division has been accomplished in one way. Let 



l($ + $ c ) = <j>' 



and 

1 



2 ($-$c) = *" 
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Suppose it were possible to decompose $ in another way into a self-conjugate 
and an anti-self-conjugate part. Let then 

$ = ($' + ft) + ($"-ft). 
Where 

(*' + ft) = (*' + ft) c = $'c + ftc = *' + fie- 

Hence if ($' + ft) is self-conjugate, ft is self-conjugate. 

-($" - ft) = ($" - ft) c = $" c - ft c = -*" c - ft c . 

Hence if ($" — ft) is anti-self-conjugate ft is anti-self-conjugate. 

ft = ft c , ft = -ft c . 

Any dyadic which is both self-conjugate and anti-self-conjugate is equal to its 
negative and consequently vanishes. Hence ft is zero and the division of $ into 
two parts is unique. 

Anti- self- conjugate Dyadics. The Vector Product 
112.] In case $ is any dyadic the expression 

$" = I($_$ C ) 

gives the anti-self-conjugate part of $. If $ should be entirely anti-self-conjugate 
$ is equal to $". Let therefore <&" be any anti-self-conjugate dyadic, 

$" = i($-$ c ). 

Suppose 

$ = al + bm + cn, 

$ <fr c = alla + bmmb + cn — nc, 

2<J>" ■ r = a 1 ■ r — la-r + bm-r — mb-r + cn-r — nc-r, 

But 

al • r — la • r = —(a x 1) x r, 
bm • r — mb • r = (a x 1) x r, 
en • r — nc • r = (a x 1) x r. 
Hence 

$" • r = — - (a x 1 + b x m + c x n) x r. 

But by definition 

$v =axl + bxm + cxn. 



221 



Hence 

$"-r = -2 $ x x r, 

r • $" = $" c • r = -$" • r = -$ x x r = --r x $ x . 

The results may be stated in a theorem as follows. 

Theorem: The direct product of any anti-self-conjugate dyadic and the vec- 
tor r is equal to the vector product of minus one half the vector of that dyadic 
and the vector r. 

1, ^ 1 

($_$ c ). r = _ $ x xr, 

1 i (44) 

-r-($-$ c ) = --rx$ x . 

Theorem: Any anti-self-conjugate dyadic <&" possesses one degree of nullity. 
It is a uniplanar dyadic the plane of whose consequents and antecedents is 
perpendicular to <&", the vector of $. 

This theorem follows as a corollary from equations (44) 

Theorem: Any dyadic $ may be broken up into two parts of which one is 
self-conjugate and the other equivalent to minus one half the vector of $ used 
in cross multiplication. 

$ ■ r = $' ■ r <f> x x r, 



or symbolically 



$- = $'--i$ x x. (45) 



113.] Any vector c used in vector multiplication defines a linear vector 

function. For 

ex (r + s) = cxr + cxs. 

Hence it must be possible to represent the operator ex as a dyadic. This dyadic 
will be uniplanar with plane of its antecedents and consequents perpendicular 
to c, so that it will reduce all vectors parallel to c to zero. The dyadic may be 
found as follows 



By (31) 



Hence 



cxr = I-cxr = Ixc-r = (Ixc)-r. 

I • (c x I) = (I x c) • I, 

(I x c) • r = {(I x c) • 1} • r = {I • (c x I)} • r 

= I • (c x I) • r = (c x I) • r. 

c x r = (I x c) • r = (c x I) • r, 
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r x c = r • (I x c) = r • (c x I). (46) 



This may be stated in words. 

Theorem: The vector c used in vector multiplication with a vector r is equal 
to the dyadic I x c or c x I used in direct multiplication with r. If c precedes 
r the dyadics are to be used as prefactors; if c follows r, as postfactors. The 
dyadics I x c and c x I are anti-self-conjugate. 

In case the vector c is a unit vector the application of the operator ex to 
any vector r in a plane perpendicular to c is equivalent to turning r through a 
positive right angle about the axis c. The dyadic c x I or I x c where c is a 
unit vector therefore turns any vector r perpendicular to c through a right angle 
about the line c as an axis. If r were a vector lying out of a plane perpendicular 
to c the effect of the dyadic I x c or c x I would be to annihilate that component 
of r which is parallel to c and turn that component of r which is perpendicular 
to c through a right angle about c as axis. 

If the dyadic be applied twice the vectors perpendicular to r are rotated 
through two right angles. They are reversed in direction. If it be applied three 
times they are turned through three right angles. Applying the operator I x c or 
c x I four times brings a vector perpendicular to c back to its original position. 
The powers of the dyadic are therefore 

(Ix c) 2 = (c x I) 2 = -(I-cc), 

(I x c) 3 = (c x I) 3 = -I X c = -c X I, 

(47) 
(Ixc) 4 = (cxI) 4 = I-cc, 

(I x c) 5 = (c x I) 5 = I X C = C X I. 

It thus appears that the dyadic I x c or c x I obeys the same law as far as its 
powers are concerned as the scalar imaginary \f—\ in algebra. 

The dyadic Ixcorcxlisa quadrantal versor only for vectors perpendicular 
to c. For vectors parallel to c it acts as an annihilator. To avoid this effect and 
obtain a true quadrantal versor for all vectors r in space it is merely necessary 
to add the dyad c c to the dyadic I x c or c x I. 

If 

X = Ixc + cc = cxI + cc, 



X 2 = -I + 2cc, 

X 3 = -I x c + cc 

X 4 = I, X 5 = X. 



(48) 



The dyadic X therefore appears as a fourth root of the idemfactor. The quadran- 
tal versor X is analogous to the imaginary >/— I of a scalar algebra. The dyadic 
X is complete and consists of two parts of which I x c is anti-self-conjugate; and 
cc, self-conjugate. 



223 



114.] If i, j, k are three perpendicular unit vectors 

Ixi = ixl = kj— jk, 

Ixj=jxl = ik-ki, (49) 

Ixk = kxl=ji — ij, 

as may be seen by multiplying the idcmfactor 

I = ii+jj + kk 

into i, j, and k successively. These expressions represent quadrantal versors 
about the axis i, j, k respectively combined with annihilators along those axes. 
They are equivalent, when used in direct multiplication, to ix, jx, kx respec- 
tively, 

(Ixk) 2 = (kxl) 2 = -(ii+jj), 

(Ixk) 3 = (kxl) 3 = -(ji-ij), 

(Ixk) 4 = (kxl) 4 = ii+jj. 

The expression (I x k) 4 is an idcmfactor for the plane of i and j, but an anni- 
hilator for the direction k. In a similar manner the dyad kk is an idcmfactor 
for the direction k, but an annihilator for the plane perpendicular to k. These 
partial idemfactors are frequently useful. 

If a, b, c are any three vectors and a', b', c' the reciprocal system, 

aa' + bb' 

used as a prefactor is an idemfactor for all vectors in the plane of a and b, 
but an annihilator for vectors in the direction c. Used as a postfactor it is 
an idemfactor for all vectors, in the plane of a' and b', but an annihilator for 
vectors in the direction c'. In like manner the expression 

cc' 

used as a prefactor is an idcmfactor for vectors in the direction c, but for vectors 
in the plane of a and b it is an annihilator, Used as a postfactor it is an 
idemfactor for vectors in the direction c', but an annihilator for vectors in the 
plane of a' and b', that is, for vectors perpendicular of c. 

(ax b) x 1 = 1 x (ax b) = ba-ab. (50) 

For 

{(axb)xl}-r = (axb)xr = ba-r — a b • r = (b a ab) • r. 

The vector ax b in cross multiplication is therefore equal to the dyadic (b a— a b) 

in direct multiplication. If the vector is used as a prefactor the dyadic must be 

so used. 

(axb)xr = (ba- ab) • r, 

rx (a x b) = r • (b a — a b) . 

This is a symmetrical and easy form in which to remember the formula for 
expanding a triple vector product. 
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Reduction of Dyadics to Normal Form 

115.] Let $ be any complete dyadic and let r be a unit vector. Then the 
vector r' 

r ' = <j> . r 

is a linear function of r. When r takes on all values consistent with its being 
a unit vector — that is, when the terminus of r describes the surface of a unit 
sphere, — the vector r' varies continuously and its terminus describes a surface. 
This surface is closed. It is in fact an ellipsoid. 1 

Theorem: It is always possible to reduce a complete dyadic to a sum of three 
terms of which the antecedents among themselves and the consequents among 
themselves are mutually perpendicular. This is called the normal form of $. 

$ = ai'i + frj'j + ck'k. 

To demonstrate the theorem consider the surface described by 

r ' = <j> . r 

As this is a closed surface there must be some direction of r which makes r' a 
maximum or at any rate gives r' as great a value as it is possible for r' to take 
on. Let this direction of r be called i, and let the corresponding direction of 
r' — the direction in which r' takes on a value at least as great as any — be called 
a. Consider next all the values of r which lie in a plane perpendicular to i. The 
corresponding values of r' lie in a plane owing to the fact that <I> • r is a linear 
vector function. Of these values of r' one must be at least as great as any other. 
Call this b and let the corresponding direction of r be called j. Finally choose 
k perpendicular to i and j upon the positive side of plane of i and j. Let c be 
the value of r' which corresponds to r = k. Since the dyadic $ changes i, j, k 
into a, b, c it may be expressed in the form 

$ = ai + bj +ck. 

It remains to show that the vectors a, b, c as determined above are mutually 
perpendicular. 

r' = (a i + b j + c k) • r, 

dr' = (ai + bj + ck) • dr, 

r' • dr' = r' ■ a i • dr + r' • b j • dr + r' • ck • dr. 



lr This may be proved as follows: 

r' = $■!•, r = $~ 1 •!■' = r'-$ c ; 1 . 
Hence 

r • r = 1 = r' • (fc" 1 • -J-- 1 ) • r' = r' • * • r'. 

By expressing ty in nonion form, the equation r' • \]> • r' is seen to be of the second degree. 
Hence r' describes a quadric surface. The only closed quadric surface is the ellipsoid. 
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When r is parallel to i, r' is a maximum and hence must be perpendicular to 
dr' . Since r is a unit vector dr is always perpendicular to r. Hence when r is 
parallel to i 

r' • b j • dr + r' • c k • dr = 0. 

If further dr is perpendicular to j , r' • c vanishes, and if dr is perpendicular to 
k, r' ■ b vanishes. Hence when r is parallel to i, r' is perpendicular to both b 
and c. But when r is parallel to i, r' is parallel to a. Hence a is perpendicular 
to b and c. Consider next the plane of j and k and the plane of b and c. Let r 
be any vector in the plane of j and k. 

r' = (bj + ck)r, 

dr' = (bj + ck) • dr, 

r' ■ dr' = r' • b j • dr + r' ■ c k • dr. 

When r takes the value j, r' is a maximum in this plane and hence is perpen- 
dicular to dr' . Since r is a unit vector it is perpendicular to dr. Hence when r 
is parallel to j , dr is perpendicular to j , and 

r' • dr' = = r' • c k • dr. 

Hence r'-c is zero. But when r is parallel to j, r' takes the value b. Consequently 
b is perpendicular to c. 

It has therefore been shown that a is perpendicular to b and c, and that 
b is perpendicular to c. Consequently the three antecedents of $ arc mutually 
perpendicular. They may be denoted by i', j', k'. Then the dyadic $ takes the 
form 

$ = ai'i + frj'j + ck'k, (52) 

where a, b, c are scalar constants positive or negative. 

116.] Theorem: The complete dyadic $ may always be reduced to a sum 
of three dyads whose antecedents and whose consequents form a right-handed 
rectangular system of unit vectors and whose scalar coefficients are either all 
positive or all negative. 

$ = ±(ai'i + 6j'j + ck'k). (53) 

The proof of the theorem depends upon the statements made on page 14 
that if one or three vectors of a right-handed system be reversed the resulting 
system is left-handed, but if two be reversed the system remains right-handed. 
If then one of the coefficients in (52) is negative, the directions of the other 
two axes may be reversed. Then all the coefficients are negative. If two of the 
coefficients in (52) are negative, the directions of the two vectors to which they 
belong may be reversed and then the coefficients in <I> are all positive. Hence in 
any case the reduction to the form in which all the coefficients are positive or 
all arc negative has been performed. 



226 



As a limiting case between that in which the coefficients are all positive and 
that in which they are all negative comes the case in which one of them is zero. 
The dyadic then takes the form 

$ = ai'i + 6j'j (54) 

and is planar. The coefficients a and b may always be taken positive. By a proof 
similar to the one given above it is possible to show that any planar dyadic may 
be reduced to this form. The vectors i' and j' arc likewise perpendicular. 

It might be added that in case the three coefficients a, b, c in the reduction 
(53) are all different the reduction can be performed in only one way. If two 
of the coefficients (say a and b) are equal the reduction may be accomplished 
in an infinite number of ways in which the third vector k' is always the same, 
but the two vectors i', j' to which the equal coefficients belong may be any 
two vectors in the plane perpendicular to k. In all these reductions the three 
scalar coefficients will have the same values as in any one of them. If the three 
coefficients a, b, c are all equal when $ is reduced to a normal form (53), the 
reduction may be accomplished in a doubly infinite number of ways. The three 
vectors i', j', k' may be any right-handed rectangular system in space. In all 
of these reductions the three scalar coefficients are the same as in any one of 
them. These statements will not be proved. They correspond to the fact that 
the ellipsoid which is the locus of the terminus of r' may have three different 
principal axes or it may be an ellipsoid of revolution, or finally a sphere. 

Theorem: Any self-conjugate dyadic may be expressed in the form 

$ = ±(aii + 6jj + ckk) (55) 

where a, b, and c are scalars, positive or negative. 



Let 



Since 



$ = ai'i + 6j'j + ck'k, (52) 

$c = aii' + 6jj' + ckk', 
$ • $ c = a 2 i' i' + b 2 j' j' + c 2 k' k', 
$ c • * = a 2 ii + & 2 j j + c 2 kk. 

$ = $ c , 

$ • <J> C = $ c • $ = $ 2 . 

I = ii+jj + kk = i'i'+j'j' + k'k', 

$ 2 - a 2 I = (b 2 - a 2 )j' j' + (c 2 - a 2 )k' k', 

($ 2 - a 2 I) • i' = 

$ 2 - a 2 I = (b 2 - a 2 )j j + (c 2 - a 2 )kk, 

($ 2 - a 2 I) • i = 0. 
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If i and i' were not parallel ($ 2 — a 2 T) would annihilate two vectors i and i' 
and hence every vector in their plane. (<f> 2 — a 2 I) would therefore possess two 
degrees of nullity and be linear. But it is apparent that if a, b, c are different 
this dyadic is not linear. It is planar. Hence i and i' must be parallel. In like 
manner it may be shown that j and j', k and k' are parallel. The dyadic $ 
therefore takes the form 

$ = ai i + bj j + ck k 

where a, b, c are positive or negative scalar constants. 

Double Multiplication 1 

117.] Definition: The double dot product of two dyads is the scalar quantity 
obtained by multiplying the scalar product of the antecedents by the scalar 
product of the consequents. The product is denoted by inserting two dots 
between the dyads. 

ab:cd = acbd (56) 

This product evidently obeys the commutative law 

ab:cd = cd:ab, 

and the distributive law both with regard to the dyads and with regard to the 
vectors in the dyads. The double dot product of two dyadics is obtained by 
multiplying the product out formally according to the distributive law into the 
sum of a number of double dot products of dyads. 

If 
and 

$ : * = (ai bi + a 2 b 2 + a 3 b 3 -\ ) : (ci di + c 2 d 2 + c 3 d 3 -\ ) 



(56)' 



$ 





$ = ai bi + a 2 b 2 


+ a 3 b 3 + • 






* = Ci d x + c 2 d 2 


+ c 3 d 3 + • 




= (aib 


x + a 2 b 2 + a 3 b 3 -\ 


) : (ci dx + c 2 d 2 + 


= ai 


bx : ex dx + ax bx : c 2 


d 2 + ax bx : 


c 3 d 3 -+ 


+ a 2 b 2 : ci d x + a 2 b 2 : c 2 


d 2 + a 2 b 2 : 


c 3 d 3 + 


+ a 3 b 3 : ci di + a 3 b 3 : c 2 

-4- ■ ■ ■ 


d 2 + a 3 b 3 : 


c 3 d 3 -f 


d> = ai • 


cxbx • dx +a x • c 2 bx 


• d 2 + ax • c c 


sbx d 3 


+ a 2 • 


ex b 2 • dx + a 2 • c 2 b 2 


■ d 2 + a 2 • c 3 


b 2 • d 3 


+ a 3 • 


ex b 3 • dx + a 3 • c 2 b 3 


■ d 2 + a 3 • c 3 


b 3 d 3 



(56)' 



Definition: The double cross product of two dyads is the dyad of which the 
antecedent is the vector product of the antecedents of the two dyads and of 



lr The researches of professor Gibbs upon Double Multiplication are here printed for the 
first time. 
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which the consequent is the vector product of consequent of the two dyads. The 
product is denoted by inserting two crosses between the dyads 

ab*cd = a x cb x d. (57) 

This product also evidently obeys the commutative law 

ab * cd = cd* ab, 

and the distributive law both with regard to the dyads and with regard to the 
vectors of which the dyads are composed. The double cross product of two 
dyadics is therefore defined as the formal expansion of the product according to 
the distributive law into a sum of double cross products of dyads. 

If 

$ = a! b x + a 2 b 2 + a 3 b 3 + • • • 
and 

* = ci di + c 2 d 2 + c 3 d 3 H 

$ * * = (ai bi + a 2 b 2 + a 3 b 3 H ) * (ci di + c 2 d 2 + c 3 d 3 H ) 

= ai bi * ci di + ai bi ^ c 2 d 2 + ai bi ^ c 3 d 3 H 

+ a 2 b 2 * ci di + a 2 b 2 * c 2 d 2 + a 2 b 2 * c 3 d 3 -\ 

+ a 3 b 3 * ci di + a 3 b 3 * c 2 d 2 + a 3 b 3 * c 3 d 3 H 



$ ^ ^ = ai x ci bi x di + ai x c 2 bi x d 2 + ai x c 3 bi x d 3 + • 

+ a 2 x ci b 2 x di + a 2 x c 2 b 2 x d 2 + a 2 x c 3 b 2 x d 3 + • 
+ a 3 x C! b 3 x dj + a 3 x c 2 b 3 x d 2 + a 3 x c 3 b 3 x d 3 + • 



(57)' 



(57)' 



Theorem: The double dot and double cross products of two dyadics obey the 

commutative and distributive laws of multiplication. But the double products 

of more than two dyadics (whenever they have any meaning) do not obey the 

associative law. 

$ : \I> = * : $ 

$J* = $J$ (58) 

($*tf)*0^$*(#*fi). 

The theorem is sufficiently evident without demonstration. 
Theorem: The double dot product of two fundamental dyads is equal to 
unity or to zero according as the dyads are equal or different. 



ij 


: ij = 


= i 


ij ' 


J = 


= f 


ij : 


ki = 


= i 


kj 


• i = 


= 



Theorem: The double cross product of two fundamental dyads (12) is equal 
to zero if either the antecedents or the consequents are equal. But if neither 
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antecedents nor consequents are equal the product is equal to one of the funda- 
mental dyads taken with a positive or a negative sign. That is 

ij*ij = ix ij x j = 
ij *ki — i x kj x i = +j k. 

There exists a scalar triple product of three dyads in which the multiplica- 
tions are double. Let $, ty, fi be any three dyadics. The expression 

$** : n 

is a scalar quantity. The multiplication with the double cross must be performed 
first. This product is entirely independent of the order in which the factors are 
arranged or the position of the dot and crosses. Let ab, cd, and ef be three 
dyads, 

ab*cd : ef = [ace] [bdf]. (59) 

That is, the product of three dyads united by a double cross and a double dot is 
equal to the product of the scalar triple product of the three antecedents by the 
scalar triple product of the three consequents. From this the statement made 
above follows. For if the dots and crosses be interchanged or if the order of the 
factors be permuted cyclicly the two scalar triple products are not altered. If 
the cyclic order of the factors is reversed each scalar triple product changes sign. 
Their product therefore is not altered. 

118.] A dyadic $ may be multiplied by itself with double cross. Let 

$ = al + bm + en 
$ * $ = (al + bm + cn)*(al + bm + cn) 

= axalxl + axblxm + axclxn 

+ bxamxl + bxbmxm + bxcmxn 

+ cxanxl + cxbnxm + cxcnxn. 

The products in the main diagonal vanish. The others are equal in pairs. Hence 
$*<j> _ 2(b xcmxn + cxanxl + axblxm). (60) 

If a, b, c and 1, m, n are non-coplanar this may be written 

$*$= T ^ r(a'l' + b'm' + c'n'). (60)' 

[a'b'c'] [l'm'n'] V ' V ' 

The product $ * $ is a species of power of $. It may be regarded as a square 
of $. The notation $2 will be employed to represent this product after the 
scalar factor 2 has been stricken out. 

$2 = — 5 — = (b x cm x n + c x an x 1 + a x bl x m) (61) 
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The triple product of a dyadic <I> expressed as the sum of three dyads with 
itself twice repeated is 

$*$ : $ = 2$ 2 : $ 

$ 2 :$ = (bxcmxn + cxanxl|axblxm):(al|bm|cn). 

In expanding this product every term in which a letter is repeated vanishes. For 
a scalar triple product of three vectors two of which are equal is zero. Hence 
the product reduces to three terms only 

$ 2 : $ = [bca] [mnl] + [cab] [nlm] + [abc] [lmn] 
or 

$2 : $ = 3[abc] [lmn] 
$ * <f> : $ = 6[abc] [lmn]. 

The triple product of a dyadic by itself twice repeated is equal to six times 
the scalar triple product of its antecedents multiplied by the scalar triple product 
of its consequents. The product is a species of cube. It will be denoted by $3 
after the scalar factor 6 has been stricken out. 

<j)X $ ; <j) 

$ 3 = — = [abc] [lmn]. (62) 

6 

119.] If $2 be called the second of <&; and $3 the third of $, the follow- 
ing theorems may be stated concerning the seconds and thirds of conjugates, 
reciprocals, and products. 

Theorem: The second of the conjugate of a dyadic is equal to the conjugate 
of the second of that dyadic. The third of the conjugate is equal to the third of 
the dyadic. 

($ 2 ) c = ($ c ) 2 

$3 = ($C) 3 . 

Theorem: The second and third of the reciprocal of a dyadic are equal 
respectively to the reciprocals of the second and third. 



Let 



(*- 


'h 


= ($2)- 1 


= $-1 


(*- 


'h 


= (^r 1 


= *3" 1 


$ 


= al + bm + cn 


$-1 


= 1' 


a' + m' b' 


+ n'c' 


(T>„ - 


a' 


1' + b' m' 


+ c'n' 



[a'b'c'] [l'm'n'] 
(^r 1 = [a'b'c'][l'm'n'](la + mb + nc) 
,,_-,, la + mb + nc 



(64) 

(36) 
(60)' 



[abc] [lmn] 
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But 
Hence 



[a'b'c'][abc] = 1 and [l'm'n'] [lmn] = 1. 

($ 2 )-i = ($-i) 2 = $-i. 
$ 3 = [abc][lmn], 

(^r 1 = y^ — r, 

[abq [lmn] 
(*- 1 ) 3 = [a'b / c / ] [l'm'n']. 



Hence 



($ 3 )- 1 = ($- 1 ) 3 = $ 



3 



Theorem: The second and third of a product are equal respectively to the 
product of the seconds and the product of the thirds. 

($ • *) 2 = $ 2 • * 2 ,„, 

(<E> • *) 3 = $3 • * 3 . 

Choose any three non-coplanar vectors 1, m, n as consequents of $ and let 
1', m', n' be the antecedents of ^>. 

$ = al + bm + en, 

$ = l'd + m'e + n'f, 

$* = ad + be + cf, 

($'$) 2 =bxcexf|cxafxd + axbdxe, 

$2=bxcmxn + cxanxl + axblxm, 
* 2 = m' x n' e x f + n' x 1' f x d + 1' x m' d x e. 



Hence 
Hence 



Hence 
Hence 



$ 2 - v I'2=bxcexf + cxafxd + axbdxe, 

($.*) 2 = $ 2 -*2- 
($ . <J) 3 = [abc][def]$ 3 = [abc][lmn], 

* 3 = [l'm'n'] [def]. 

$3*3 = [abc][def]. 

(*-*) 3 = $3*3- 



Theorem: The second and third of a power of a dyadic are equal respectively 
to the powers of the second and third of the dyadic. 

($«) 2 = ($ 2 )« = $™ 

(<I> n )3 = ($3)" = *3- 
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Theorem: The second of the idemfactor is the idemfactor. The third of the 
idemfactor is unity. 

h =1 

Theorem: The product of the second and conjugate of a dyadic is equal to 
the product of the third and the idemfactor. 

*2-*c = *aI, (68) 

$2=bxcmxn + cxanxl + axblxm, 

$C" = la + mb + nc, 
$ 2 • <j> c = [lmn] (bx ca + cx ab + ax be). 

The antecedents a, b, c of the dyadic $ may be assumed to be non-coplanar. 
Then 

(bx ca + cx ab + ax be) = [abc] (a' a + b' b + c' c) 

= [abc] I. 
Hence 

$ 2 . $ c = $ 3 I. 

120.] Let a dyadic <J> be given. Let it be reduced to the sum of three dyads 
of which the three antecedents are non-coplanar. 

$ = al + bm + cn, 

$2=bxcmxn + cxanxl + axblxm, 

$ 3 = [abc] [lmn]. 

Theorem: The necessary and sufficient condition that a dyadic $ be com- 
plete is that the third of $ be different from zero. 

For it was shown (Art. 106) that both the antecedents and the consequents 
of a complete dyadic are non-coplanar. Hence the two scalar triple products 
which occur in $3 cannot vanish. 

Theorem: The necessary and sufficient condition that a dyadic $ be planar 
is that the third of $ shall vanish but the second of $ shall not vanish. 

It was shown (Art. 106) that if a dyadic $ be planar its consequents 1, m, 
n must be planar and conversely if the consequents be coplanar the dyadic is 
planar. Hence for a planar dyadic $3 must vanish. But $2 cannot vanish. Since 
a, b, c have been assumed non-coplanar, the vectors bxc, cxa, axb are 
non-coplanar. Hence if $2 vanishes each of the vectors mxn, nxl, lxm 
vanishes — that is, 1, m, n are collinear. But this is impossible since the dyadic 
<J> is planar and not linear. 

Theorem: The necessary and sufficient condition that a non- vanishing dyadic 
be linear is that the second of $, and consequently the third of <J>, vanishes. 

For if $ be linear the consequents 1, m, n are collinear. Hence their vector 
products vanish and the consequents of $2 vanish. If conversely $2 vanishes, 
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each of its consequents must be zero and hence these consequents of $ are 
collinear. 

The vanishing of the third, unaccompanied by the vanishing of the second of 
a dyadic, implies one degree of nullity. The vanishing of the second implied two 
degrees of nullity. The vanishing of the dyadic itself is complete nullity. The 
results may be put in tabular form. 

$3 7^ 0, $ is complete. 
$3 = 0, $ 2 ^0, $ is planar. (69) 

$3 = 0, $2 = 0, <f> 7^ 0, $ is linear. 

It follows immediately that the third of any anti-self-conjugate dyadic vanishes; 
but the second does not. For any such dyadic is planar but cannot be linear. 

Nonion Form. Determinants. 1 Invariants of a Dyadic 

121.] If $ be expressed in nonion form 

$ = an i i + a 12 i j + a i3 i k 

+ a 21 ji + a 2 2Jj + a23Jk (13) 

+ a3i k i + a 32 k j + a 33 k k. 

The conjugate of <J? has the same scalar coefficients as $, but they are arranged 
symmetrically with respect to the main diagonal. Thus 

$ = an i i + a 2 i i j + a 3i i k 

+ ai2Ji + a 2 2Jj + a 3 2Jk (70) 

+ ai 3 k i + a 23 k j + a 33 k k. 

The second of $ may be computed. Take, for instance, one term. Let it be 
required to find the coefficient of i j in <J> 2 . What terms in $ can yield a double 
cross product equal to i j? The vector product of the antecedents must be i and 
the vector product of the consequents must be j. Hence the antecedents must 
be j and k; and the consequents, k and i. These terms are 

a2ij i x «33k k ^ = -a 2 ia 33 ij 
a 3 iki^a 23 jk^ = -a 3 ia 2 3ij- 
Hence the term in ij in $ 2 is 

(031023 - «2ia33)ij- 
This is the first minor of ai2 in the determinant 



an 


ai 2 


ai3 


«21 


a 22 


^23 


fl;u 


a 3 2 


a33 



1 The results hold only for determinants of the third order. The extension to determinants 
of higher orders is through Multiple Algebra. 
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This minor is taken with the negative sign. That is, the coefficient of ij in 
$2 is what is termed the cof actor of the coefficient of ij in the determinant. 
The cofactor is merely the first minor taken with the positive or negative sign 
according as the sum of the subscripts of the term whose first minor is under 
consideration is even or odd. The coefficient of any dyad in $ 2 is easily seen 
to be the cofactor of the corresponding term in $. The cofactors are denoted 
generally by large letters. 



An 

Al2 = 

A 32 = 



022 


023 


d 3 2 


«33 


a>2i 


«23 


a-31 


«33 



an 012 

«21 »23 



is the cofactor of an. 
is the cofactor of 012- 
is the cofactor of 032. 



With this notation the second of $ becomes 

$2 = A n ii + A 12 ij + A 13 ik 
+ A 21 ji + A 22 n + A 23 jk 
+ A 31 k i + A 32 k j + A 33 k k. 



(71) 



The value of the third of $ may be obtained by writing $ as the sum of 
three dyads 

$ = (oni + a 2 ij + 031k) i + (ai 2 i + a 22 j + 032k) j + (ai 3 i + a 23 j + a 33 k) k 
$3 = [(«ni + «2ij + a 3 ik) (a 12 i + a 22 j + a 32 k) (a 13 i + a 23 j + 033k)] [ijk] 

This is easily seen to be equal to the determinant 



$0 



an 


012 


ai3 


a 2 i 


a 22 


a23 


0,'il 


a 32 


033 



(72) 



For this reason $3 is frequently called the determinant of $ and is written 

$ 3 = |$| (72)' 

The idea of the determinant is very natural when $ is regarded as expressed 
in nonion form. On the other hand unless $ be expressed in that form the 
conception of $3, the third of $, is more natural. 

The reciprocal of a dyadic in nonion form may be found most easily by 
making use of the identity 



or 



$ 2 . $ c = $ 3 I 

1 



$ 



C 



$0 



$„ 
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or 



Hence 



*~ 1 = 



$ 1 = $ 2C . 

*3 



Axlii + A 2 lij + A 3 lik 
+A 1 2ji + A 2 2jj + A 3 2ik 
-Ai3ki + A 2 3kj + A 3 3kk 



an 


012 


ai3 


fl21 


C122 


«23 


«31 


«32 


«33 



(73) 



If the determinant be denoted by D 



D 


.. . A 21 
11+ -D 


. . -431 . , 

i] H ik 


A l2 
D 


.. , A 22 
J1+ ^ 


. . , 4i2 . , 

JJ + -^-J k 


A 13 
D 


1 -^^23 


kj+4fkk 


r adic given 


in nonion 


form as 


* = 6n 


ii + 6 12 ij 


+ ^13 ik 


+ b 2 i 


ji + &22Jj 


+ ^23Jk 


+ &31 


ki + 6 32 kj + &33kk, 



(73)' 



the product $ • IP of the two dyadics may readily be found by actually performing 
the multiplication 

$ • * = (an&n + a 12 b 21 + ai 3 &3i)ii 
+ (011&12 + 012&22 + ai 3 & 32 )ij 
+ (011&13 + ai2&23 + ai3&33)ik 
+ (021611 + 022^21 + a23&3i)j i 
+ (021612 +a 22 b 22 + a 23 6 3 2)jj (74) 

+ (021&13 + «22^23 + a23&33)j k 

+ (031611 + 032^21 + a33&3i)ki 

+ (031&12 + 032^22 + 033&32)kj 
+ (031&13 + ^32^23 + a33&33)kk. 

$ : * = an6n + a 12 b 12 + a 13 b i3 

+ a2\b 2 \ + a 22 b 22 + a 23 b 23 (75) 

+ «31&31 + 032^32 + 033^33- 

Since the third or determinant of a product is equal to the product of the 
determinants, the law of multiplication of determinants follows from (65) and 



236 



(74). 





On O12 Oi3 




611 612 613 






021 O22 023 




621 622 623 


= 




031 032 033 




631 632 633 




oii&n + ai2&2i + 013631 ^11^12+012622 + 013^32 011613 


Cl2l6ll+a22&21+a23631 021612+022622 + 023632 021613 


a 3 i6n + 032621 + a 33 l 


31 031612+032622 + 033632 


031613 



012623 + 013633 
022623 + 023633 
032623 + 033633 
(76) 
The rule may be stated in words. To multiply two determinants form the 
determinant of which the element in the mth row and nth column is the sum 
of the products of the elements in the mth row of the first determinant and nth 
column of the second. 



If 



Then 



Hence 



Hence 



$ = al + bm + cn, 

$9=bxcmxn + cxanxl + axblxm, 



I $2 1 = ($2)3 = [b x cc x aa x b] [m x nn x 11 x m] 



|* 2 | = ($2)3 = [abc] 2 [lmn] 2 = $ 2 



1**1 = 



An A12 A 13 

A21 A22 A23 
A31 A 3 2 A 33 



Oil Oi2 Oi3 
021 022 023 
O31 032 033 



(77) 



The determinant of the cofactors of a given determinant of the third order is 
equal to the square of the given determinant. 

122.] A dyadic $ has three scalar invariants that is three scalar quantities 
which are independent of the form in which $ is expressed. These are 

*s, (*2)s, $3, 

the scalar of $, the scalar of the second of $, and the third or determinant of 
$. If $ be expressed in nonion form these quantities are 



*S = an + 022 + o 33 
(* 2 )s = An + A 22 + A 33 



*3 = 



On «12 O13 
021 022 O23 
O31 032 O33 



(78) 
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No matter in terms of what right-handed rectangular system of these unit vec- 
tors $ may be expressed these quantities are the same. The scalar of $ is the 
sum of the three coefficients in the main diagonal. The scalar of $ is the sum 
of the three coefficients in the main diagonal. The scalar of the second of $ is 
the sum of the first minors or cofactors of the terms in the main diagonal. The 
third of $ is the determinant of the coefficients. These three invariants are by 
far the most important that a dyadic $ possesses. 

Theorem: Any dyadic satisfies a cubic equation of which the three invariants 
$S, $2S, $3 are the coefficients. 



By (68) 



Hence 



(* - xl) 2 ■ (* - xT)c = (* - xT) 3 
an - x 012 Oi3 

021 «22 - X a 2 3 

031 »32 033 - X 



X 2 $c 



($ - xl) 



($ - xl) 3 = $3 - X<5>2S -t- xvs 

as may be seen by actually performing the expansion. 

($ - xl) 2 ■ ($ - xl)c = *3 - x$2S + x 2 § s - x 3 . 

This equation is an identity holding for all values of the scalar x. It therefore 
holds, if in place of the scalar x, the dyadic $ which depends upon nine scalars 
be substituted. That is 

($ - $1)2 • (<f> - $I)c = 1*3 - $$25 + $ 2 $s - $ 3 - 



But the terms upon the left are identically zero. Hence 



$ 3 - $ s $ 2 + $2S$ - $3! = 0. 



(79) 



This equation may be called the Hamilton-Cayley equation. Hamilton showed 
that a quaternion satisfied an equation analogous to this one and Cayley gave 
the generalization to matrices. A matrix of the nth order satisfies an algebraic 
equation of the nth degree. The analogy between the theory of dyadics and the 
theory of matrices is very close. In fact, a dyadic may be regarded as a matrix 
of the third order and conversely a matrix of the third order may be looked 
upon as a dyadic. The addition and multiplication of matrices and dyadics are 
then performed according to the same laws. A generalization of the idea of a 
dyadic to spaces of higher dimensions than the third leads to Multiple Algebra 
and the theory of matrices of orders higher than the third. 



Summary of Chapter V 

A vector r' is said to be a linear function of a vector r when the components of 
r' are linear homogeneous functions of the components of r. Or a function of r 
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is said to be a linear vector function of r when the function of the sum of two 
vectors is the sum of the functions of those vectors. 

/(n+r 2 ) = /(n) + /(r 2 ). (4) 

These two ideas of a linear vector function are equivalent. 

A sum of a number of symbolic products of two vectors, which are obtained 
by placing the vectors in juxtaposition without intervention of a dot or cross and 
which are called dyads, is called a dyadic and is represented by a Greek capital. 
A dyadic determines a linear vector function of a vector by direct multiplication 
with that vector 

$ = ai bi + a 2 b 2 + a 3 b 3 -\ . (7) 

$ • r = ai bi • r + a 2 b 2 • r + a 3 b 3 • r + • • • (8) 

Two dyadics are equal when they are equal as operators upon all vectors or 
upon three non-coplanar vectors. That is, when 

$ • r = <3> • r for all values or for three non-coplanar values of r, 

or r • $ = r • ^ for all values or for three non-coplanar values of r, 

or s • $ • r = s • \& • r for all values or for three non- 
coplanar values of r and s. 

(10) 
Any linear vector function may be represented by a dyadic. 

Dyads obey the distributive law of multiplication with regard to the two 
vectors composing the dyad 

(a + b + c + ---)(l + m + n + ---)=al + am + an + --- 

+ bl + bm + bnH 
+ cl + cm + cn + -- 



(11)' 



Multiplication by a scalar is associative. In virtue of these two laws a dyadic 
may be expanded into a sum of nine terms by means of the fundamental dyads, 

ii, ij, ik, 

ji, jj, jk, (12) 

ki, kj, kk, 

as 

$ = anii + ai 2 ij + a i3 ik 

+ a 2i ji + a 22 jj + a 23 jk (13) 

+ 031 k i + a 32 k j + a 33 k k. 

If two dyadics are equal he corresponding coefficients in their expansions 
into nonion form are equal and conversely. Any dyadic may be expressed as the 
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sum of three dyads of which the antecedents or the consequents are any three 
given non-coplanar vectors. This expression of the dyadic is unique. 

The symbolic product ab known as a dyad is the most general product of 
two vectors in which multiplication by a scalar is associative. It is called the 
indeterminate product. The product imposes five conditions upon the vectors 
a and b. Their directions and the product of their lengths are determined by 
the product. The scalar and vector products are functions of the indeterminate 
product. A scalar and a vector may be obtained from any dyadic by inserting 
a dot and a cross between the vectors in each dyad. This scalar and vector are 
functions of the dyadic. 

$s = ai • bi + a 2 • b 2 + a 3 • b 3 H (18) 

$ x = ai x bi + a 2 x b 2 + a 3 x b 3 H (19) 

$ s = i-$-i+j-$-j + k-$-k (20) 

= an +a 22 +a 33 , 

$ x = (j $k-k$j)i 

+ (k$i-i$k)j (21) 

+ (i.$.j-j.$.i)k. 

= («23 - 032) i + (a 3 i - 013) j + (012 - a 2 i) k. 

The direct product of two dyads is the dyad whose antecedent and conse- 
quent are respectively the antecedent of the first dyad and the consequent of 
the second multiplied by the scalar product of the consequent of the first dyad 
and the antecedent of the second. 

(ab)-(cd) = (b-c)ad. (23) 

The direct product of two dyadic is the formal expansion, according to the 
distributive law, of the product into the sum of products of dyads. Direct 
multiplication of dyadics or of dyadics and a vector at either end or at both ends 
obeys the distributive laws of multiplication. Consequently such expressions as 

$-*-r, s-$-*, s-$-*-r, $•*•£} (24)-(26) 

may be written without parentheses; for parentheses may be inserted at pleasure 
without altering the value of the product. In case the vector occurs at other 
positions that at the end the product is no longer associative. 

The skew product of a dyad and a vector may be defined by the equation 

(ab) x r = a(b x r), 

m r m! (28) 

r x (ab) = (r x a) b. 

The skew product of a dyadic and a vector is equal to the formal expansion of 
that product into a sum of products of dyads and that vector. The statement 
made concerning the associative law for direct products holds when the vector 
is connected with the dyadics in skew multiplication. The expressions 

rx$'f, $'lxr, r x $ • s, r • $ x s, rx$xs (29) 
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may be written without parentheses and parentheses may be inserted at pleasure 
without altering the value of the product. Moreover 

s • (r x $) = (s x r) • $, 

($ x r)-s = $- (r x s), (31)' 

$'(rx$) = ($xr)'i 

But the parentheses cannot be omitted. 

The necessary and sufficient condition that a dyadic may be reduced to the 
sum of two dyads or to a single dyad or to zero is that, when expressed as the 
sum of three dyads of which the antecedents (or consequents) are known to be 
non-coplanar, the consequents (or antecedents) shall be respectively coplanar or 
collinear or zero. A complete dyadic is one which cannot be reduced to a sum 
of fewer than three dyads. A planar dyadic is one which can be reduced to a 
sum of just two dyads. A linear dyadic is one which can be reduced to a single 
dyad. 

A complete dyadic possesses no degree of nullity. There is no direction in 
space for which it is an annihilator. A planar dyadic possesses one degree of 
nullity. There is one direction in space for which it is an annihilator when used 
as a prefactor and one when used as a postfactor. A linear dyadic possesses two 
degrees of nullity. There are two independent directions in space for which it 
is an annihilator when used as a prefactor and two directions when used as a 
postfactor. A zero dyadic possesses three degrees of nullity or complete nullity. 
It annihilates every vector in space. 

The products of a complete dyadic and a complete, planar, or linear dyadic 
are respectively complete, planar, or linear. The products of a planar dyadic 
with a planar or linear dyadic are respectively planar or linear, expect in certain 
cases where relations of perpendicularity between the consequents of the first 
dyadic and the antecedents of the second introduce one more degree of nullity 
into the product. The product of a linear dyadic by a linear dyadic is in general 
linear; but in case the consequent of the first is perpendicular to the antecedent 
of the second the product vanishes. The product of any dyadic by a zero dyadic 
is zero. 

A dyadic which when applied to any vector in space reproduces that vector 
is called an idcmfactor. All idcmfactors are equal and reducible to the form 

I = ii+jj + kk. (33) 

Or 

I = aa' + bb' + cc'. (34) 

The product of any dyadic and an idemfactor is that dyadic. 

If the product of two complete dyadics is equal to the idemfactor the dyadics 
are commutative and either is called the reciprocal of the other. A complete 
dyadic may be cancelled from either end of a product of dyadics and vectors 
as in ordinary algebra; for the cancellation is equivalent to multiplication by 
the reciprocal of that dyadic. Incomplete dyadics possess no reciprocals. They 
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correspond to zero in ordinary algebra. The reciprocal of a product is equal to 
the product of the reciprocals taken in inverse order. 

($.$)- 1 = y~ 1 •$-!. (38) 

The conjugate of a dyadic is the dyadic obtained by interchanging the order 
of the antecedents and consequents. The conjugate of a product is equal to the 
product of the conjugates taken in the opposite order. 

($ • *) c = * c • $ c , (40) 

The conjugate of the reciprocal is equal to the reciprocal of the conjugate. A 
dyadic may be divided in one and only one way into the sum of two parts of 
which one is self-conjugate and the other anti-self-conjugate. 

$ = I($ + $ C ) + I($_$ C ). (43) 

Any anti-self-conjugate dyadic or the anti-self-conjugate part of any dyadic, 
used in direct multiplication, is equivalent to minus one-half the vector of that 
dyadic used in skew multiplication. 

($_$ c ). r = _ $ x xr, 

1 I (44) 

-r-($-$ c ) = ~2 rx $ x- 

A dyadic of the form c x I or I x c is anti-sclf-conjugate and used in direct 
multiplication is equivalent to the vector c used in skew multiplication. 

Also 

c x r = (I x c) • r = (c x I) • r, (46) 

c x $ = (I x c) • $ = (c x I) • $. 

The dyadic c x I or I x c, where c is a unit vector is a quadrantal versor for 
vectors perpendicular to c and an annihilator for vectors parallel to c. The 
dyadic Ixc + ccisa true quadrantal versor for all vectors. The powers of these 
dyadics behave like the powers of the imaginary unit \J — 1, as may be seen from 
the geometric interpretation. Applied to the unit vectors i, j, k 

Ixi = ixl = kj-jk, etc. (49) 

The vector a x b in skew multiplication is equivalent to (a x b) x I in direct 
multiplication. 

(ax b) x I = Ix (ax b) = ba-ab (50) 

(a x b) x r = (b a a b) • r 
rx (a x b) = r • (b a a b) . 
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A complete dyadic may be reduced to a sum of three dyads of which the 
antecedents among themselves and the consequents among themselves each form 
a right-handed rectangular system of three unit vectors and of which the scalar 
coefficients arc all positive or all negative. 

$ = ±(ai'i + y'j + ck'k). (53) 

This is called the normal form of the dyadic. An incomplete dyadic may be 
reduced to this form but one or more of the coefficients are zero. The reduction 
is unique in case the constants a, b, c are different. In case they are not different 
the reduction may be accomplished in more than one way. Any self-conjugate 
dyadic may be reduced to the normal form 

<f> = aii + 6jj + ckk, (55) 

in which the constants a, b, c are not necessarily positive. 

The double dot and double cross multiplication of dyads is defined by the 
equations 

ab : cd = a • cb • d, (56) 

ab*cd = a x cb x d. (57) 

The double dot and double cross multiplication of dyadics is obtained by ex- 
panding the product formally according to the distributive law, into a sum of 
products of dyads. The double dot and double cross multiplication of dyadics 
is commutative but not associative. 

One-half the double cross product of a dyadic $ by itself is called the second 
of $. If 

$ = al + bm + en 

( E > 2 = x < I'x c ' > = kxcmxn + cxanxl + axblxm. (61) 

One-third of the double dot product of the second of $ and $ is called the third 
of $ and is equal to the product of the scalar triple product of the antecedents 
of $ and the scalar triple product of the consequent of $. 

$ 3 = -$ * $ : $ = [abc] [lmn]. (62) 

The second of the conjugate is the conjugate of the second. The third of the 
conjugate is equal to the third of the original dyadic. The second and third 
of the reciprocal are the reciprocals of the second and third of the second and 
third of a dyadic. The second and third of a product are the products of the 
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seconds and thirds. 

($ c ) 2 = ($ 2 ) c , 

($c) 3 = $3, 

($- 1 ) 2 = ($ 2 )- 1 

; , (64) 

($.*) 2 = $ 2 .* 2 

65 

The product of the second and conjugate of a dyadic is equal to the product of 
the third and the idemfactor. 

$2 • $c - *3 1 (68) 

The conditions for the carious degrees of nullity may be expressed in terms of 
the second and third of $. 

$3 7^ 0, $ is complete. 
$3 = 0, $ 2 ^0, $ is planar. (69) 

$3 = 0, $2 = 0, $ ^ 0, $ is linear. 

The closing sections of the chapter contain the expressions (70)-(78) of a 
number of the results in nonion form and the deduction therefrom of a number 
of theorems concerning determinants. They also contain the cubic equation 
which is satisfied by a dyadic $. 

$ 3 - $ s $ 2 + $ 2S $ - $ 3 I = 0. (79) 

This is called the Hamilton-Caylcy equation. The coefficients $5, $25, $3 are 
the three fundamental scalar invariants of $. 

Exercises on Chapter V 

1. Show that the two definitions given in Art. 98 for a linear vector function 
are equivalent. 

2. Show that the reduction of a dyadic as in (15) can be accomplished in 
only one way if a, b, c, 1, m, n, are given. 

3. Show 

($ x a)c = —a x $(7. 

4. Show that if $ x r = ^ x r for any value of r different from zero, then 
$ must equal \P — unless both $ and \? are linear and the line of their 
consequents is parallel to r. 

5. Show that if $ • r = for any three non-coplanar values of r, then $ = 0. 
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6. Prove the statements made in Art. 106 and the converse of the statements. 

7. Show that if fl is complete and if $ • fi = \P • f2, then <I> and *$> are equal. 
Give the proof by means of theory developed prior to Art. 109. 

8. Definition: Two dyadics such that $ • VP = "f • $ — that is to say, two 
dyadics that are commutative — are said to be homologous. Show that if 
any number of dyadics are homologous to one another, any other dyadics 
which may be obtained from them by addition, subtraction, and direct 
multiplication are homologous to each other and to the given dyadics. 
Show also that the reciprocals of homologous dyadics are homologous. 
Justify the statement that if$-^' _1 or^' _1 -$, which are equal, be called 
the quotient of $ by 'J, then the rules governing addition, subtraction, 
multiplication and division of homologous dyadics are identical with the 
rules governing these operations in ordinary algebra — it being understood 
that incomplete dyadics are analogous to zero, and the idemfactor, to 
unity. Hence the algebra and higher analysis of homologous dyadics is 
practically identical with that of scalar quantities. 

9. Show that (I x c) • <f> = c x $ and (c x I) • <f> = c x $. 

10. Show that whether or not a, b, c be coplanar 

abxc + bcxa + caxb= [abc] I 
and 

bxca + cxab + axbc= [abc] I. 

11. If a, b, c are coplanar use the above relation to prove the law of sines 
for the triangle and to obtain the relation with scalar coefficients which 
exists between three coplanar vectors. This may be done by multiplying 
the equation by a unit normal to the plane of a, b, and c. 

12. What is the condition which must subsist between the coefficients in the 
expansion of a dyadic into nonion form if the dyadic be self-conjugate? 
What, if the dyadic be anti-self-conjugate? 

13. Prove the statements made in Art. 116 concerning the number of ways in 
which a dyadic may be reduced to its normal form. 

14. The necessary and sufficient condition that an anti-self-conjugate dyadic 
<I> be zero is that the vector of the dyadic shall be zero. 

15. Show that if $ be any dyadic the product <& • <&c is self-conjugate. 

16. Show how to make use of the relation $ x = to demonstrate that the 
antecedents and consequents of a self-conjugate dyadic are the same (Art. 
116). 
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17. Show that 



$ 2 ;$ 2 = 2$ 3 $ 



and 

($ + *) 2 = $2 + $ x * + *2- 

18. Show that if the double dot product $ : $ of a dyadic by itself vanishes, 
the dyadic vanishes. Hence obtain the condition for a linear dyadic in the 
form $ 2 : $2 = 0. 

19. Show that ($ + e f) 3 = $ 3 + e • $ 2 • f . 

20. Show that ($ + *) 3 = $ 3 + $ 2 : * + $ : *2 + *3- 

21. Show that the scalar of a product of dyadics is unchanged by cyclic per- 
mutation of the dyadics. That is 

($ • * • ft) s = (fi • $ • *) s = (* • n ■ $)s- 



CHAPTER VI 



ROTATIONS AND STRAINS 

123.] In the foregoing chapter the analytic theory of dyadics has been dealt 
with and brought to a state of completeness which is nearly final for practical 
purposes. There are, however, a number of new questions which present them- 
selves and some old questions which present themselves under a new form when 
the dyadic is applied to physics or geometry. Moreover it was for the sake of the 
applications of dyadics that the theory of them was developed. It is then the 
object of the present chapter to supply an extended application of dyadics to the 
theory of rotations and strains and to develop, as far as may appear necessary 
the further analytical theory of dyadics. 

That the dyadic $ may be used to denote a transformation of space has 
already been mentioned. A knowledge of the precise nature of this transforma- 
tion, however, was not needed at the time. Consider r as drawn from a fixed 
origin, and r' as drawn from the same origin. Let now 

r' = $ • r. 

This equation therefore may be regarded as defining a transformation of the 
points P of space situated at the terminus of r into the point P' , situated at 
the terminus of r'. The origin remains fixed. Point in the finite regions of space 
remain in the finite regions of space. Any point upon a line 

r = b + xsl 

becomes a point 

r' = $ • b + x$ • a. 

Hence straight lines go over into straight lines and lines parallel to the same line 
a go over by the transformation into lines parallel to the same line $ • a. In like 
manner planes go over into planes and the quality of parallelism is invariant. 

Such a transformation is known as a homogeneous strain. Homogeneous 
strain is of frequent occurrence in physics. For instance, the deformation of the 
infinitesimal sphere in a fluid (Art. 76) is a homogeneous strain. In geometry the 
homogeneous strain is generally known by different names. It is called an affinc 
transformation with the origin fixed. Or it is known as a linear homogeneous 
transformation. The equations of such a transformation are 

x' = anx + ai 2 y + a i3 z 
y' = a 2 ix + a 22 y + a 23 z 
z' = a 3 ix + a 32 y + a 33 z. 

124.] Theorem: If the dyadic $ gives the transformation of the points of 
space which is due to a homogeneous strain, $ 2 , the second of $, gives the 
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transformation of plane areas which is due to that strain and all volumes are 
magnified by that strain in the ratio of $3, the third or determinant of $ to 
unity. 

Let 

$ = al + bm + en 
r' = $r = alr + bm-r + cnr. 

The vectors 1', m', n' are changed by $ into a, b, c. Hence the planes determined 
by m' and n', n' and 1', 1' and m' are transformed into the planes determined 
by b and c, c and a, a and b. The dyadic which accomplishes this result is 

$2=bxcmxn + cxanxl + axblxm. 

Hence if s denote any plane area in space, the transformation due to $ replaces 
s by the area s' such that 

s' = $ 2 • s. 

It is important to notice that the vector s denoting a plane area is not 
transformed into the same vector s' as it would be if it denoted a line. This is 
evident from the fact that in the latter case $ acts on s whereas in the former 
case $2 acts upon s. 

To show that volumes arc magnified in the ratio of $3 to unity choose any 
three vectors d, e, f which determine the volume of a parallelopiped [def]. 
Express $ with the vectors which form the reciprocal system to d, e, f as 
consequents. 

$ = ad' + be' + cf. 

The dyadic $ changes d, e, f into a, b, c (which arc different from the a, b, c 
above unless d, e, f are equal to 1', m', n'). Hence the volume [def] is changed 
into the volume [abc]. 

$ 3 = [abc] [d'e'f ] 
[d'e'f]- 1 = [def]. 
Hence 

[abc] = [def] $3. 

The ratio of the volume [abc] to [def] is as $3 is to unity. But the vectors d, e, 
f were any three vectors which determine a parallelopiped. Hence all volumes 
are changed by the action of $ in the same ratio and this ratio is as $3 is to 1. 

Rotations about a Fixed Point. Versors 

125.] Theorem: The necessary and sufficient condition that a dyadic rep- 
resent a rotation about some axis is that it be reducible to the form 

4> = i'i+j'j + k'k (1) 
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where i', j', k' and i, j, k are two right-handed rectangular systems of unit 
vectors. 



Let 

r = xi + yj + z\l 
<f> • r = x\' + yj' + zk'. 

Hence if $ is reducible to the given form the vectors i, j, k are changed into the 
vectors i', j', k' and any vector r is changed from its position relative to i, j, 
k into the same position relative to i', j', k'. Hence by the transformation no 
change of shape is effected. The strain reduces to a rotation which carries i, j, 
k into i', j', k'. Conversely suppose the body suffers no change of shape — that 
is, suppose it subjected to a rotation. The vectors i, j, k must be carried into 
another right-handed rectangular system of unit vectors. Let these be i', j', k'. 
The dyadic $ may therefore be reduced to the form 

$ = i'i+j'j + k'k. 

Definition: A dyadic which is reducible to the form 

i'i+j'j + k'k 

and which consequently represents a rotation is called a versor. 

Theorem: The conjugate and reciprocal of a versor are equal, and conversely 
if the conjugate and reciprocate of a dyadic are equal the dyadic reduces to a 
versor or a versor multiplied by the negative sign. 

Let 

$ = i'i+j'j + k'k, 

$ c = ii'+jj' + kk', 
$-$ c = i'i'+j'j' + k'k' = I 

•J- 1 =$ c . 

Hence the first part of the theorem is proved. To prove the second part let 

$ = ai + bj +ck, 
$c = ia+jb + kc, 
$ • <I> C = aa + bb + cc. 
If 

(j)" 1 = <j) C; $ • $ c = I. 

Hence 

aa + bb + cc = I. 
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Hence (Art. 108) the antecedents a, b, c and the consequents a, b, c must 
be reciprocal systems. Hence (page 63) they must be either a right-handed or 
a left-handed rectangular system of unit vectors. The left-handed system may 
be changed to a right-handed one by prefixing the negative sign to each vector. 
Then 

$ = i'i+j'j + k'k, 
or 

<I> = -(i'i+j'j + k'k). (1)' 

The third of determinant of a vcrsor is evidently equal to unity; that of the 
versor with a negative sign, to minus one. Hence the criterion may be stated in 
the form 

$.$ C = I, $ 3 = |$| = 1. (2) 

Or inasmuch as the determinant of $ is plus or minus one if $ • $p = I, it is 
only necessary to state that if 

fc-* c =I, $ 3 = |$|>0, (2)' 

$ is a versor. 

There are two geometric interpretations of the transformation due to a 
dyadic $ such that 

i>.$ c = I, $ 3 = |$| = -i (3) 

* = -(i'i+j'j + k'k). 

The transformation due to $ is one of rotation combined with reflection in the 
origin. The dyadic i'i + j'j + k'k causes a rotation about a definite axis — it 
is a versor. The negative sign then reverses the direction of every vector in 
space and replaces each figure symmetrical to it with respect to the origin. By 
reversing the directions of i' and j' the system i', j', k' still remains right-handed 
and rectangular, but the dyadic takes the form 

$ = i'i+j'j-k'k, 
or 

$ = (i'i'+j'j'-k'k')-(i'i+j'j + k'k). 

Hence the transformation due to $ is a rotation due to i' i+j' j + k' k followed by 
a reflection in the plane of i' and j'. For the dyadic i' i' + j' j' — k' k' causes such 
a transformation of space that each point goes over into a point symmetrically 
situated to it with respect to the plane of i' and j'. Each figure is therefore 
replaced by a symmetrical figure. 

Definition: A transformation that replaces each figure by a symmetrical 
figure is called a perversion and the dyadic which gives the transformation is 
called a perversor. 
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The criterion for a perversor is that the conjugate of a dyadic shall be equal 
to its reciprocal and that the determinant of the dyadic shall be equal to minus 
one. 

$$ C = I, |$| = -1. (3) 

Or inasmuch as if $ • <&c = I) the determinant must be plus or minus one the 
criterion may take the form 



$-$ c = I, |$|<0, 
$ is a perversor. 



(3)' 



It is evident from geometrical considerations that the product of two versors is 
a versor; of two perversors, a versor; but of a versor and a perversor taken in 
cither order, a perversor. 

126.] If the axis of rotation be the i-axis and if the angle of rotation be the 
angle q measured positive in the positive trigonometric direction, then by the 
rotation the vectors i, j, k are changed into the vectors i', j', k' such that 



1=1 

j' = j cos q + k sin q, 
k' = — j sin q + k cos q 

The dyadic <t> = i'i+j'j + k'k which accomplishes this rotation is 



<f> = ii + cosq (j j + kk) + sing (kj j k) 

jj + kk = I ii, 

kj-jk = Ix i 

<I> = i i + cos q (I — i i) + sin q I x i. 



(4) 



Hence 



(5) 



If more generally in place of the i-axis any axis denoted by the unit vector 
a be taken as the axis of rotation and if as before the angle of rotation about 
that axis be denoted by q, the dyadic $ which accomplishes the rotation is 



$ = a a + cos g(I-aa) + sin glxa. 



(6) 



To show that this dyadic actually does accomplish the rotation apply it to 
a vector r. The dyad a a is an idemfactor for all vectors parallel to a; but an 
annihilator for vectors perpendicular to a. The dyadic I — a a is an idemfactor 
for all vectors in the plane perpendicular to a; but an annihilator for all vectors 
parallel to a. The dyadic I x a is a quadrantal versor (Art. 113) for vectors 
perpendicular to a; but an annihilator for vectors parallel to a. If then r be 
parallel to a 

$ • r = aa- r = r. 
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Hence $ leaves unchanged all vectors (or components of vectors) which are 
parallel to a. If r is perpendicular to a 

$ • r = cos q r + sin gaxr. 

Hence the vector r has been rotated in its plane through the angle q. If r 
were any vector in space its component parallel to a suffers no change; but its 
component perpendicular to a is rotated about a through an angle of q degrees. 
The whole vector is therefore rotated about a through that angle. 
Let a be given in terms of i, j, k as 

a = aii + a 2 j + a 3 k, 
a a = o^ii + aia 2 ij + aia 3 ik 
+ «2aij i + aji j + a 2 a 3 j k 
+ a 3 aiki + a 3 a 2 kj + a 3 kk, 
I = ii+jj + kk, 
I x a = Oi i — a 3 i j + a 2 i k 
+ «3Ji + 0jj -aijk 
— a 2 ki + aikj + Okk. 
Hence 

$ = {a\{l — cosq) + cosq} ii 
+ {aia 2 (l - cosq) - a 3 sinq}ij 
+ {0103(1 — cosq) + a 2 sing} ik 
+ { a 2 a i(l — cosq) + a 3 sinq} j i 

+ {a 2 ! (l-cosq)+cosq}jj (7) 

+ {^2^3(1 — cosq) — a\ sinq} j k 
+ {a 3 ai (1 — cos q) — a 2 sin q} k i 
+ {03^2(1 - cosq) + aisinq}kj 
+ {a 3 (l — cosq) + cosqjkk 

127.] If $ be written as in equation (4) the vector of $ and the scalar of $ 
may be found. 

$ x =ixi + cosq (j x j + k x k) + sinq (k x j — j x k) 

$ x = — 2sinqi 

$ s =i-i + cosq(j -j + k-k) + sinq(k-j-j • k), 

<&S = 1 + 2 cos q. 

The axis of rotation i is seen to have the direction of — $ x , the negative of 
the vector of <J>. This is true in general. The direction of the axis of rotation 
of any versor is the negative of the vector of $. The proof of this statement 
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depends on the invariant property of $ x . Any versor $ may be reduced to the 
form (4) by taking the direction of i coincident with the direction of the axis of 
rotation. After this reduction has been made the direction of the axis is seen 
to be the negative of <j> t irnes. But $ t imes is not altered by the reduction of $ 
to any particular form — nor is the axis of rotation altered by such a reduction. 
Hence the direction of the axis of rotation is always coincident with —Qtiines, 
the direction of the negative of the vector of $. 
The tangent of one-half the angle of version q is 

, Q sing V $ x • $x , . 

tan - = = —^ . (8 

2 1 + cos q 1 + $ s 

The tangent of one-half the angle of version is therefore determined when 
the values of $(irTies and $5 are known. The vector <I> t zme.s and the scalar $5, 
which are invariants of $, determine completely the versor $. Let Q be a vector 
drawn in the direction of the axis of rotation. Let the magnitude of Q be equal 
to the tangent of one-half the angle q of version. 

Q=-=^-, Q-Q = tan 2 ^. (9) 

The vector Q determines the versor $ completely. Q will be called the vector 
semi-tangent of version. 

By (6) a versor $ was expressed in terms of a unit vector parallel to the axis 
of rotation. 

$ = a a + cos q (I — a a) + sin glxa. 

Hence if Q be the vector semi-tangent of version 

$=— +COSA [I- — )+sinflIx-J=. (10) 

Q Q q V Q-Q/ VQ 7 ® 

There is a more compact expression for a versor $ in terms of the vector 
semi-tangent of version. Let c be any vector in space. The version represented 
by Q carries 

c Q x c into c + Q x c. 

It will be sufficient to show this in case c is perpendicular to Q. For if c (or any 
component of it) were parallel to Q the result of multiplying by Qx would be 
zero and the statement would be that c is carried into c. In the first place the 
magnitudes of the two vectors are equal. For 



(c — Qxc)-(c — Qxc)=c-c + Qxc-Qxc — 2c-Qxc 

(c + Qxc)-(c + Qxc)=c-c + Qxc-Qxc + 2c-Qxc 

cc + QxcQxc = cc + QQccQcQc. 

Since Q and c are by hypothesis perpendicular 

c-c + Qxc-Qxc = c 2 (l + tan 2 -q). 
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The term c • Q x c vanishes. Hence the equality. In the second place the angle 
between the two vectors is equal to q. 

(c — Q x c) • (c + Q x c) c ■ c — QxcQxc 
c 2 (l+tan 2 ±g) ~ c 2 (l + tan 2 ig) 

c 2 (l -tan 2 \q) 
c 2 (l+tan 2 ig) 

(c — Q x c) x (c + Q x c) 2c x (Q x c) 



c 2 (l + tan 2 i 9 ) c 2 (l + tan 2 i 9 ) 

2c 2 taniq 



c 2 (l + tan 2 §g) 

Hence the cosine and sine of the angle between c — Q x c and c + Q x c are 
equal respectively to the cosine and sine of the angle q: and consequently the 
angle between the vectors must equal the angle q. Now 

c — Qxc=(I — I x Q) • c 

and 

(c + Q x c) = (I + I x Q) -c 
(I + I x Q) • (I - I x Q)- 1 • (I - I x Q) = I + I x Q. 
Multiply by c 

(I + I x Q) • (I - I x Q)" 1 • (c - Q x c) = c + Q x c. 
Hence the dyadic 

$ = (I + IxQ)-(I-IxQ)- 1 (10)' 

carries the vector c — Q x c into the vector c + Q x c no matter what the value 
of c. Hence the dyadic $ determines the version due to the vector semi-tangent 
of version Q. 

The dyadic I + I x Q carries the vector c — Q x c into (I + Q • Q) c. 

(I + I x Q) ■ (c — Ixc)=c + Qxc — Qxc — Qx(Qxc) 
(I + I x Q) • (c - I x c) = c + Q • Q c = (1 + Q • Q) c. 
Hence the dyadic 

I + Ix Q 



1 + Q-Q 



(I-Ix Q)" 1 



carries the vector c — Q x c into the vector c, if c be perpendicular to Q as has 
been supposed. Consequently the dyadic 

(I + IxQ) 2 
1 + Q-Q 
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produces a rotation of all vectors in the plane perpendicular to Q. If, however, 
it be applied to a vector xQ parallel to Q the result is not equal to xQ. 

(I + Ix Q)-(I + Ix Q) n (I + IxQ) n xQ 

xLl = x— — — — — • (4 = 



1 + Q Q 1 + Q Q 1 + Q Q' 

To obviate this difficulty the dyad Q Q, which is an annihilator for all vectors 
perpendicular to Q, may be added to the numerator. The versor $ may then 
be written 

= qq + (i + Ix Q ) 2 

1 + Q Q v ; 

(I + I x Q) • (I + I x Q) = I + 21 x Q + (I x Q) • (I x Q) 
(I + IxQ)(I + IxQ) = (IxQ)xQ = IQQ-QQI. 
Hence substituting: 

= (1 Q Q)I + 2QQ + 2IxQ „ 

1 + Q Q ' l ' 

This may be expanded in nonion form. Let 

Q = a\ + 6j + ck. 

(1 + a 2 - b 2 - c 2 ) i i + (2ab - 2c) i j + (2ac + 26) i k ' 
-f (2a6 + 2c) j i + (1 - a 2 + b 2 - c 2 ) j j + (26c - 2a) j k 

, ,-(2oc - 26) k i + (26c + 2a) k j + (1 - a 2 - 6 2 + c 2 ) kk 

$=- — — — . (11) 

1 + a 2 + b 2 + c 2 V ' 

128.] If a is a unit vector a dyadic of the form 

$ = 2aa-I (12) 

is a biquadrantal versor. That is, the dyadic turns the points of space about the 
axis a through two right angles. This may be seen by setting q equal to 7r in 
the general expression for a versor 

$ = a a + cos q (I — a a) + sin glxa, 

or it may be seen directly from geometrical considerations. The dyadic $ leaves 
a vector parallel to a unchanged but reverses every vector perpendicular to a in 
direction. 

Theorem: The product of two biquadrantal versors is a versor the axis of 
which is perpendicular to the axes of the biquadrantal versors and the angle of 
which is twice the angle from the axis of the second to the axis of the first. 

Let a and b be the axes of two biquadrantal versors. The product 

fl = (2bb-I)- (2aa-I) 
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is certainly a versor; for the product of any two versors is a versor. Consider the 
common perpendicular to a and b. The biquadrantal versor 2a a — I reverses 
this perpendicular in direction. (2b b — I) again reverses it in direction and 
consequently brings it back to its original position. Hence the product tt leaves 
the common perpendicular to a and b unchanged. Q, is therefore a rotation 
about this line as axis. 



fta = (2bb-I) • (2a a -I) a= (2b b- I) a = 2bba-a. 

The cosine of the angle from a to £1 ■ a is 

afla = 2bab-a-aa = 2(ba) 2 -l = cos2(b,a). 

Hence the angle of the versor £1 is equal to twice the angle from a to b. 

Theorem: Conversely any given versor may be expressed as the product of 
two biquadrantal versors, of which the axes lie in the plane perpendicular to the 
axis of the given versor and include between them an angle equal to one half 
the angle of the given versor. 

For let n be the given versor. Let a and b be unit vectors perpendicular to 
the axis — fi x of this versor. Furthermore let the angle from a to b be equal to 
one half the angle of this versor. Then by the foregoing theorem 

n = (2bb-I)-(2aa-I). (14) 

The resolution of versors into the product of two biquadrantal versors affords 
an immediate and simple method for compounding two finite rotations about 
a fixed point. Let $ and \I/ be two given versors. Let b be a unit vector 
perpendicular to the axes of $ and 'J. Let a be a unit vector perpendicular to 
the axis of $ such that the angle from a to b is equal to one half the angle of $. 
Let c be a unit vector perpendicular to the axis of \? and such that the angle 
from b to c is equal to one half the angle of \&. Then 

$ = (2b b- I) • (2aa-I). 

* = (2c c- I) • (2bb-I). 

* • $ = (2cc - I) • (2bb - I) 2 • (2aa - I). 

But (2b b — I) 2 is equal to the idemfactor, as may be seen from the fact that it 
represents a rotation through four right angles or from the expression 

(2bb~I)(2bb I) =4bbbb 4bb + I = I. 

Hence 

*•$ = (2cc-I) • (2aa-I). 

The product of ty into $ is a versor the axis of which is perpendicular to a 
and c and the angle of which is equal to one half the angle from a to c. 
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If $ and $> are two versors of which the vector semi-tangents of version are 
respectively Qi and Q2, the vector semi-tangent of version Q3 of the product 
* • $ is 

_ Ql+Q 2 + Q2XQ! 

Qs = l -Q 1 Q 2 (15) 



Let 
and 



Hence 



But 



Hence 



Hence 



$ = (2b b- I) • (2aa-I) 

* = (2c c- I) • (2bb-I). 
*•$ = (2cc-I) • (2aa-I). 

o - ~** o -^^ o - ~(^- $ )x 

yl l + $ s ' ^ 2 l + tt s ' ^ 3 l + (*.*) s ' 

$ = 4abba-2aa-2bb + I, 

$ x = 4a • bb x a, 

$ s = 4(a-b) 2 - 1, 

* = 4cbcb-2bb-2cc + I, 

* x = 4c • be x b, 

* s = 4(c • b) 2 - 1 

*$ = 4caca-2cc-2aa + I, 

(vp . $) x = 4c • ac x a, 

(*.$) s = 4(c-a) 2 -1. 



axb bxc axe 

Qi = r~ > Q2 = -r > Q3 



Q 2 x Qi 



be a • c 

(b x c) x (a x b) [abc] b 



abbe a-bbc 

[abc] r = bxcar + cxabr + axbcr, 

[abc] b = bxcab + cxabb + axbcb. 
bxc axb axe 



Q2 x Qi = 



Q2 x Qi = -Qi - Q 2 
Q 3 
Q 2 Qi 



be a • b abbe 
a • c Q 3 



abbe 

Q1 + Q2 + Q2 x Qi 



a-b b-c 

(a x b) • (b x c) abbe a • c b • b 



abbe abbe abbe 
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Hence 

t? =i-Q2 Qi 

abbe 

Hence 

Q1 + Q2 + Q2 x Qj 



Q 



3 



l-Qi Q 2 



This formula gives the composition of two finite rotations. If the rotations 
be infinitesimal Qi and Q2 arc both infinitesimal. Neglecting infinitesimals of 
the second order the formula reduces to 

Q 3 = Qi + Q 2 

The infinitesimal rotations combine according to the law of vector addition. 
This demonstrates the parallelogram law for angular velocities. The subject 
was treated from difference standpoints in Arts. 51 and 60. 

Cyclics, Right Tensors, Tonics, and Cyclotonics 

129.] If the dyadic $ be a versor it may be written in the form (4) 

$ = ii + cosq (j j + kk) + s'mq (kj — j k). 

The axis of rotation is i and the angle of rotation about that axis is q. Let ^> 
be another versor with the same axis and an angle of rotation equal to q' . 

# = i i + cos q' (j j + k k) + sin q' (k j - j k) . 

Multiplying: 

$ . q> = \J . $ = i i 4. cos(<7 + q') (jj + kk) +sm(q + q') (kj - jk). (16) 

This is the result which was to be expected — the product of two versors of which 
the axes are coincident is a versor with the same axis and with an angle equal 
to the sum of the angles of the two given versors. 

If a versor be multiplied by itself, geometric and analytic considerations alike 
make it evident that 

$ 2 = ii + cos2g(jj + kk) + sin2q(kj - jk), 
and 

$" = ii + cos nq (j j + kk) + suing (kj jk). 

On the other hand let <&i equal j j + kk; and $2 equal kj — j k. Then 

$" = (i i + cos q $1 + sin q ^ 2 ) n ■ 

The product of ii into either $1 or $2 is zero and into itself is ii. Hence 

<f>" = i i + (cos q $1 + sin q $2)™- 
$" = ii + cos™<7$™ +ncos™~ 1 (7sin(7$™~ 1 • $ 2 H 
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The dyadic $1 raised to any power reproduces itself. $™ = $1. The dyadic $2 
raised to the second power gives the negative of $1; raised to the third power, 
the negative of $2; raised to the fourth power, $1; raised to the fifth power, $2 
and so on (Art. 114). The dyadic $1 multiplied by $2 is equal to $2- Hence 

1 <n .. ni 77 — 1 . 1 Tt\Tt 1) , n _ n . n 

$=11 + cos q $1 + n cos gsmg$ 2 -^ — - cos g sin q $1 H 

But 

$" = ii + cosng^! + sinng<f> 2 - 

Equating coefficients of $1 and $ 2 in these two expressions for $ n 

„ n(n — 1) „_ 2 . 2 
cos nq = cos q - cos q sin q + •• • 

„_i . n(n— l)(n — 2) „ , . , 
sin n<? = ncos 5 sin g — cos g sin g H 

Thus the ordinary expansions for cos nq and suing are obtained in a manner 
very similar to the manner in which they are generally obtained. 

The expression for a versor may be generalized as follows. Let a, b, c be 
any three non-coplanar vectors; and a', b', c', the reciprocal system. Consider 
the dyadic 

$ = aa' + cos<?(bb' + cc') +sinq(cb' -be'). (17) 

This dyadic leaves vectors parallel to a unchanged. Vectors in the plane of b 
and c suffer a change similar to rotation. Let 

r = cospb + sinpc, 
r' = $ • r = cos(p + q) b + sin(p + q) c. 

This transformation may be given a definite geometrical interpretation as 
follows. The vector r, when p is regarded as a variable scalar parameter, de- 
scribes an ellipse of which b and c are two conjugate semi-diameters (page 86) . 
Let this ellipse be regarded as the parallel projection of the unit circle 

r = cospi + sinqj. 

That is, the ellipse and the circle are cut from the same cylinder. The two 
semi-diameters i and j of the circle project into the conjugate semi-diameters a 
and b of the ellipse. The radius vector r in the ellipse projects into the radius 
vector f in the unit circle. The radius vector r' in the ellipse which is equal to 
$ • r, projects into a radius vector f' in the circle such that 

r' = cos(p + q) i + sin(p + q) j. 

Thus the vector r in the ellipse is so changed by the application of $ as a 
prefactor that its projection r in the unit circle is rotated through an angle q. 
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This statement may be given a neater form by making use of the fact that 
in parallel projection areas are changed in a definite constant ratio. The vector 
f in the unit circle may be regarded as describing a sector of which the area is 
to the area of the whole circle as q is to 2tt. The radius vector f then describes 
a sector of the ellipse. The area of this sector is to the area of the whole ellipse 
as q is to 2tt. Hence the dyadic <J> applied as a pref actor to a radius vector r 
in an ellipse of which b and c are two conjugate semi-diameters advances that 
vector through a sector the area of which is to the area of the whole ellipse as q 
is to 2-7T. 1 Such a displacement of the radius vector r may be called an elliptic 
rotation through a sector q from its similarity to an ordinary rotation of which 
it is the projection. 

Definition: A dyadic $ of the form 

$ = aa' + cosi7(bb' + cc') + sin<7(cb' -be') (17) 

is called a cyclic dyadic. The versor is a special case of a cyclic dyadic. 

It is evident from geometric or analytic considerations that the power of a 
cyclic dyadics are formed, as the powers of a versor were formed, by multiplying 
the scalar q by the power to which the dyadic is to be raised. 

$™ = a a' + cosnq(bb' + cc') +sinnq(cb / - be'). 

If the scalar q is an integral sub-multiple of 2tt, that is, if 

2tt 

— = m, 
q 

it is possible to raise the dyadic $ to such an integral power, namely, the power 
to, that it becomes a idemfactor 

$ m = I 

$ may then be regarded as the m.th root of the idemfactor. In like manner 
if q and 2-7T are commensurable it is possible to raise $ to such a power that 
it becomes equal to the idemfactor and even if q and 2tt are incommensurable 
a power of $ may be found which differs by as little as one pleases from the 
idemfactor. Hence any cyclic dyadic may be regarded as a root of the idemfactor. 

130.] Definition: The transformation represented by the dyadic 

$ = aii + 6jj + ckk (18) 

where a, b, c are positive scalars is called a pure strain. The dyadic itself is 
called a right tensor. 



It is evident that fixing the result of the application of $ to all radii vectors in an ellipse 
practically fixes it for all vectors in the plane of b and c. For any vector in that plane may 
be regarded as a scalar multiple of a radius vector of the ellipse. 
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A right tensor may be factored into three factors 

$ = (aii+jj+kk)-(ii + 6jj + kk)-(ii+jj + ckk). 

The order in which these factors occur is immaterial. The transformation 

r' = (i i + j j + ck k) • r 

is such that the i and k components of a vector remain unaltered but the k- 
componcnt is altered in the ratio of c to 1. The transformation may therefore 
be described as a stretch or elongation along the direction k. If the constant c 
is greater than unity the elongation is a true elongation: but if c is less than 
unity the elongation is really a compression, for the ratio of elongation is less 
than unity. The lengths of the k-components are then not altered. 

The transformation due to the dyadic $ may be regarded as the successive or 
simultaneous elongation of the components of r parallel to i, j, and k respectively 
in the ratios a to 1, b to 1, c to 1. If one or more of the constants a, b, c is less 
than unity the elongation in that or those directions becomes a compression. 
If one or more of the constants is unity, components parallel to that direction 
are not altered. The directions i, j, k are called the principal axes of the strain. 
Their directions are not altered by the strain whereas, if the constants a, fe, c 
be different, every other direction is altered. That scalars a, 6, c are known as 
the principal ratios of elongation. 

In Art. 115 it was seen that any complete dyadic was reducible to the normal 
form 

$ = ±(ai'i + &j'j + ck / k) 

where a, b, c are positive constants. This expression may be factored into the 
product of two dyadics. 

$ = ±(ai' i' + b? j' + ck'k') • (i' i + j' j + k'k), (19) 

or 

= ±(i' i + j' j + k' k) • (oi i + 6j j + ck k). 
The factor 

i'i+j'j + k'k 

which is the same in either method of factoring is a versor. It turns the vectors 
i, j, k into the vectors i', j', k'. The vector semi-tangent of the versor 

./.,./.,,/,. ix i'+j x j' + kx k' 

li + i 1 + k k is . 

J J l + ii'+jj' + kk' 



The other factor 



or 



ai'i' + bj'j' + ck'k' 
ai i + 6j j + ck k 
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is a right tensor and represents a pure strain. In the first case the strain has the 
lines i', j', k' for principal axes: in the second, i, j, k. In both cases the ratios 
of elongation are the same, — a to 1, b to 1, c to 1. If the negative sign occurs 
before the product the version and pure strain must have associated with them 
a reversal of directions of all vectors in space — that is, a perversion. Hence 

Theorem: Any dyadic is reducible to the product of a versor and a right 
tensor taken in either order and a positive or negative sign. Hence the most 
general transformation rcpresentable by a dyadic consists of the product of a 
rotation or version about a definite axis through a definite angle accompanied 
by a pure strain either with or without perversion. The rotation and strain may 
be performed in either order. In the two cases the rotation and the ratios of 
elongation of the strain are the same; but the principal axes of the strain differ 
according as it is performed before or after the rotation, either system of axes 
being derivable from the other by the application of the versor as a prefactor or 
postfactor respectively. 

If a dyadic <I> be given the product of <& and its conjugate is a right tensor 
the ratios of elongation of which are the squares of the ratios of elongation of 
$ and the axes of which are respectively the antecedents or consequents of <J> 
according as <I>c follows or precedes $ in the product. 

$ = ±(ai'i + fej'j + ck'k), 
$ c = ±(aii' + &jj' + ckk / ), 
$.$ c = a 2 i'i' + fo 2 j'j' + c 2 k'k', (20) 

$c • $ = a 2 ii + 6 2 jj +c 2 kk. 



The general problem of finding the principal ratios of elongation, the antecedents, 
and consequents of a dyadic in its normal form, therefore reduced to the simpler 
problem of finding the principal ratios of elongation and the principal axes of a 
pure strain. 

131.] The natural and immediate generalization of the right tensor 

ai i + bj j + ck k, 

is the dyadic 

$ = aaa' + 6bb' + ccc' (21) 

where a, b, c are positive or negative scalars and where a, b, c and a', b', c' 
are two reciprocal systems of vectors. Necessarily a, b, c and a', b', c' are each 
three non-coplanar. 

Definition: A dyadic that may be reduced to the form 

$ = aaa' + 6bb' + ccc' (21) 

is called a tonic. 

The effect of a tonic is to leave unchanged three non-coplanar directions a, 
b, c in space. If a vector be resolved into its components parallel to a, b, c 
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respectively these components are stretched in the ratios a to 1, b to 1 c to 1. 
If one or more of the constants a, b, c are negative the components parallel to 
the corresponding vector a, b, c are reversed in direction as well as changed in 
magnitude. The tonic may be factored into three factors of which each stretches 
the components parallel to one of the vectors a, b, c but leaves unchanged the 
components parallel to the other two. 

$ = (aaa' + bb' + cc') • (aa' + febb' + cc') • (aa'+bb' + ccc'). 

The value of a tonic $ is not altered if in place of a, b, c any three vectors 
respectively collinear with them be substituted, provided of course that the 
corresponding changes which are necessary be made in the reciprocal system a', 
b', c'. But with the exception of this change, a dyadic which is expressible in 
the form of a tonic is so expressible in only one way if the constants a, 6, c are 
different. If two of the constants say b and c are equal, any two vectors coplanar 
with the corresponding vectors b and c may be substituted in place of b and 
c. If all the constants are equal the tonic reduces to a constant multiple of the 
idemfactor. Any three non-coplanar vectors may be taken for a, b, c. 

The product of two tonics of which the axes a, b, c are the same is commuta- 
tive and is a tonic with these axes and with scalar coefficients equal respectively 
to the products of the corresponding coefficients of the two dyadics. 

$ = fliaa' + &ibb' + cicc' 
* = a 2 & a' + 6 2 b b' + c 2 c c' 

$ . q> = \J . $ = a 1 a 2 aa / + M 2 bb' + cxc 2 cc'. (22) 

The generalization of the cyclic dyadic 

a a' + cos q (b b' + c c') + sin g(cb'-bc') 
is 

$ = aaa' + 6(bb' + cc') + c(cb' - be'), (23) 

where a, b, c are three non-coplanar vectors of which a', b', c' is the reciprocal 
system and where the quantities a, 6, c, are positive or negative scalars. This 
dyadic may be changed into a more convenient form by determining the positive 
scalar p and the positive or negative scalar q (which may always be chosen 
between the limits ±7r) so that 

b = p cos q 
and 

c = ps'mq. (24) 

That is, 



p = ± \Jb 2 + c 2 



and 



tan \q = P —± (24)' 

2 p + b 
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Then 

$ = aa a' + p cos q (b b' + c c') + p sin q (c b' - b c') . (25) 

This may be factored into the product of three dyadics 

$ = (aaa' + bb' + cc') • (aa' + pbW + pec')- 
{aa' + cosg(bb' + cc') +s'mq(ch' - be')}. 

The order of these factors is immaterial. The first is a tonic which leaves un- 
changed vectors parallel to b and c but stretches those parallel to a in the ratio 
of a to 1. If a is negative the stretching must be accompanied by reversal in 
direction. The second factor is also a tonic. It leaves unchanged vectors parallel 
to a but stretches all vectors in the plane of b and c in the ratio p to 1. The 
third is a cyclic factor. Vectors parallel to a remain unchanged; but radii vectors 
in the ellipse of which b and c are conjugate semi-diameters are rotated through 
a sector such that the area of the sector is to the area of the whole ellipse as q to 
2-7T. Other vectors in the plane of b and c may be regarded as scalar multiples 
of the radii vectors of the ellipse. 

Definition: A dyadic which is reducible to the form 

$ = aa a' + p cos q (b b' + c c') + p sin q (c b' - b c') , (25) 

owing to the fact that it combines the properties of the cyclic dyadic and the 
tonic is called a cyclotonic. 

The product of two cyclotonics which have the same three vectors, a, b, c 
as antecedents and the reciprocal system a', b', c' for consequents is a third 
cyclotonic and is commutative. 

$ = ojaa' + Pi cosgi (bb' + cc') + pi sing! (cb' — be') 

\f = a^aa' + P2 cosg2 (bb' + cc') +p2sino2 (cb' — be') 

$ . \p = vf . $ = a lfl2 aa' + PiP2COsq 1 (bb' + cc') 

+Pip 2 smqi (cb' — be'). 



(26) 



Reduction of Dyadics to Canonical Forms 



132.] Theorem: In general any dyadic $ may be reduced either to a tonic 
or to a cyclotonic. The dyadics for which the reduction is impossible may be 
regarded as limiting cases which may be represented to any desired degree of 
approximation by tonics or cyclotonics. 

From this theorem the importance of the tonic and cyclotonic which have 
been treated as natural generalizations of the right tensor and the cyclic dyadic 
may be seen. The proof of the theorem, including a discussion of all the special 
cases that may arise, is long and somewhat tedious. The method of proving the 
theorem in general however is patent. If three directions a, b, c may be found 
which are left unchanged by the application of $ then $ must be a tonic. If 
only one such direction can be found, there exists a plane in which the vectors 
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suffer a change such as that due to the cyclotonic and the dyadic indeed proves 
to be such. The question is to find the directions which are unchanged by the 
application of the dyadic $. 

If the direction a is unchanged, then 

$ ■ a = aa (27) 

or 

($ - ol) ■ a = 0. 

The dyadic $ — al is therefore planar since it reduces vectors in the direction a 
to zero. In special cases, which are set aside for the present, the dyadic may be 
linear or zero. In any case if the dyadic 

reduces vectors collinear with a to zero it possesses at least one degree of nullity 
and the third or determinant of $ vanishes. 





(* - al) 3 = 0. 


Now (page 245) 




1 — 1 £iv~l s~*s\ 


($ + \p) 3 = $ 3 + $ 2 : $ 4. $ : \]> 2 + $ 3 . 


ncucc 


($ - al) 3 = $ 3 - a$ 2 : I + a 2 * : h - a 3 I. 




I2 = I and I3 = 1. 



(28) 



But 

$ : I = $s 
$2 : 1 = $ 2S . 

Hence the equation becomes 

a 3 - a 2 $ s + a$2S - $3 = 0. (29) 

The value of a which satisfies the condition that 

$ • a = aa 

is a solution of a cubic equation. Let x replace a. The cubic equation becomes 

x 3 - x 2 <£> s + x$25 -$3 = 0. (29) 

Any value of x which satisfies this equation will be such that 

(fc - xl) 3 = 0. (28)' 

That is to say, the dyadic $ — xl is planar. A vector perpendicular to its 
consequents is reduced to zero. Hence $ leaves such a direction unchanged. 
The further discussion of the reduction of a dyadic to the form of a tonic or 
a cyclotonic depends merely upon whether the cubic equation in x has one or 
three real roots. 



265 

133.] Theorem: If the cubic equation 

x 3 - x 2 <S> s + x<$> 2S -$3 = 0. (29)' 

has three real roots the dyadic $ may in general be reduced to a tonic. 

For let 

x = a, x = 6, x = c 

be the three roots of the equation. The dyadics 

$ - ol, $ - 61, $ - cl 

arc in general planar. Let a, b, c be respectively three vectors drawn perpen- 
dicular to the planes of the consequents of these dyadics. 

($ - al) ■ a = 0, 

($ - 61) • b = 0, (30) 

($ - cl) • c = 0. 
Then 

$ • a = aa, 

$ • b = 6b, (30)' 

<f> • c = cc. 

If the roots a, 6, c are distinct the vectors a, b, c are non-coplanar. For suppose 

c = ma + nb 

(<f> - cl) • (ma + nb) = 0, 

m$ • a — mca + n$ • b — neb = 0. 



But 



Hence 



and 



Hence 



$ • a = aa, $ • b = 6b. 

m(a — c)a + n(b — c)b = 0, 
m(a — c) = 0, n(6 — c) = 0. 
m = or a = c, n = or 6 = 



Consequently if the vectors a, b, c are coplanar, the roots are not distinct; 
and therefore if the roots are distinct, the vectors a, b, c are necessarily non- 
coplanar. In case the roots are not distinct it is still always possible to choose 
three non-coplanar vectors a, b, c in such a manner that the equation (30) hold. 
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This being so, there exists a system a', b', c' reciprocal to a, b, c and the dyadic 
which carries a, b, c into aa, 6b, cc is the tonic 

<J> = aaa' + febb' + ccc'. 

Theorem: If the cubic equation 

x 3 - x 2 <S> s + x$ 25 -$ 3 = 0. (29)' 

has one real root the dyadic <I> may in general be reduces to a cyclotonic. 

The cubic equation has one real root. This mus be positive or negative 
according as $3 is positive or negative. Let the root be a. Determine a perpen- 
dicular to the plane of the consequents of $ — ol. 

($ - at) ■ a = 0. 

Determine a' also so that 

a' • ($ - ol) = 

and let the lengths of a and a' be so adjusted that a' • a = 1. This cannot be 
accomplished in the special case in which a and a' are mutually perpendicular. 
Let b be any vector in the plane perpendicular to a'. 

a' • ($ - at) ■ b = 0. 

Hence ($ — at) ■ b is perpendicular to a'. Hence $ • b is perpendicular to a'. In a 
similar manner <J> 2 • b, <J> 3 • b, and <I>~ 1 • b, $ -2 • b, etc., will all be perpendicular 
to a' and lie in one plane. The vectors $ • b and b cannot be parallel or $ would 
have the direction b as well as a unchanged and thus the cubic would have more 
than one real root. 

The dyadic $ changes a, $ • b, b into $ • a, <f> 2 • b, $ • b respectively. The 
volume of the parallclopipcd 

[$a$ 2 b$b] = $ 3 [a$bb]. (31) 

But 

$ • a = aa. 
Hence 

aa • ($ 2 • b) x ($ • b) = $ 3 a • ($ • b) x b. (31)' 

The vectors <I> 2 • b, $ • b, b all lie in the same plane. Their vector products are 
parallel to a' and to each other. Hence 

a($ 2 -b) x ($-b) = $ 3 $-b x b. (31)" 

Inasmuch as a and $3 have the same sign, let 

P 2 = o" 1 ^. (32) 



Let also 
and 

or 
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b 1 =p- 1 $-b, b 2 =p- 2 $ 2 -b, etc. (33) 



b_i=p$ 1 ■ b, b_ 2 =p 2 $ 2 • b, etc. 
b 2 x bi = bi x b, 



(b 2 +b) xbi=0. 
The vectors b 2 + b and bi are parallel. Let 

b 2 + b = 2nbi. (34) 



Then 



b 3 + bi 


= 2nb 2 


bi+b 2 = 


= 2nb 3 


etc., 


bi+b_! 


= 2nb 


b i+b 2 


= 2nb_i 


etc. 



(35) 



Lay off from a common origin the vectors 

b, bi, b 2 , etc., b_i, b 2 , etc. 

Since <£> is not a tonic, that is, since there is no direction in the plane perpendic- 
ular to a' which is left unchanged by $ these vectors b m pass round and round 
the origin as m takes on all positive and negative values. The value of n must 
therefore lie between plus one and minus one. Let 

n = cosq. (36) 

Then 

b_i + bi = 2 cos q b. 

Determine c from the equation 

bi = cos q b + sin q c. 
Then 

b_i = cos q b sin q c. 

Let a', b', c' be the reciprocal system of a, b, c. This is possible since a' was 
so determined that a' • a — 1 and since a, b, c are non-coplanar. Let 



Then 
Hence 



* = cosq(bb' + cc') +sinq(cb' + bc'). 

* • a = 0, *b = bi, *b_i=b. 

(a&EL + pty) • a = aa = $ • a, 

(oa a' + p*) . b = pbi = $ • b, 

(aaa' +p^) ■ b_i = pb = $ • b_i. 
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The dyadic oaa' + p^> changes the vectors a, b and b_i into the vectors $ • a, 
$ • b, and $ • b_i respectively. Hence 

$ = (oaa' +p*) = oaa' + pcosq(bb' + cc') 

+ psinq (cb' — be'). 

The dyadic <I> in case the cubic equation has only one real root is reducible 
expect in special cases to a cyclotonic. The theorem that a dyadic in general is 
reducible to a tonic or cyclotonic has therefore been demonstrated. 

134.] There remain two cases 1 in which the reduction is impossible, as can 
be seen by looking over the proof. In the first place if the constant n used in the 
reduction to cyclotonic form be ±1 the reduction falls through. In the second 
place if the plane of the antecedents of 

$-aI 

and the plane of the consequents are perpendicular the vectors a and a' used 
in the reduction to cyclotonic form are perpendicular and it is impossible to 
determine a' such that a • a' shall be unity. The reduction falls through. 



If 

Let 

Choose 

Consider the dyadic 



Hence 



n = ±l, b_ 1 +b 1 =±2b. 

b i +bi = 2b. 

c = bi— b = b — b i. 

$ = oaa' + p(b b' + c c') + pc b' 

$ ■ a = sa = $ ■ a, 

* • b = pb + pc = pbi = <f> • b, 

ty ■ c = pc = pbi — pb = 5> • c. 

$ = aaa'+j)(bb' + cc') +pcbi. (37) 



The transformation due to this dyadic may be seen best by factoring it into 
three factors which are independent of the order or arrangement 

$ = (aaa' + bb' + cc') -{aa'+p(bb' + cc')} 

(aa' + bb' + cc' + cb'). 



1 In these cases it will be seen that the cubic equation has three real roots. In one case two 
of them arc equal and in the other case three of them. Thus these dyadics may be regarded 
as limiting cases lying between the cyclotonic in which two of the roots are imaginary and the 
tonic in which all the roots are real and distinct. The limit may be regarded as taking place 
either by the pure imaginary part of the two imaginary roots of the cyclotonic becoming zero 
or by two of the roots of the tonic approaching each other. 
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The first factor represents an elongation in the direction a in a ratio a to 1. The 
plane of b and c is undisturbed. The second factor represents a stretching of 
the plane of b and c in the ratio p to 1. The last factor takes the form 

I + cb'. 

(I + cb') • xa = xa, 

(I + c b') • xh = xh + xc, 

(I + cb') • xc = xc. 

A dyadic of the form I + cb' leaves vectors parallel to a and c unaltered. A 
vector xh parallel to b is increased by the vector c multiplied by the ratio of 
the vector xh to b. In other words the transformation of points in space is such 
that the plane of a and c remains fixed point for point but the points in planes 
parallel to that plane are shifted in the direction c by an amount proportional 
to the distance of the plane in which they lie from the plane of a and c. 
Definition: A dyadic reducible to the form 

I + cb' 

is called a shearing dyadic or shearer and the geometrical transformation which 
it causes is called a shear. The more general dyadic 

$ = aaa'+p(bb' + cc')+cb'. (37) 

will also be called a shearing dyadic or shearer. The transformation to which 
it gives rise is a shear combined with elongations in the direction of a and is in 
the plane of b and c. 

If n = — 1 instead of n = +1, the result is much the same. The dyadic then 
becomes 

$ = aaa'-p(bb' + cc')-cb'. (37)' 

$ = (aaa' + bb' + cc') • {aa' + p(hh' + cc')} • (I + cb'). 

The factors are the same except the second which now represents a stretching 
of the plane of b and c combined with a reversal of all the vectors in that 
plane. The shearing dyadic $ then represents an elongation in the direction a, 
an elongation combined with a reversal of direction in the plane of b and c, and 
a shear. 

Suppose that the plane of the antecedents and the plane of the consequents 
of the dyadic $ — al arc perpendicular. Let these planes be taken respectively 
as the plane of j and k and the plane of i and j. The dyadic then takes the form 

$ - al = A] i + Bj j + Ck i + Dk j. 

The coefficient B must vanish. For otherwise the dyadic 

$ - al - BI = (-Bi + A] + Ck) i + k (Dj - Bk) 
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is planar and the scalar a + B is a root of the cubic equation. With this root 
the reduction to the form of a tonic may be carried on as before. Nothing new 
arises. But if B vanishes a new case occurs. Let 

* = $- al = Aji + Cki + Dkj. 

This may be reduced as follows to the form 

ab' + bc' 

where 

ab' = a c' = bc' = and b • b' = 1. 

Square ^ 

* 2 = ADki = ac'. 

Hence a must be chosed parallel to k; and c', parallel to i. The dyadic ^ may 
then be transformed into 

Then 

= AD K V=™±?* 

AD 

b = Aj c' = i. 

With this choice of a, b, b', c' the dyadic \P reduces to the desired form ab'+bc' 
and hence the dyadic $ is reduced to 

$ = al + ab' + bc' (38) 

or 

$ = aaa' + abb' + ace' + ab' + be'. 

This may be factored into the product of two dyadics the order of which is 
immaterial. 

$ =al- (I + ab' + bc'). 

The first factor a\ represents a stretching of space in all directions in the ratio 
a to 1. The second factor 

ft = I + ab' + bc' 

represents what may be called a complex shear. For 

r' = Ir + ab'r + bc'r = r + ab'r + bc'r. 

If r is parallel to a it is left unaltered by the dyadic Vt. If r is parallel to b 
it is changed by the addition of a term which is in direction equal to a and in 
magnitude proportional to the magnitude of the vector r. In like manner if r is 
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parallel to c it is changed by the addition of a term which in direction is equal 
to b and which in magnitude is proportional to the magnitude of the vector r. 

£1 • xb = (I + a b' + b c') • xb = xb + xa 
il ■ xc = (I + a b' + b c') • xc = xc + xb. 

Definition: A dyadic which may be reduced to the form 

$ = al + ab' + bc' (38) 

is called a complex shearer. 

The complex shearer as well as the simple shearer mentioned before are 
limiting cases of the cyclotonic and tonic dyadics. 

135.] A more systematic treatment of the various kinds of dyadics which 
may arise may be given by means of the Hamilton-Cayley equation 

$3 _ $s$ 2 + $2s$ _ $ 3 i = o (39) 

and the cubic equation in x 

x 3 - $ s x 2 + <5> 2S x -$ 3 = 0. (29)' 

If a, 6, c are the roots of this cubic the Hamilton-Cayley equation may be 
written as 

($ - al) ■ ($ - 61) • ($ - cl) = 0. (40) 

If, however, the cubic has only one root the Hamilton-Cayley equation takes the 
form 

($-aI) • ($ 2 -2pcosg$+p 2 I) = 0. (41) 

In general the Hamilton-Cayley equation which is an equation of the third de- 
gree in $ is the equation of lowest degree which is satisfied by $. In general 
therefore one of the above equations and the corresponding reductions to the 
tonic or cyclotonic form hold. In special cases, however, the dyadic $ may sat- 
isfy an equation of lower degree. That equation of lowest degree which may be 
satisfied by a dyadic is called its characteristic equation. The following possi- 
bilities occur. 

I. ($ - al) • ($ - 61) • ($ - cl) = 0. 

II. ($-aI)-($ 2 -2pcosg$+p 2 I) =0. 

III. ($ - al) • ($ - blf = 0. 

IV. ($ - al) • ($ - 61) = 0. 
V. (* - al) 3 = 0. 

VI. (* - al) 2 = 0. 

VII. (* - al) = 0. 

In the first case the dyadic is a tonic and may be reduced to the form 
$ = oaa' + 6b b' + ccc'. 



272 

In the second case the dyadic is a cyclotonic and may be reduced to the form 

$ = aaa' + pcosq (bb' + cc') + psinq (cb' — be'). 

In the third case the dyadic is a simple shearer and may be reduced to the form 

$ = oaa' + 6(bb' + cc') + cb'. 

In the fourth case the dyadic is again a tonic. Two of the ratios of elongation are 
the same. The following reduction may be accomplished in an infinite number 
of ways. 

$ = aaa' + fe(bb' + cc'). 

In the fifth case the dyadic is a complex shearer and may be so expressed that 

$ = al + ab' + bc'. 

In the sixth case the dyadic is again a simple shearer which may be reduced to 
the form 

$ = ol + c b' = o(a a' + b b' + c c') + c b'. 

In the seventh case the dyadic is again a tonic which may be reduced in a double 
infinite number of ways to the form 

$ = al = o(aa' + bb' + cc'). 

These seven are the only essentially different forms which a dyadic may 
take. There are then only seven really different kinds of dyadics — three tonics 
in which the ratios of elongation are all different, two alike, or all equal, and 
the cyclotonic together with three limiting cases, the two simple and the one 
complex shearer. 

Summary of Chapter VI 

The transformation due to a dyadic is a linear homogeneous strain. The dyadic 
itself gives the transformation of the points in space. The second of the dyadic 
gives the transformation of plane areas. The third of the dyadic gives the ratio 
in which volumes are changed. 

r' = $ • r, s' = $ 2 • s, v' = $3W. 

The necessary and sufficient condition that a dyadic represent a rotation 
about a definite axis is that it be reducible to the form 

$ = i'i+j'j + k'k (1) 

or that 

$.$ C = I, $ 3 = +l. (2) 

or that 

$-$c = I, $ 3 > 
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The necessary and sufficient condition that a dyadic represent a rotation com- 
bined with a transformation of reflection by which each figure is replaced by one 
symmetrical to it is that 



or that 



or that 



$ = -(i'i+j'j + k'k) (1)' 

$ • $c = Ij $3 = -1- 

$ • $ c = I, $ 3 < (3) 



A dyadic of the form (1) is called a versor; one of the form (1)', a perversor. 
If the axis of rotation of a versor be chosen as the i-axis the versor reduces 

to 

$ = ii + cosq(jj + kk) +sinq(kj - jk). (4) 

or 

$ = i i + cos q (I — i i) + sin q I x i. (5) 

If any unit vector a is directed along the axis of rotation 

$ = a a + cos q (I — a a) + sin glxa. (6) 

The axis of the versor coincides in direction with — $ x . 

If a vector be drawn along the axis and if the magnitude of the vector be 
taken equal to the tangent of one-half the angle of rotation, the vector deter- 
mines the rotation completely. This vector is called the vector semi-tangent of 
version. 

Q=rx^-> Q-Q = tan 2 ^. (9) 

In terms of Q the versor $ may be expressed in a number of ways. 

•-^""i 1 -^)**" 1 "^ (10) 



or 



or 



or 



$ = (I + IxQ)-(I-IxQ)- i (10)' 

= QQ + (i + ixQ) 2 

1 + Q Q v ; 

= (1 Q Q)I + 2QQ + 2IxQ 

1 + Q-Q l ' 

If a is a unit vector a dyadic of the form 

$ = 2aa-I (12) 
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is a biquadrantal versor. Any versor may be resolved into the product of two 

biquadrantal versors and by means of such resolutions any two versors may be 

combined into another. The law of composition for the vector semi-tangents of 

version is 

Q1+Q2 + Q2 x Qj 

^ 3 1-Qi Q 2 

A dyadic reducible to the form 

$ = aa' + cosg(bb' + cc') + sinq(cb' -be'). (17) 

is called a cyclic dyadic. It produces a generalization of simple rotation — an 
elliptical rotation, so to speak. The product of two cyclic dyadics which have 
the same antecedents a, b, c and consequents a', b', c' is obtained by adding 
their angles q. A cyclic dyadic may be regarded as a root of the idemfactor. A 
dyadic reducible to the form 

$ = aii + 6jj + ckk (18) 

where a, b, c are positive scalars is called a right tensor. It represents a stretching 
along the principal axis i, j, k in the ratio a to 1, b to 1, c to 1 which are called 
the principal ratios of elongation. This transformation is a pure strain. 

Any dyadic may be expressed as the product of a versor, a right tensor, and 
a positive or negative sign. 

$ = ±(ai' i' + bj'j' + ck' k') • (i'i+j'j + k' k) 



or 



±(i' i + j' j + k' k) ■ (oii + 6j j + ckk). (19) 



Consequently any linear homogeneous strain may be regarded as a combination 
of a rotation and a pure strain accompanied or unaccompanied by a perversion. 
The immediate generalizations of the right tensor and the cyclic dyadic is to 
the tonic 

$ = aaa' + 6bb' + ccc' (21) 

and cyclotonic 

$ = aaa' + 6(bb' + cc')+ c(c b' b c') (23) 

<f> = aa a' + p cos q (b b' + c c') + p sin q (c b' - b c') (25) 



or 



where 

p = +\/b 2 + c 2 and tan -q = -. (24)' 

2 p+b y ' 

Any dyadic in general may be reduced either to the form (21), and is therefore 
a tonic, or to the form (25), and is therefore a cyclotonic. The condition that a 
dyadic be a tonic is that the cubic equation 

X s - $ s x 2 + $2 S x -$ 3 = (29)' 
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shall have three real roots. Special cases in which the reduction may be accom- 
plished in more ways than one arise when the equation has equal roots. The 
condition that a dyadic be a cyclotonic is that this cubic equation shall have 
only one real root. There occur two limiting cases in which the dyadic cannot 
be reduced to cyclonic form. In these cases it may be written as 

$ = aaa'+p(bb' + cc')+pcb' (37) 

and is a simple shearer, or it takes the form 

$ = al + ab' + bc' (38) 

and is a complex shearer. Dyadics may be classified according to their charac- 
teristic equations 



($ - ol) • ($ - 61) • ($ - cl) = 0. 


tonic 


($-aI) • ($ 2 - 2pcosq$+p 2 I) = 0. 


cyclotonic 


($ - ol) • ($ - 6I) 2 = 0. 


simple shearer 


($ - ol) • ($ - 61) = 0. 


special tonic 


($ - al) 3 = 0. 


complex shearer 


($ - al) 2 = 0. 


special simple shearer 


($ - al) = 0. 


special tonic. 



CHAPTER VII 



MISCELLANEOUS APPLICATIONS 

Quadric Surfaces 

136.] If <f> be any constant dyadic the equation 

r • $ • r = const. (1) 

is quadratic in r. The constant, in case it be not zero, may be divided into the 
dyadic $ and hence the equation takes the form 

r-$-r = l, (1)' 

or 

r$r = 0. (2) 

The dyadic $ may be assumed to be self-conjugate. For if ^ is an anti-self- 
conjugate dyadic, the product r • $ • r is identically zero for all values of r. The 
proof of this statement is left as an exercise. By Art. 116 any self-conjugate 
dyadic is reducible to the form 

ii i i kk , . 

4> = ±-±g±— . (3) 



If 



Hence the equation 



r = xi + yj + zk, 

2 2 2 

*T = ±-2±j^±-2. 4 

a z b z c z 



$r = 1 



represents a quadric surface real or imaginary. 

The different cases which arise are four in number. If the signs are all 
positive, the quadric is a real ellipsoid. If one sign is negative it is an hyperboloid 
of one sheet; if two are negative, a hyperboloid of two sheets. If the three signs 
are all negative the quadric is imaginary. In like manner the equation 

r • $ • r = 

is seen to represent a cone which may be either real of imaginary according as 
the signs arc different or all alike. Thus the equation 

r • $ • r = const. 

represents a central quadric surface. The surface reduces to a cone in case the 
constant is zero. Conversely any central quadric surface may be represented by 
a suitably chosen self-conjugate dyadic $ in the form 

r • $ • r = const. 
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This is evident from the equations of the central quadric surfaces when reduced 
to the normal form. They are 

2 2 2 

xv z 
±^r ± 77 ± -7 — const. 
a z b z cr 

The corresponding dyadic $ is 

ii i i kk 

$ = ± — ± — ± . 

a 2 b 2 c 2 

The most general scalar expression which is quadratic in the vector r and 
which consequently when set equal to a constant represents a quadric surface, 
contains terms like 

r • r, (r • a) (b • r), re, d • e, 

where a, b, c, d, e are constant vectors. The first two terms are of the second 
order in r; the third, of the first order; and the last, independent of r. Moreover, 
it is evident that these four sorts of terms are the only ones which can occur in 
a scalar expression which is quadratic in r. 

But 

r • r = r • I • r, 

and 

(r • a) (b • r) = r • ab • r. 

Hence the most general quadratic expression may be reduced to 

r-$-r + r-A + C = 0, 

where $ is a constant dyadic, A a constant vector, and C a constant scalar. 
The dyadic may be regarded as self-conjugate if desired. 

To be rid of the linear term r • A, make a change of origin by replacing r by 
r'-t. 

(r' - t) • $ • (V - 1) + (r' - t) • A + C = 

r'$r'-t$r'-r'$t + t$t 

+r' • A - t • A + C = 0. 

Since $ is self-conjugate the second and third terms are equal. Hence 
r' • $ • r' + 2r' • (-A - $ ■ t) + C = 0. 
If now $ is complete the vector t may be chosen so that 
-A = $-t or t = -$ _1 -A. 
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Hence the quadric is reducible to the central form 

r' • $ • r' = const. 

In case $ is incomplete it is wmplanar or unilinear because <& is self-conjugate. 
If A lies in the plane of $ or in the line of $ as the case may be the equation 

-A = $-t 

2 

is soluble for t and the reduction to central form is still possible. But unless A 
is so situated the reduction is impossible. The quadric surface is not a central 
surface. 

The discussion and classification of the various non-central quadrics is an in- 
teresting exercise. It will not be taken up here. The present object is to develop 
so much of the theory of quadric surfaces as will be useful in applications to 
mathematical physics with especial reference to non-isotropic media. Hereafter 
therefore the central quadrics and in particular the ellipsoid will be discussed. 

137.] The tangent plane may be found by differentiation. 

r • $ • r = 1. 
dv ■ $ • r + r • $ • dv = 0. 

Since $ is self-conjugate these two terms are equal and 

dr ■ $ • r = 0. (5) 

The increment dr is perpendicular to $ • r. Hence $ • r is normal to the surface 
at the extremity of the vector r. Let this normal be denoted by N and let the 
unit normal be n. 

N = $ • r (6) 

$ • r $ • r 



y/($ • r) • ($ • r) Vr ■ $ 2 • r 

Let p be the vector drawn from the origin perpendicular to the tangent 
plane, p is parallel to n. The perpendicular distance from the origin to the 
tangent plane is the square root of p • p. It is also equal to the square root of 
r p. 



r • p = r cos(r, p) p = p 2 
Hence 

rp = pp. 

Or 

P P P , 

= r • = 1. 

P P P P 
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But 

r-$-r = r-N = l. 

Hence inasmuch as p and N are parallel, they are equal. 

$-r = N=-^-. (7) 

PP 

One page 79 it was seen that the vector which has the direction of the 
normal to a plane and which is in magnitude equal to the reciprocal of the 
distance from the origin to the plane may be taken as the vector coordinate of 
that plane. Hence the above equation shows that $ • r is not merely normal to 
the tangent plane, but is also the coordinate of that plane. That is, the length 
of $ • r is the reciprocal of the distance from the origin to the plane tangent to 
the ellipsoid at the extremity of the vector r. 

The equation of the ellipsoid in plane coordinates may be found by elimi- 
nating r from the two equations. 

{ r . <j> . r = 1, 
$-r = N. 

r = $ _1 •N = N-$~ 1 . 
Hence 

r • $ • r = N • $" 1 • $ • $ _1 • N = N • $^ 1 • N. 

Hence the desired equation is 



If 



N-$ _1 -N=l. (8) 

ii j j kk 

$ = 

a 2 b 2 c 2 
$" 1 =a 2 ii + 6 2 jjc 2 kk. 

Let 

r = xi + yj + zk, 

and 

N = u\ + vj + wk, 

where u, v, w are the reciprocals of the intercepts of the plane N upon the axes 
i, j, k. then the ellipsoid may be written in either of the two forms familiar in 
Cartesian geometry 

2 2 2 

x y z A 
r-$.r=— + ^+=1 9 

a 1 b A c l 
or 

N • fc- 1 • N = a 2 u 2 + b 2 v 2 + c 2 w 2 = 1 (10) 



280 



138.] The locus of the middle points of a system of parallel chords in an 
ellipsoid is a plane. This plane is called the diametral plane conjugate with the 
system of chords. It is parallel to the plane drawn tangent to the ellipsoid at 
the extremity of that one of the chords which passes through the center. 

Let r be any radius vector in the ellipsoid. Let s be the vector drawn to the 
middle point of a chord parallel to a. 

Let 

r = s + xa. 

If r is a radius vector of the ellipsoid 

r • $ • r = (s + xa) • $ • (s + xa) = 1. 
Hence 

s • $ • s + 2xs • <f> • a + x 2 a • $ • a = 1. 

Inasmuch as the vector s bisects the chord parallel to a the two solutions of 
x given by this equation are equal in magnitude and opposite in sign. Hence 
the coefficient of the linear term x vanishes. 

s • $ • a = 0. 

Consequently the vector s is perpendicular to $ • a. The locus of the terminus of 
s is therefore a plane passed through the center of the ellipsoid, perpendicular 
to $ • a, and parallel to the tangent plane at the extremity of a. 
If b is any radius vector in the diametral plane conjugate with a, 

b$a = 0. 

The symmetry of this equation shows that a is a radius vector in the plane 
conjugate with b. Let c be a third radius vector in the ellipsoid and let it be 
chosen as the line of intersection of the diametral planes conjugate respectively 
with a and b. Then 

a$b = 0, 

b$c = 0, (11) 

c • $ • a = 0. 

The vectors a, b, c are changed into $ • a, $ • b, <f> • c by the dyadic $. Let 

a' = $ • a, b' = $ • b, c' = $ • c. 

The vectors a', b', c' form the system reciprocal to a, b, c. 

For 

a- a' = a- $ • a = 1, 
bb' = b$b=l, 

c • c' = c • $ • c = 1, 



281 

and 

ab' = a$b = 0, 
b • c' = b • <J> • c = 0, 
c • a' = c • $ • a = 0. 

The dyadic $ may be therefore expressed in the forms 

$ = a'a' + b'b' + c'c', (12) 

and 

$ _1 = aa + bb + cc. 

If for convenience the three directions a, b, c be called a system of three conju- 
gate radii vectors, and if in a similar manner the three tangent planes at their 
extremities be called a system of three conjugate tangent planes, a number of 
geometric theorems may be obtained from interpreting the invariants of $. A 
system of three conjugate radii vectors may be obtained in a doubly infinite 
number of ways. 

The volume of a parallelopiped of which three concurrent edges constitute 
a system of three conjugate radii vectors is constant and equal in magnitude 
to the rectangular parallelopiped constructed upon the three semi-axes of the 
ellipsoid. 

For let a, b, c be any system of three conjugate axes. 

$ _1 = aa + bb + cc. 

The determinant or third of $ _1 is an invariant and independent of the form in 
which $ is expressed. 

$3 X = [abc] 2 . 
But if 

$ _1 = a 2 ii + 6 2 jj + c 2 kk, 
3-3 1 =a 2 b 2 c 2 . 
Hence 

[abc] = abc. 

This demonstrates the theorem. In like manner by interpreting $ 3 , $3 , $5 it 
is possible to show that: 

The sum of the squares of the radii vectors drawn to an ellipsoid in a system 
of three conjugate directions is constant and equal to the sum of the squares of 
the semi- axes. 

The volume of the parallelopiped, whose three concurrent edges are in the 
directions of the perpendiculars upon a system of three conjugate tangent planes 
and in magnitude equal to the reciprocals of the distances of those planes from 
the center of the ellipsoid, is constant and equal to the reciprocal of the paral- 
lelopiped constructed upon the semi-axes of the ellipsoid. 
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The sum of the squares of the reciprocals of the three perpendiculars dropped 
from the origin upon a system of three conjugate tangent planes is constant and 
equal to the sum of the squares of the reciprocals of the semi-axes. 

If i, j, k be three mutually perpendicular unit vectors 

$^ 1 = i- $ _1 • i+j • $ _1 ■ j + k- $ _1 k. 

Let a, b, c be three radii vectors in the ellipsoid drawn respectively parallel to 
i, j, k. 

a$a = b$b = c$c = l. 

Hence 

i . $ . i j • $ • j k$k 

$ ? = h H . 

a- $ • a b • $ • b c • $ • c 

But the three terms in this expression are the squares of the reciprocals of 
the radii vectors drawn respectively in the i, j, k directions. Hence: 

The sum of the squares of the reciprocals of three mutually perpendicular 
radii vectors in an ellipsoid is constant. And in a similar manner: the sum of 
the squares of the perpendiculars fropped from the origin upon three mutually 
perpendicular tangent planes is constant. 

139.] The equation of the polar plane of the point determined by the vector 
a is 1 

a-$-a=l. (13) 

For let s be the vector of a point in the polar plane. The vector of any point 
upon the line which joins the terminus of s and the terminus of a is 

ys + xa 
x + y 



If this point lies upon the surface 



ws + xa us + xa 

• $ • = 1 

x + y x + y 

11 ZiXVl X 

rS-$-S+- — -;•$■<$>■ a+ - rrra • $ • a = 1. 



[x + y) 2 {x + y) 2 (x + y) 7 

If the terminus of s lies in the polar plane of a the two values of the ratio x : y 
determined by this equation must be equal in magnitude and opposite in sign. 
Hence the term xy vanishes. 

Hence 

s • $ • a = 1 



J It is evidently immaterial whether the central quadric determined by $ be real or imagi- 
nary, ellipsoid or hyperboloid. 
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is the desired equation of the polar plane of the terminus of a 
Let a be replaced by za. The polar plane becomes 

s • $ ■ za= 1, 

or 

s • $ • a = -. 

z 

When z increases the polar plane of the terminus of za approaches the origin. 
In the limit when z becomes infinite the polar plane becomes 

s • $ • a = 0. 

Hence the polar plane of the point at infinity in the direction a is the same as 
the diametral plane conjugate with a. This statement is frequently taken as the 
definition of the diametral plane conjugate with a. In case the vector a is a 
radius vector of the surface the polar plane becomes identical with the tangent 
plane at the terminus of a. The equation 

s-$-a=lors-N = l 

therefore represents the tangent plane. 

The polar plane may be obtained from another standpoint which is impor- 
tant. If a quadric Q and a plane P are given, 

Q = r-$-r-l = 

and 

P = r-c-C = 0, 

the equation 

(r • $ • r - 1) + k(r ■ c - Cf = 

represents a quadric surface which passes through the curve of intersection of 
Q and P and is tangent to Q along that curve. In like manner if two quadrics 
Q and Q' are given, 

Q = r$ r -1 = 
Q' = r • $' • r - 1 = 0, 

the equation 

(r-$-r-l) + fc(r-$'-r- 1) = 

represents a quadric surface which passes through the curves of intersection of 
Q and Q' and which cuts Q and Q' at no other points. In case this equation 
is factorable into two equation which are linear in r, and which consequently 
represent two planes, the curves of intersection of Q and Q' become plane and 
lie in those two planes. 

If A is any point outside of the quadric and if all the tangent planes which 
pass through A arc drawn, these planes envelop a cone. This cone touches the 
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quadric along a plane curve — the plane of the curve being the polar plane of 
the point A. For let a be the vector drawn to the point A. The equation of any 
tangent plane to the quadric is 

s • $ • r = 1. 

If this plane contains A, its equation is satisfied by a. Hence the conditions 
which must be satisfied by r if its tangent plane passes through A arc 

a- $ • r = 1, 

r • $ • r = 1. 

The points r therefore lie in a plane r • ($ • a) = 1 which on comparison 
with (13) is seen to be the polar plane of A. The quadric which passes through 
the curve of intersection of this polar plane with the given quadric and which 
touches the quadric along that curve is 

(r • $ • r - 1) + fc(a • $ • r - 1) = 0. 

If this passes through the point A, 

(a • $ • a - 1) + fc(a • $ • a - l) 2 = 0. 
Hence 

(r • $ • r - 1) (a • $ • a - 1) - (a • $ • r - l) 2 = 0. 

By transforming the origin to the point A this is easily seen to be a cone whose 
vertex is at that point. 

140.] Let $ be any self-conjugate dyadic. It is expressible in the form 

$ = Aii + Bjj + Ckk 

where A, B, C are positive or negative scalars. Furthermore let 

A<B<C 
$-BI = (C-B)kk- (B-A)ii. 



Let 
Then 

Let 
Then 



v / C-5k = c and y/B - A i = 



$-BI = cc-aa=- {(c + a)(c - a) + (c - a)(c + a)} . 



a = p and c — a = q. 



$ = BI+= *(pq + qp). (14) 



285 



The dyadic $ has been expressed as the sum of a constant multiple of the 
idcmfactor and one half the sum 

pq + qp 

The reduction has assumed tacitly that the constants A, B, C are different from 
each other and from zero. 

This expression for $ is closely related to the circular sections of the quadric 
surface 

r • $ • r = 1. 

Substituting the value of $, r • <& • r = 1 becomes 

Br • r + r • pq • r = 1. 
Let 

r • p = n 

be any plane perpendicular to p. By substitution 

By ■ r + nq • r — 1 = 0. 

This is a sphere because the terms of the second order all have the same coef- 
ficient B. If the equation of this sphere be subtracted from that of the given 
quadric, the resulting equation os that of a quadric which passes through the 
intersection of the sphere and the given quadric. The difference is 

q • r (r • p — n) = 0. 

Hence the sphere and the quadric intersect in two plane curves lying in the 
planes 

q • r = and r • p = n. 

Inasmuch as these curves lie upon a sphere they are circles. Hence planes 
perpendicular to p cut the quadric in circles. In like manner it may be shown 
that planes perpendicular to q cut the quadric in circles. The proof may be 
conducted as follows: 

Br • r + r • pq • r = 1. 

If r is a radius vector in the plane passed through the center of the quadric 
perpendicular to p or q, the term r • p q • r vanishes. Hence the vector r in this 
plane satisfies the equation 

Br ■ r = 1 

and is of constant length. The section is therefore a circular section. The radius 
of the section is equal in length to the mean semi-axis of the quadric. 

For convenience let the quadric be an ellipsoid. The constants A, B, C are 
then positive. The reciprocal dyadic $ _1 may be reduced in a similar manner. 

, i ii j j kk 

d>--ii=fi-lUk-fl-iW 

B \B C \A B 
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Let 

Then 

Let 
Then 



f = A / k and d = \ — i. 

V B C V A B 

1 - ii = f f - dd = i{(f + d) (f - d) + (f - d) (f + d)}. 



f + d — u and f — d = v 

r'^I+jfuv + vu). (15) 

The vectors u and v are connected intimately with the circular cylinders 
which envelop the ellipsoid 

r . $ . r = 1 or N • $ _1 • n = 1. 
For 

^N-N + N-uv-N = 1. 
B 

If now N be perpendicular to u or v the second term, namely, N • uv • N, 
vanishes and hence the equation becomes 

N-N = £. 

That is, the vector N is of constant length. But the equation 

N-u = 

is the equation of a cylinder of which the elements and tangent planes are parallel 
to u. If then N • N is constant the cylinder is a circular cylinder enveloping the 
ellipsoid. The radius of the cylinder is equal in length to the mean semi-axis of 
the ellipsoid. 

There arc consequently two planes passing through the origin and cutting 
out circles from the ellipsoid. The normals to these planes are p and q. The 
circles pass through the extremities of the mean axis of the ellipsoid. There are 
also two circular cylinders enveloping the ellipsoid. The direction of the axes of 
these cylinders are u and v. Two elements of these cylinders pass through the 
extremities of the mean axis of the ellipsoid. 

These results can be seen geometrically as follows. Pass a plane through the 
mean axis and rotate it about that axis from the major to the minor axis. The 
section is an ellipse. One axis of this ellipse is the mean axis of the ellipsoid. 
This remains constant during the rotation. The other axis of the ellipse varies in 
length from the major to the minor axis of the ellipsoid and hence at some stage 
must pass through a length equal to the mean axis. At this stage of the rotation 
the section is a circle. In like manner consider the projection or shadow of the 
ellipsoid cast upon a plane parallel to the mean axis by a point at an infinite 
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distance from that plane and in a direction perpendicular to it. As the ellipsoid 
is rotated about its mean axis, from the position in which the major axis is 
perpendicular to the plane of projection to the position in which the minor axis 
is perpendicular to that plane, the shadow and the projecting cylinder have the 
mean axis of the ellipsoid as one axis. The other axis changes from the minor 
axis of the ellipsoid to the major and hence at some stage of the rotation it 
passes through a value equal to the mean axis. At this stage the shadow and 
projecting cylinder are circular. 

The necessary and sufficient condition that r be the major or minor semi- 
axis of the section of the ellipsoid r • $ ■ r = 1 by a plane passing through the 
center and perpendicular to a is that a, r, and $ • r be coplanar. 



Let 

r • $ • r = 1 
and 

ra = 0. 

Differentiate: 

dr ■ $ • r = 0, 

dr ■ a = 0. 
Furthermore 

dr ■ r = 0, 

if r is to be a major or minor axis of the section; for r is a maximum or a 
minimum and hence is perpendicular to dr. These three equations show that a, 
r, and <& • r are all orthogonal to the same vector dr. Hence they are coplanar. 

[ar$-r]=0. (16) 

Conversely if 

[ar$ • r] =0, 

dr may be chosen perpendicular to their common plane. Then 

dr • r = 0. 

Hence r is a maximum or a minimum and is one of the principal semi-axes of 
the section perpendicular to a. 

141.] It is frequently an advantage to write the equation of an ellipsoid in 
the form 

r* 2 r = l, (17) 

instead of 

r • $ • r = 1. 



ii 




jj 




kk 


— 


+ 




+ 





a 2 




P 




c 2 


ii 




jj 




kk 


— 


+ 




+ 





a 




b 




c 
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This may be done; because if 

$ = 

tt=-+^+— (18) 

a o c 

is a dyadic such that ^ 2 is equal to $. ^ may be regarded as a square root of 
$ and written as $2. But it must be remembered that there are other square 
roots of $ — for example, 

ii jj kk 

a b c 
and 

ii jj kk 

a b c 

For this reason it is necessary to bear in mind that the square root which is 
meant by $2 is that particular one which has been denoted by \JJ. 
The equation of the ellipsoid may be written in the form 

r • * • * • r = 1, 

or 

(*•!■)• (*-r) = 1. 

Let r' be the radius vector of a unit sphere. The equation of the sphere is 

r' • r' = 1. 

If r' = \I/ • r is becomes evident that an ellipsoid may be transformed into a 
unit sphere by applying the operator \P to each radius vector r, and vice versa, 
the unit sphere may be transformed into an ellipsoid by applying the inverse 
operator 'I' -1 to each radius vector r'. Furthermore if a, b, c are a system of 
three conjugate radii vectors in an ellipsoid 

a • * 2 • a = b • * 2 • b = c • * 2 • c = 1, 
a • * 2 • b = b • * 2 • c = c • * 2 • a = 0. 

If for the moment a', b', c' denote respectively \£ ■ a, \fr ■ b, \IJ ■ c, 

a' • a' = b' • b' = c' • c' = 1, 
a' • b' = b' • c' = c' • a' = 0. 

Hence the three radii vectors a', b', c' of the unit sphere into which three 
conjugate radii vectors in the ellipsoid are transformed by the operator "J -1 arc 
mutually orthogonal. They form a right-handed or left-handed system of three 
mutually perpendicular unit vectors. 
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Theorem: Any ellipsoid may be transformed into any other ellipsoid by 
means of a homogeneous strain. 

Let the equations of the ellipsoids be 

r • $ • r = 1, 
and 

f • * • f = 1. 

By means of the strain $ s the radii vectors r of the first ellipsoid are changed 
into the radii vectors r' of a unit sphere 

r ' = $2 . rj r' • r' = 1. 

By means of the strain \f _ 5 the radii vectors r' of this unit sphere are trans- 
formed in like manner into the radii vectors r of the second ellipsoid. Hence by 
the product r is changed into r. 

f = v]/-3 . $2 . r . (19) 

The transformation may be accomplished in more ways than one. The radii 
vectors r' of the unit sphere may be transformed among themselves by means 
of a rotation with or without a perversion. Any three mutually orthogonal unit 
vectors in the sphere may be changed into any three others. Hence the semi-axes 
of the first ellipsoid may be carried over by a suitable strain into the semi-axes 
of the second. The strain is then completely determined and the transformation 
can be performed in only one way. 

142.] The equation of a family of confocal quadric surfaces is 

2 2 2 

x V z _ ,_. 

"2 + VT— + ~2 = L 20 

a — n b A — n c — n 
If r • $ • r = 1 and r • \& • r = 1 are two surfaces of the family, 

ii jj kk 



$ = 
* = 



a 2 — ri\ b 2 — n\ c 2 — ri\ 

ii i i kk 

1 — 1 

a 2 — ni b 2 — Ti2 c 2 — ri2 

fc- 1 = (a 2 - m)ii+ = (b 2 - m) j j+ = (c 2 - m) kk, 

* _1 = (a 2 -n 2 )ii+ = (b 2 -n 2 )jj+ = (c 2 -n 2 )kk. 



Hence 



$ : -* x = (n 2 -ni)(ii + jj + kk) 
= (ri2 -rii) I. 

The necessary and sufficient condition that the two quadrics 

r • $ • r = 1 
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and 



r • * • r = 1 



be confocal, is that the reciprocals of $ and ^> differ by a multiple of the idem- 
factor 

$" 1 - y- 1 = xl. (21) 

If two confocal quadrics intersect, they do so at right angles. 

Let the quadrics be 

r • $ • r = 1, 
and 

r • * • r = 1. 
Let 

s = $ • r and s' = $ • r, 

- 1 • s'. 

The the quadrics may be written in terms of s and s' as 

s-®- 1 -s = 1, 
and 

S' • *-* • s' = 1, 

where by the confocal property, 

&- 1 - *" : = xl. 

If the quadrics intersect at r the condition for perpendicularity is that the nor- 
mals $ • r and f -r be perpendicular. That is, 

s • s' = 0. 
But 

r = vff -1 • s' = $ _1 • s = (* _1 + .xl) • s = \J/ _1 • s + xs, 
xs • s' = s' • * _1 • s' - s • *" x • s' = 1 - s • *" : • s'. 
In like manner 

r = $ _1 • s = * _1 • s' = ($ _1 - xl) • s' = $ _1 ■ s' + xs'. 
xs ■ s' = s • $ _1 • s' - s • $ _1 • s = s • <f> _1 ■ s' — 1. 
Add: 

2xs • s' = s • ($ _1 - * _1 ) • s' = xs • s'. 
Hence 

s ■ s' = 0, 

and the theorem is proved. 
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If the parameter n be allowed to vary from — oo to +00 the resulting con- 
focal quadrics will consist of three families of which one is ellipsoids; another, 
hyperboloids of one sheet; and the third, hyperboloids of two sheets. By the 
foregoing theorem each surface of any one family cuts every surface of the other 
two orthogonally. The surfaces form a triply orthogonal system. The lines of 
intersection of two families (say the family of one-sheeted and the family of 
two-sheeted hyperboloids) cut orthogonally the other family — the family of el- 
lipsoids. The points in which two ellipsoids are cut by these lines are called 
corresponding points upon the two ellipsoids. It may be shown that the ratios 
of the components of the radius vector of a point to the axes of the ellipsoid 
through that point are the same for any two corresponding points. 

For let any ellipsoid be given by the dyadic 

ii i j kk 

$ = h — H . 

a 2 b 2 c 2 

The neighboring ellipsoid in the family is represented by the dyadic 

ii jj kk 



* = 



i 2 — dn b 2 — dn c 2 — dn 
ty- 1 = $ _1 -Idn. 



Inasmuch as <I> and ^ are homologous (see Ex. 8, p. 244) dyadics they may be 
treated as ordinary scalars in algebra. Therefore if terms of order higher than 
the hrst in dn be omitted, 

* = $ + $ 2 dn. 

The two neighboring ellipsoids are then 

r • $ • r = 1, 



and 
By (19) 



r • ($ + $ 2 dn) • r = 1, 

f = ($ + $ 2 dn)~z • $2 . r? 
f = (I + $dn)~2 • r, 

f = (I $ dn) • r = r $ • r. 

v 2 ' 2 

The vectors f and r differ by a multiple of $ • r which is perpendicular to 
the ellipsoid $. Hence the termini of r and r are corresponding points, for they 
lie upon one of the lines which cut the family of ellipsoids orthogonally. The 
components of r and r in the direction i are r • i = x and 

dn , dn x 
r • 1 — x — r • 1 1 • <P • r = x « . 

2 2 a 2 



The ratio of these components is 

x 



dn 



x 1 2a 2 ■ 
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The axes of the ellipsoids in the direction i arc \/a 2 — dn and a. Their ratio is 



\fa 2 — dn a ~ 2~a dn x 

a a 2a 2 x 



In like manner 



\/b 2 — dn y \Jc 2 — dn 
= — and 



z 



y c z 



Hence the ratios of the components of the vectors r and r drawn to corre- 
sponding points upon two neighboring ellipsoids only differ at most by terms 
of the second order in dn from the ratios of the axes of those ellipsoids. It 
follows immediately that the ratios of the components of the vectors drawn to 
corresponding points upon any two ellipsoids, separated by a finite variation in 
the parameter n, only differ at most by terms of the first order in dn from the 
ratios of the axes of the ellipsoids and hence must be identical with them. This 
completes the demonstration. 

The Propagation of Light in Crystals 1 

143.] The electromagnetic equations of the ether or of any infinite isotropic 

medium which is transparent to electromagnetic waves may be written in the 

form 

(PV 

lit 2 

where D is the electric displacement satisfying the hydrodynamic equation V • 

D = 0, E a constant of the dielectric measured in electromagnetic units, and 

W the electrostatic force due to the function V. In case the medium is not 

isotropic the constant E becomes a linear vector function $. This function is 

self-conjugate as is evident from physical considerations. For convenience it will 

be taken as 47r$. The equations then become. 

W = 0, VD = 0. (2) 



Pot -^- + ET> + W = 0, V • D = (1) 





Pot 


d 2 B 
dt 2 


+ 47t5> • D 


Operate by 


V x 


Vx 






V 


x V 


rf 2 D 
X P0t dt 2 



- 4ttV x V x $ • D = 0. (3) 

The last term disappears owing to the fact that the curl of the derivative W 
vanishes (page 124). The equation may also be written as 

D = 0. (3)' 

ai- 

But 



PotV 


X 


V x 


rf 2 D 
dt 2 


+ 4ttV 


x V 


x $ 






V x 


Vx 


= VV- 


-V 


■ V. 



lr The following discussion must be regarded as mathematical not physical. To treat the 
subject from the standpoint of physics would be out of place here. 
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Remembering that V • D and consequently V • ^j? and V • ^^ vanish and that 
Pot V • V is equal to — 4w the equation reduces at once to 

d 2 T> 

— -z- = VV$D-VV$D, V-D = 0. (4) 

dt z 

Suppose that the vibration D is harmonic. Let r be the vector drawn from 
a fixed origin to any point of space. 

Then 

D = A cos(m • r — nt) 

where A and m are constant vectors and n a constant scalar represents a train 
of waves. The vibrations take place in the direction A. That is, the wave is 
plane polarized. The wave advances in the direction m. The velocity v of that 
advance is the quotient of n by m, the magnitude of the vector m. If this wave 
is an electromagnetic wave in the medium considered it must satisfy the two 
equations of that medium. Substitute the value of D in those equations. 

The value of V • D, V • V$ • D, and VV • $ • D may be obtained most easily 
by assuming the direction i to be coincident with m. m • r then reduces to mi • r 
which is equal to mx. The variables y and z longer occur in D. Hence 

D = A cos(toie — nt) 

<9D 
V • D = i • — — = — i • A m sinfmx — nt) 
ox 

V • V<1> • D = -m 2 $ • A cos(tox - nt) 
VV • $ • D = -m 2 i i • $ • A cos(ma; - nt) 



Hence 



Moreover 



V • D = — m • A sin(m • r — nt) 
V- V$D = -mm$D 
VV • $D = mm$D. 

d 2 U 



,2 



df 1 



D. 



Hence if the harmonic vibration D is to satisfy the equations (4) of the 
medium 

n 2 D = mm$D-mm$D (5) 

and 

m-A = 0. (6) 

The latter equation states at once that the vibrations must be transverse to the 

direction m of propagation of the waves. The former equation may be put in 

the form 

_ mrn _ mm _ , ., 

D = ^$-D =--$-D. (5)' 
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Introduce 



m 

n 



The vector s is in the direction of advance m. The magnitude of s is the quotient 
of m by n. This is the reciprocal of the velocity of the wave. The vector s may 
therefore be called the wave-slowness. 

D = s • s$ • D - ss • $ • D. 

This may also be written as 

D = — (s xsx$>D) = sx($'D)xs. 

Dividing by the scalar factor cos(toie — nt), 

A = sx($-A)xs = s-s$-A-ss-$-A. (7) 

It is evident that the wave slowness s depends not at all upon the phase 
of the vibration but only upon its direction. The motion of a wave not plane 
polarized may be discussed by decomposing the wave into waves which are plane 
polarized. 

144.] Let a be a vector drawn in the direction A of the displacement and 
let the magnitude of a be so determined 

that 

a$a=l. (8) 

The equation (7) then becomes reduced to the form 

a = sx($-a)xs = s-s<f)-a — ss-$-a (9) 

a-$-a=l. (8) 

These are the equations by which the discussion of the velocity or rather the 
slowness of propagation of a wave in different directions in a non-isotropic 
medium may be carried on. 

a-a = s-sa-$-a = s-s. (10) 

Hence the wave slowness s due to a displacement in the direction a is equal 
(but not in direction) to the radius vector drawn in the ellipsoid a • $ • a = 1 in 
that direction. 

axa = = ssax$-a — a x ss • $ • a 
= s • s(a x <J> • a) • $ • a — axs$-as-$-a. 

But the first term contains $ • a twice and vanishes. Hence 

a x s • $ • a = [as$ • a] = 0. (11) 
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The wave-slowness s therefore lies in a plane with the direction a of displace- 
ment and the normal $ • a drawn to the ellipsoid a • $ • a = 1 at the terminus 
of a. Since s is perpendicular to a and equal in magnitude to a it is evidently 
completely determined except as regards sign when the direction a is known. 
Given the direction of displacement the line of advance of the wave compatible 
with the displacement is completely determined, the velocity of the advance is 
likewise known. The wave however may advance in either direction along that 
line. By reference to page 287, equation (11) is seen to be the condition that 
a shall be one of the principal axes of the ellipsoid formed by passing a plane 
through the ellipsoid perpendicular to s. Hence for any given direction of ad- 
vance there are two possible lines of displacement. These are the principal axes 
of the ellipse cut from the ellipsoid a • $ • a = 1 by a plane passed through the 
center perpendicular to the line of advance. To these statements concerning 
the determinatencss of s when a is given and of a when s is given just such 
exceptions occur as are obvious geometrically. If a and $ • a are parallel a may 
have any direction perpendicular to a. This happens when a is directed along 
one of the principal axes of the ellipsoid. If s is perpendicular to one of the 
circular sections of the ellipsoid a may have any direction in the plane of that 
section. 

When the direction of displacement is allowed to vary the slowness s varies. 
To obtain the locus of the terminus of s, a must be eliminated from the equation 

a = s ■ s$ • a — ss • $ • a 
or 

(I-s-s$ + ss-$)-a = 0. (12) 

The dyadic in the parenthesis is planar because it annihilates vectors parallel 
to a. The third or determinant is zero. This gives immediately 

(I-s-s$ + ss- $) 3 = 0, 
or 

($-* -s-sl + ss) 3 = 0. (13) 

This is a scalar equation in the vector s. It is the locus of the extremity of s 
when a is given all possible directions. A number of transformations may be 
made. By Ex. 19, p. 245, 

($ + ef) 3 = $ 3 +e-$ 2 f = •Sjs + e-*^ 1 -f <J> 3 . 
Hence 

($ _1 - s • sl) 3 + s ■ (* _1 - s • sl)^ 1 • s ($ _1 - s • sl) 3 = 0. 

Dividing out the common factor and remembering that $ is self-conjugate. 

1 + s- (* _1 -s-sl) -1 -s = 0. 
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or 



Hence 



1 + s 
s • I • s 

1 

s • s 
s- (l + 



I- s • S<I> 

$ 

s ■ 

I - s • s $ 

s- S<I> 



■s = 0, 



■s = 



I — ss$ 



•s = 0. 



I - s • s$ 



•s = 0. 



(14) 



Let 



$ = 



ii i i kk 

h — H 

a 2 b 2 c 2 

/ 1 \ 



I - s • s<f> V l 



ii 



1 



b 2 



Let 



JJ 



2 i „,2 , ,2 



kk. 



s = x'l + j/j + zk and s = x + y + z 



Then the equation of the surface in Cartesian coordinates is 



y 



l 



i-£ i 



= o. 



(14)' 



The equation in Cartesian coordinates may be obtained directly from 

($ _1 -s-sl + ss) 3 = 0. 

The determinant of this dyadic is 

xy xz 

= 0. (13)' 



a 2 - 


- s 2 + x 2 




xy 




xz 




xy 


b 2 - 


- a 2 + y 2 




yz 




xz 




yz 


c 2 - 


- s 2 + z 2 



By means of the relation s = x + y + z this assumes the forms 



y 



or 



or 



s 2 — a 2 s 2 — b 2 s 2 — c 2 
a 2 x 2 b 2 y 2 c 2 z 2 



s 2 — a 2 
x 2 



s 2 - b 2 

y 2 



s 2 — c 2 
z 2 



J- -.9 J- l9 J- ■?. 



= 0. 



II- 



b 2 
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This equation appears to be of the sixth degree. It is however of only the fourth. 
The terms of the sixth order cancel out. 

The vector s represents the wave-slowness. Suppose that a plane wave po- 
larized in the direction a passes the origin at a certain instant of time with this 
slowness. At the end of a unit of time it will have travelled in the direction s, 
a distance equal to the reciprocal of the magnitude of s. The plane will be in 
this position represented by the vector s (page 79). 

If 

s = ui + uj + u>k 

the plane at the expiration of the unit time cuts off intercepts upon the axes 
equal to the reciprocals of u, v, w. These quantities are therefore the plane 
coordinates of the plane. They are connected with the coordinates of the points 
int he plane by the relation 

ux + vy + wz = 1. 

If different plane waves polarized in all possible different directions a be 
supposed to pass through the origin at the same instant they will envelop a 
surface at the end of a unit of time. This surface is known as the wave-surface. 
The perpendicular upon a tangent plane of the wave-surface is the reciprocal of 
the slowness and gives the velocity with which the wave travels in that direction. 
The equation of the wave-surface in plane coordinates u, v, w is identical with 
the equation for the locus of the terminus of the slowness vector s. The equation 
is 



1-4 I-!? 1 

a 2 b 2 



= (15) 



where s 2 = u 2 + v 2 + w 2 . This may be written in any of the forms given 
previously. The surface is known as Fresnel's Wave-Surface. The equations in 
vector form are given on page 295 if the variable s be regarded as determining 
a plane instead of a point. 

145.] In an isotropic medium the direction of a ray of light is perpendicular 
to the wave-front. It is the same as the direction of the wave's advance. The 
velocity of the ray is equal to the velocity of the wave. In a non-isotropic 
medium this is no longer true. The ray does not travel perpendicular to the 
wave-front — that is, in the direction of the wave's advance. And the velocity 
with which the ray travels is greater than the velocity of the wave. In fact, 
whereas the wave-front travels off always tangent to the wave-surface, the ray 
travels along the radius vector drawn to the point of tangency of the wave-plane. 
The wave-planes envelop the wave-surface; the termini of the rays are situated 
upon it. Thus in the wave-surface the radius vector represents in magnitude and 
direction the velocity of a ray and the perpendicular upon the tangent plane 
represents in magnitude and direction the velocity of the wave. If instead of 
the wave-surface the surface which is the locus of the extremity of the wave 
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slowness be considered it is seen that the radius vector represents the slowness 
of the wave; and the perpendicular upon the tangent plane, the slowness of the 
ray. 

Let v' be the velocity of the ray. Then s • v' = 1 because the extremity of 
v' lies in the plane denoted by s. Moreover the condition that v' be the point 
of tangency gives dv' perpendicular to s. In like manner if s' be the slowness of 
the ray and v the velocity of the wave, s' ■ v = 1 and the condition of tangency 
gives ds' perpendicular to v. Hence 

s • v' = 1 and s' • v = 1. (16) 

and 

s • dv' = 0, v • ds' = 0, v' • ds = 0, s' • dv = 0, 

v' may be expressed in terms of a, s, and $ as follows. 

a = s • s $ • a — s s • $ • a, 

da = 2s • ds $ • a - s • $ • a ds + s • s $ • da 
— s ds • $ • a — s s • $ • da. 

Multiply by a and take account of the relations a • s = and a • $ • da = and 
a • a = s • s. Then 

s • ds — a • ds s • $ • a = 0, 
or 

ds • (s - as • $ • a) = 0. 

But since v' • ds = 0, v' and s — as • $ • a have the same direction. 

v' = x(s — as • $ • a), 
s • v' = x(s ■ s — s • as • $ • a), = xs ■ s. 
Hence 

v' = »-"•*•» , ( 17) 

s • s 

. s • $ • a— a- $ • as • $ • a 
v' • $ • a = = 0. 

s • s 

Hence the ray velocity v' is perpendicular to $ • a, that is, the ray velocity lies in 
the tangent plane to the ellipsoid at the extremity of the radius vector a drawn 
in the direction of the displacement. Equation (17) shows that v' is coplanar 
with a and s. The vectors a, s, $ • a, and v' therefore lie in one plane. In that 
plane s is perpendicular to a; and v', to $ • a. The angle from s to v' is equal 
to the angle from a to $ • a. 

Making use of the relations already found (8) (9) (11) (16) (17), it is easy 
to show that the two systems of vectors 

a, v', a x v' and <f> • a, s, (<f> • a) x s 
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are reciprocal systems. If $ • a be replaced by a' the equations take on the 
symmetrical form 

s • a = s • s = a • a a • a' = 1 , 

v' • a' = v' • v' = a' • a' s • v' = 1, 

a = s x a' x s a' = v' x a x v' (18) 

s = a x v' x a s' = a' x s x a' 

a- $a= 1 a$ _1 ■ a = 1. 

Thus a dual relation exists between the direction of displacement, the ray- 
velocity and the ellipsoid $ of the one hand; and the normal to the ellipsoid, 
the wave-slowness, and the ellipsoid < f>~ 1 on the other. 

146.] It was seen that if s was normal to one of the circular sections of $ 
the displacement a could take place in any direction in the plane of that section. 
For all directions in this plane the wave-slowness had the same direction and the 
same magnitude. Hence the wave-surface has a singular plane perpendicular to 
s. This plane is tangent to the surface along a curve instead of at a single point. 
Hence if a wave travels in the direction s the ray travels along the elements of 
the cone drawn from the center of the wave-surface to this curve in which the 
singular plane touches the surface. The two directions s which are normal to 
the circular sections of $ are called the primary optic axes. These are the axes 
of equal wave velocities but unequal ray velocities. 
In like manner v' being coplanar with a and $ • a 

[$-av'a] = [a'v'*" 1 -a'] =0. 

The last equation states that if a plane be passed through the center of the 
ellipsoid $~ 1 perpendicular to v', then a' which is equal to $ • a will be directed 
along one of the principal axes of the section. Hence if a ray is to take a definite 
direction a' may have one of two directions. It is more convenient however to 
regard v' as a vector determining a plane. The first equation 

[$av'a] = 

states that a is the radius vector drawn in the ellipsoid $ to the point of tangency 
of one of the principal elements of the cylinder circumscribed about $ parallel to 
v': if by a principal element is meant an element passing through the extremities 
of the major or minor axes of orthogonal plane sections of that cylinder. Hence 
given the direction v' of the ray, the two possible directions of displacement 
are those radii vectors of the ellipsoid which lie in the principal planes of the 
cylinder circumscribed about the ellipsoid parallel to v'. 

If the cylinder is one of the two circular cylinders which may be circumscribed 
about $ the direction of displacement may be any direction in the plane passed 
through the center of the ellipsoid and containing the common curve of tangency 
of the cylinder with the ellipsoid. The ray-velocity for all these directions of 
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displacement has the same direction and the same magnitude. It is therefore a 
line drawn to one of the singular points of the wave-surface. At this singular 
point there arc an infinite number of tangent planes enveloping a cone. The 
wave-velocity may be equal in magnitude and direction tot he perpendicular 
drawn from the origin to any of these planes. The directions of the axes of the 
two circular cylinders circumscriptible about the ellipsoid $ are the directions 
of equal ray- velocity but unequal wave- velocity. They are the radii drawn to the 
singular points of the wave-surface and are called the secondary optic axes. If a 
ray travels along one of the secondary optic axes the wave planes travel along 
the elements of a cone. 

Variable Dyadics. The Differential and Integral Calculus 

147.] Hitherto the dyadics considered have been constant. The vectors 

which entered into their make up and the scalar coefficients which occurred in the 
expansion in nonion form have been constants. For the elements of the theory 
and for elementary applications these constant dyadics suffice. The introduction 
of variable dyadics, however, leads to a simplification and unification of the 
differential and integral calculus of vectors, and furthermore variable dyadics 
become a necessity in the more advanced applications — for instance, in the 
theory of the curvature of surfaces and in the dynamics of a rigid body one 
point of which is fixed. 

Let W be a vector function of position in space. Let r be the vector drawn 
from a fixed origin to any point in space. 

r = xi + yj + zk, 
dr = dx'i + dyj + dzh, 

_, , aw , aw aw 

flW = dx — h ay— h cfe— — . 

ox ay oz 

Hence 

dW = dr ■ ■{ 1 -=— + j — — + k — — }. 

{ ox oy oz J 

The expression enclosed in the braces is a dyadic. It thus appears that the 
differential of W is a linear function of dr, the differential change of position. 
The antecedents are i, j, k, and the consequents the first partial derivatives 
of W with respect to x, y, z. The expression is found in a manner precisely 
analogous to del and will in fact be denoted by VW. 

___. .aw .aw , aw 

VW = i— +j — +k— . (1) 

ox oy oz 

Then 

dW = dr • VW. (2) 

This equation is like the one for the differential of a scalar function V. 

dV = dr ■ W. 
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It may be regarded as defining VW. If expanded into nonion form VW becomes 

^„ r ..dX ..OY .az 

VW = 11 — + ij — + ik — 

ox ox ox 

..dx ..dY ., dz 

oy oy oy 

, . dX , .dY , , 8Z 
+ ki — + kj — + kk — , 

oz oz oz 

if 

W = Xi + Yj + Zk. 

The operators V- and Vx which were applied to a vector function now 
become superfluous from a purely analytic standpoint. For they are nothing 
more nor less than the scalar and the vector of the dyadic VW. 

divW = V- W = (VW) S , (4) 

curlW = V x W = (VW) X . (5) 

The analytic advantages of the introduction of the variable dyadic VW are 
therefore these. In the first place the operator V may be applied to a vector 
function just as to a scalar function. In the second place the two operators 
V- and Vx are reduced to positions as functions of the dyadic VW. On the 
other hand from the standpoint of physics nothing is to be gained and indeed 
much may be lost if the important interpretations of V • W and V x W as the 
divergence and curl of W be forgotten and their places taken by the analytic 
idea of the scalar and vector of VW. 

If the vector function W be the derivative of a scalar function V, 

dW = dVV = dr • VW, 
where 

„„ Tr ..d 2 V . . d 2 V ., d 2 V 

VW = 11 — -y + Ij j— - + ik — — 

ox z ox oy ox oz 

.. d 2 V ..d 2 V ., d 2 V ... 

+ J 1 7nr +JJ^"T +J k FlT w 

oy ox oy z oy oz 

, . d 2 V , . d 2 V , , d 2 V 

+ kl a~«~ + k J «~^~ + kk ^~^"- 
oz ox oz oy oz z 

The result of applying V twice to a scalar function is seen to be a dyadic. This 
dyadic is self-conjugate. Its vector V x VV is zero; its scalar V • VV is evidently 

d 2 V d 2 V d 2 V 

v.vv = (vw) s = ^ + ^ + ^. 

If an attempt were made to apply the operator V symbolically to a scalar 
function V three times, the result would be a sum of twenty-seven terms like 

...d 3 V .., d 3 V 

nl lT~3"' !J k a » a > etc - 
ox a ox oy oz 
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This is a triadic. Three vectors are placed in juxtaposition without any sign of 
multiplication. Such expressions will not be discussed here. In a similar manner 
if the operator V be applied twice to a vector function, or once to a dyadic 
function of position in space, the result will be a triadic and hence outside the 
limits set to the discussion here. The operators Vx and V- may however be 
applied to a dyadic $ to yield respectively a dyadic and a vector. 

Vx$ = ix — +j x — +kx — , 7 

dx dy dz 

9$ d$ d$ 

V-* = l--5T+J-«-+k--H-. (8) 



If 

$ = ui + vj + wk, 

where u, v, w arc vector functions of position in space, 

Vx$ = Vxui + Vxvj + Vxwk, (7)' 



V-$ = V ui + V • vj + V- wk. (8)' 



$ = 


= iu+jv + kw, 






dw dv\ 


/du dw\ 


(dv 


du 


dy dz J 


\dz dx J 


\dx~~ 


dy 


V$ 


du dv dw 

dx dy dz 







and 
Or if 



v * <i> = i ( — - — ) + J ( — - — )+M---) (< )" 

and 

(8) « 

In a similar manner the scalar operators (a • V) and (V • V) may be applied to 
$. The result is in each case a dyadic, 

, „.^ 5$ <9$ a$ 

(a-V)* = ai — +a 2 — +a 3 — , (9) 

dx dy dz 

a 2 $ 9 2 $ a 2 $ 

dx 2 dy 2 dz 2 

The operators (a • V) and (V • V) as applied to vector functions are no 
longer necessarily to be regarded as single operators. The individual steps may 
be carried out by means of the dyadic VW. 

(a • V) W = a • (VW) = a • VW, 
(V • V) W = V • (VW) = V • VW. 

But when applied to a dyadic the operators cannot be interpreted as made up 
of two successive steps without making use of the triadic V$. The parentheses 
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however may be removed without danger of confusion just as they were removed 
in case of a vector function before the introduction of the dyadic. 

Formulae similar to those upon page 130 may be given for differentiating 
products in the case that the differentiation lead to dyadics. 

V(uv) = Vw + mVv 

V(v x w) = Vv x w — Vw x v, 

V x (v x w) = w • Vu — V • v w — v • Vw + V • w v, 

V(v • w) = Vv • w + Vw • v, 

V- (vw) = V • v w + v • Vw, 

Vx (vw)=Vxvw — vx Vw, 

V • (u$) =Vu'$ + «V'$, 

V x V x $ = VV • $ - V • V$, etc. 

The principle in these and all similar cases is that enunciated before, namely: 
The operator V may be treated symbolically as a vector. The differentiations 
which it implies must be carried out in turn upon each factor of a product to 
which it is applied. Thus 

V x (vw) = [V x (vw)] v + [V x (vw)] w , 

[V x (vw)] w = V x vw, 
[V x (vw)] v = — [v x Vw] v = v x Vw. 



Hence 
Again 



Hence 



Vx (vw)=Vxvw — vx Vw. 

V(v x w) = [V(v x w)] v + [V(v x w)] w , 

[V(v x w)] w = Vv x w, 
[V(v x w)] v = [— V(w x v)] v = -Vw x v. 

V(v x w) = Vv x w — Vw x v. 



148.] It was seen (Art. 79) that if C denote an arc of a curve of which the 
initial point is ro and the final point is r the line integral of the derivative of 
a scalar function taken along the curve is equal to the difference between the 
values of that function at r and ro. 



>c 

In like manner 



/ rfr • W = V(r) - V(r ). 
Jc 

dr- VW = W(r)- W(r ), 
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and 

J dr • VW = 0. 

Jo 

It may be well to note that the integrals 

dr ■ VW and / VW • dr 



are by no means the same thing. VW is a dyadic. The vector dr cannot be 
placed arbitrarily upon cither side of it. Owing to the fundamental equation (2) 
the differential dr necessarily precedes VW. The differentials must be written 
before the integrands in most cases. For the sake of uniformity they always will 
be so placed. 

Passing to surface integrals, the following formulae, some of which have been 
given before and some of which are new, may be mentioned. 

da x W = I drV 



JJ 

jjdax VW= J drW 



da ■ V x VW = dr-W 



JT 

IT da- V x V$ = / dr ■ $. 



The line integrals are taken over the complete bounding curve of the surface over 
which the surface integrals are taken. In like manner the following relations exist 
between volume and surface integrals. 

W dvVV =S5 daV 

JTfcfoVW = JJdaW 

JJT dv V • W = JT da • W 

j JT dv V x W = JT da x W 

JJ/*;V.* = JJda.* 

jj [ dvV x $ = ffdax $. 

The surface integrals are taken over the complete bounding surface of the region 
throughout which the volume integrals are taken. 

Numerous formulae of integration by parts like those upon page 184 might 
be added. The reader will find no difficulty in obtaining them for himself. The 
integrating operators may also be extended to other cases. To the potentials of 
scalar and vector functions the potential, Pot $, of a dyadic may be added. The 
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Newtonian of a vector function and the Laplacian and Maxwellian of dyadics 
may be defined. 



NewW = JJJ 



^(x 2 ,y 2l Z 2 ) 
ri2 

r 12 W(x 2 ,y 2 ,z 2 ) 



pot$= m ^i^i^i dV2 , 

JJJ 7*x2 



dv 9 



r 12 x ®{x 2 ,y 2 ,z 2 ) 



Lap$ = JJJ ri2X ^f' y2 '^ ^ 2; 

Max$ = JJJ ^l^^M dw2 . 



' 12 

The analytic theory of these integrals may be developed as before. The most 
natural way in which the demonstrations may be given is by considering the 
vector function W as the sum of its components, 

W = AT + Yj + Zk 

and the dyadic $ as expressed with the constant consequents i, j, k and variable 
antecedents u, v, w, or vice versa, 

$ = ui + vj + wk. 

These matters will be left at this point. The object of entering upon them 
at all was to indicate the natural extensions which occur when variable dyadics 
are considered. These extensions differ so slightly from the simple cases which 
have gone before that it is far better to leave the details to be worked out or 
assumed from analogy whenever they may be needed rather than to attempt to 
develop them in advance. It is sufficient merely to mention what the extensions 
are and how they may be treated. 

The Curvature of Surfaces 1 

149.] There are two different methods of treating the curvature of surfaces. 
In one the surface is expressed in parametric form by three equations 

x = f 1 (u,v), y = f 2 (u,v), z = f 3 (u,v), 
or 

r = f(u,v). 

This is analogous to the method followed (Art. 57) in dealing with curvature 
and torsion of curves and it is the method employed by Fehr in the book to 
which reference was made. In the second method the surface is expressed by a 
single equation connecting the variables x, y, z — thus 

F(x,y,z) = 0. 



iMuch of what follows is practically free from the use of dyadics. This is especially true of 
the treatment of gcodctics, Arts. 155-157. 
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The latter method of treatments affords a simple application of the differential 
calculus of variable dyadics. Moreover, the dyadics lead naturally to the most 
important results connected with the elementary theory of surfaces. 

Let r be a radius vector drawn from an arbitrary fixed origin to a variable 
point of the surface. The increment dr lies in the surface or in the tangent plane 
drawn to the surface at the terminus of r. 

dF = dr ■ VF = 0. 

Hence the derivative VF is collinear with the normal o the surface. Moreover, 
inasmuch as F and the negative of F when equated to zero give the same 
geometric surface, VF may be considered as the normal upon either side of the 
surface. In case the surface belongs to the family defined by 

F(x, y, z) = const. 

the normal VF lies upon that side upon which the constant increases. Let VF 
be represented by N the magnitude of which may be denoted by N, and let n 
be a unit normal drawn in the direction of N. Then 



N = VF, 

(1) 



N • N = iV 2 = VF • VF, 



If s is the vector drawn to any point in the tangent plane at the terminus of r, 
s — r and n are perpendicular. Consequently the equation of the tangent plane 

is 

(s-r) • VF = 0. 

and in like manner the equation of the normal line is 

(s - r) x VF = 0, 
or 

s = r + fcVF 

where k is a variable parameter. These equations may be translated into Carte- 
sian form and give the familiar results. 

150.] The variation dn of the unit normal to a surface plays an important 
part in the theory of curvature, dn is perpendicular to n because n is a unit 
vector. 

dn = -^VF + ±dVF, 

dn = —dr ■ VVF -dr ■ VN VF. 

N N 2 
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The dyadic I - n n is an idemfactor for all vectors perpendicular to n and an 
annihilator for vectors parallel to n. Hence 



and 



Hence 



But 



Hence 



Let 



Then 



dn ■ (I — nn) = dn, 

VF- (I-nn) = 0, 
dn = d( — VF) =VFd— + —dVF. 



dn = — dr • V VF -(I-nn) 



dr = dr ■ (I — nn). 



, (I-nn)- VVF- (I-nn) 
dn = dr- K - > ^ >-. (2) 



= (I-nn)-VVF-(I-nn) 

N ' [ ' 



dn = dr ■ $. (4) 



In the vicinity of any point upon a surface the variation dn of the unit normal 
is a linear function of the variation of the radius vector r. 
The dyadic $ is self-conjugate. For 

7V$ C = (I - nn) c • (VVF) C • (I - nn) c . 

Evidently (I — nn)c = (I — nn) and by (6) Art. 147 WVF is self-conjugate. 
Hence $c is equal to $. When applied to a vector parallel to n, the dyadic $ 
produces zero. It is therefore planar and in fact uniplanar because self-conjugate. 
The antecedents and the consequents lie in the tangent plane to the surface. It 
is possible (Art. 116) to reduce $ to the form 

$ = ai'i' + 6j'j' (5) 

where i' and j' are two perpendicular unit vectors lying in the tangent plane 
and a and b are positive or negative scalars. 

dn = dr- (ai'i' + y'j')- 

The vectors i', j' and the scalars a, b vary from point to point of the surface. 
The dyadic <& is variable. 
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151.] The conic r • $ • r = 1 is called the indicatrix of the surface at the point 
in question. If this conic is an ellipse, that is, if a and b have the same sign, the 
surface is convex at the point; but if the conic is an hyperbola, that is, if a and b 
have opposite signs the surface is concavo-convex. The curve r • $ • r = 1 may be 
regarded as approximately equal to the intersection of the surface with a plane 
drawn parallel to the tangent plane and near to it. If r • $ • r be set equal to 
zero the result is a pair of straight lines. These are the asymptotes of the conic. 
If they are real the conic is a hyperbola; if imaginary, an ellipse. Two directions 
of the surface which are parallel to conjugate diameters of the conic are called 
conjugate directions. The directions on the surface which coincide with the 
directions of the principal axes i', j' of the indicatrix are known as the principal 
directions. They are a special case of conjugate directions. The directions upon 
the surface which coincide with the directions of the asymptotes of the indicatrix 
are known as asymptotic directions. In case the surface is convex, the indicatrix 
is an ellipse and the asymptotic directions are imaginary. 

In special cases the dyadic $ may be such that the coefficients a and b are 
equal. $ may then be reduced to the form 

$ = a(i'i'+j'j') (5)' 

in an infinite number of ways. The directions i' and j' may be any two perpen- 
dicular directions. The indicatrix becomes a circle. Any pair of perpendicular 
diameters of this circle give principal directions upon the surface. Such a point 
is called an umbilic. The surface in the neighborhood of an umbilic is convex. 
The asymptotic directions are imaginary. In another special case the dyadic $ 
becomes linear and reducible to the form 

$ = oi' i'. (5)" 

The indicatrix consists of a pair of parallel lines perpendicular to i'. Such a 
point is called a parabolic point of the surface. The further discussion of these 
and other special cases will be omitted. 

The quadric surfaces afford examples of the various kinds of points. The 
ellipsoid and the hypcrboloid of two sheets are convex. The indicatrix of points 
upon them is an ellipse. The hyperboloid of one sheet is concavo-convex. The 
indicatrix of points upon it is an hyperbola. The indicatrix of any point upon a 
sphere is a circle. The points are all umbilics. The indicatrix of any point upon 
a cone or cylinder is a pair of parallel lines. The points are parabolic. A surface 
in general may have upon it points of all types — elliptic, hyperbolic, parabolic, 
and umbilical. 

152.] A line of principal curvature upon a surface is a curve which has 
at each point the direction of one of the principal axes of the indicatrix. The 
direction of the curve at a point is always one of the principal directions on the 
surface at that point. Through any given point upon a surface two perpendicular 
lines of principal curvature pass. Thus the lines of curvature divide the surface 
into a system of infinitesimal rectangles. An asymptotic line upon a surface is a 
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curve which has at each point the direction of the asymptotes of the indicatrix. 
The direction of the curve at a point is always one of the asymptotic directions 
upon the surface. Through any given point of a surface two asymptotic lines 
pass. These lines are imaginary if the surface is convex. Even when real they do 
not in general intersect at right angles. The angle between the two asymptotic 
lines at any point is bisected by the lines of curvature which pass through that 
point. 

The necessary and sufficient condition that a curve upon a surface be a line 
of principal curvature is that as one advances along that curve, the increment 
of dn, the unit normal to the surface is parallel to the line of advance. For 

dn = $ • dr = (oi ; i' + bj' j') • dr 

dr = xi' + y]' . 

Then evidently dn and dr are parallel when and only when dr is parallel to i' 
or j'. The statement is therefore proved. It is frequently taken as the definition 
of lines of curvature. The differential equation of a line of curvature is 

dn x dr = 0. (6) 

Another method of statement is that the normal to the surface, the increment 
dn of the normal, and the element dr of the surface lie in one plane when and 
only when the element dr is an element of a line of principle curvature. The 
differential equation then becomes 

[ndndr}=0. (7) 

The necessary and sufficient condition that a curve upon a surface be an 
asymptotic line, is that as one advances along that curve the increment of the 
unit normal to the surface is perpendicular to the line of advance. For 

dn = dr ■ <f> 
dn ■ dr — dr ■ $ • dr. 

If then dn ■ dr is zero, dr ■ <I> • dr is zero. Hence dr is an asymptotic direction. 
The statement is therefore proved. It is frequently taken as the definition of 
asymptotic lines. The differential equation of an asymptotic line is 

dn ■ dr = 0. (8) 

153.] Let P be a given point upon a surface and n the normal to the 

surface at P. Pass a plane p through n. This plane p is normal to the surface 
and cuts out a plane section. Consider the curvature of this plane section at 
the point P. Let n' be normal to the plane section in the plane of the section. 
n' coincides with n at the point P. But unless the plane p cuts the surface 
everywhere orthogonally, the normal n' to the plane section and the normal n 
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to the surface will not coincide, da and da! will also be different. The curvature 
of the plane section lying in p is (Art. 57) 

_ dt _ d 2 v 
ds ds 2 

As far as numerical value is concerned the increment of the unit tangent t and 
the increment of the unit normal n' are equal. Moreover, the quotient of dr by 
ds is a unit vector in the direction of da' . Consequently the scalar value of C is 

da 1 dr da 1 ■ dr 
O = 



By hypothesis 



ds ds ds 2 

a = a' at P and n • dr = a' ■ dr = 0, 

d(a ■ dr) = da ■ dr + a ■ d 2 r = 0, 

d{a' ■ dr) = da! ■ dr + a! ■ d 2 r = 0. 



Hence 



da ■ dr + n • d 2 r = da' ■ dr + a' ■ d 2 r. 
Since n and n' are equal at P, 

da- dr = da' ■ dr. 



Hence 



Hence 



or 



da ■ dr dr ■ $ • dr dr ■ $ • dr 

ds 2 ds 2 dr ■ dr 

c = a (i'-dr) 2 | b (i'-dr) 2 
dr ■ dr dr ■ dr 



C = a cos (i , dr) + 6 cos (j , dr) 



C = acos 2 {i', dr) + frsin^i', dr). (10) 

The interpretation of this formula for the curvature of a normal section is 
as follows: When the plane p turns about the normal to the surface from i' to 
j', the curvature C of the plane section varies from the value a when the plane 
passes through the principal direction i', to the value b when it passes through 
the other principal direction j'. The values of the curvature have algebraically 
a maximum and minimum in the directions of the principal lines of curvature. 
If a and b have unlike signs, that is, if the surface is concavo-convex at P, there 
exist two directions for which the curvature of a normal section vanishes. These 
are the asymptotic directions. 
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154.] The sum of the curvatures in two normal sections at right angles to 
one another is constant and independent of the actual position of those sections. 
For the curvature in one section is 

C\ = a cos 2 (i' , dr ) + b sin 2 (i' , dr) , 

and in the section at right angles to this 

C 2 = asin 2 (i',dr) + b cos 2 (i' , dr) . 
Hence 

C\+C 2 = a + b = ^ s (11) 

which proves the statement. 

It is easy to show that the invariant $ 2 s is equal to the product of the 
curvatures a and b of the lines of principal curvature. 

$2S = ab 
Hence the equation 

x 2 - <$> s x + $ 2S = (12) 

is the quadratic equation which determines the principal curvatures a and b at 
any point of the surface. By means of this equation the scalar quantities a and 
b may be found in terms of F(x, y, z). 

(I-nn) -VVF- (I-nn) 
$ = 



$ 



N 
VVF - 2n n • V VF + n n • WF ■ n n 



Hence 



N 
(n n • WF ■ n n) 5 = (n n • n n • VVF) 5 = (n n • VVF) S 



(VVF) S (nn-VVF)c 



Hence 



or 



N N 

(VVF) s = V • VF, 

(nn • WF)s = nn : VVF = n • VVF • n. 

V-VF VFVF-.VVF 
$ ^^ N (13) 

V-VF VF-VVF-VF ... 

$g = (13)' 

These expressions may be written out in Cartesian coordinates, but they are 
extremely long. The Cartesian expressions for $25 are even longer. The vector 
expression may be obtained as follows: 

= (I - n n) 2 ■ (VVF) 2 ■ (I - n n) 2 



N 2 
(I nn) 2 = nn. 
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Hence 



VF-(VVF) 2 -VF VFVF:(VVF) 2 ,, ,, 

* 2S = T* = jyl • ( 14 ) 



155.] Given any curve upon a surface. Let t be a unit tangent to the curve, 
n a unit normal to the surface and m a vector defined as n x t. The three 
vectors n, t, m constitute an i, j, k system. The vector t is parallel to the 
element dr. Hence the condition for a line of curvature becomes 



Hence 

Hence 
Moreover 
Hence 
or 



t x dn = 0. (15) 

m • dn = 
d(m • n) = = m • dn + n • dm. 

n • dm = 0. 

m • dm = 0. 

t x dm = 0, (16) 

dm x dn = 0. (16)' 



The increments of m and or n and or r are all parallel in case of a line of 
principal curvature. 

A geodetic line upon a surface is a curve whose osculating plane at each 
point is perpendicular to the surface. That the geodetic line is the shortest 
line which can be drawn between two points upon a surface may be seen from 
the following considerations of mechanics. Let the surface be smooth and let 
a smooth elastic string which is constrained to lie in the surface be stretched 
between any two points of it. The string acting under its own tensions will take 
a position of equilibrium along the shortest curve which can be drawn upon the 
surface between the two given points. Inasmuch as the string is at rest upon 
the surface the normal reactions of the surface must lie in the osculating plane 
of the curve. Hence that plane is normal to the surface at every point of the 
curve and the curve itself is a geodetic line. 

The vectors t and dt lie in the osculating plane and determine that plane. 
In case the curve is a geodetic, the normal to the osculating plane lies in the 
surface and consequently is perpendicular to the normal n. Hence 

n • t x dt = 0, 

n x t • dt = (17) 

or 

m • dt = 0. 
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The differential equation of a geodetic line is therefore 

[ndrd 2 r]=0. (18) 

Unlike the differential equations of the lines of curvature and the asymptotic 
line, this equation is of the second order. The surface is therefore covered over 
with a double infinite system of geodetics. Through any two points of the surface 
one geodetic may be drawn. 

As one advances along any curve upon a surface there is necessarily some 
turning up and down, that is, around the axis m, due to the fact that the surface 
is curved. There may or may not be any turning to the right or left. If one 
advances along a curve such that there is no turning to the right or left, but only 
the unavoidable turning up and down, it is to be expected that the advance is 
along the shortest possible route — that is, along a geodetic. Such is in fact the 
case. The total amount of deviation from a straight line is dt. Since n, t, m 
form an i, j, k system 

I = tt + nn + mm. 

Hence 

dt = t t ■ dt + n n • dt + m m • dt. 

Since t is a unit vector the first term vanishes. The second term represents 
the amount of turning up and down; the third term, the amount to the right 
or left. Hence m • dt is the proper measure of this part of the deviation from 
a straightest line. In case the curve is a geodetic this term vanishes as was 
expected. 

156.] A curve or surface may be mapped upon a unit sphere by the method 
of parallel normals. A fixed origin is assumed, from which the unit normal n at 
the point P of a given surface is laid off. The terminus P' of this normal lies 
upon the surface of a sphere. If the normals to a surface at all points P of a 
curve are thus constructed from the same origin, the points P' will trace a curve 
upon the surface of a unit sphere. This curve is called the spherical image of 
the given curve. In like manner a whole region T of the surface may be mapped 
upon a region T" the sphere. The region T" upon the sphere has been called the 
hodogram of the region T" upon the surface. If dr be an element of arc upon 
the surface the corresponding element upon the unit sphere is 

dn = <J> • dr. 

If da. be an element of area upon the surface, the corresponding clement 
upon the sphere is da' where (Art. 124) 

da 1 = $ 2 • da. 

$ = ai'i' + &j'j' 

<I>2 = abi' x j' i' x j' = ab n n. 
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da' = ab n n • da. (19) 



The ratio of an element of surface at a point P to the area of its hodogram is 
equal to the product of the principal radii of curvature at P or to the reciprocal 
of the product of the principal curvatures at P. 

It was seen that the measure of turning to the right of left is m • dt. If then 
C is any curve drawn upon a surface the total amount of turning in advancing 
along the curve is the integral. 

/ m-dt. (20) 

JC 

For any closed curve this integral may be evaluated in a manner analogous to 
that employed (page 141) in the proof of Stokes's theorem. Consider two curves 
C and C near together. The variation which the integral undergoes when the 
curve of integration is changed from C to C is 



<5 / m-dt. 

5 / m • dt = / 5(m ■ dt) = 5m ■ dt + / m • 5 dt 

d(m • St) = dm ■ St + m • dSt 
S / m • dt = 5m dt- dm- 5t+ / d(m ■ St). 

The integral of the perfect differential d(m ■ St) vanishes when taken around a 
closed curve. Hence 



8 I m • dt = / 8m ■ dt— dm ■ St. 

The idemfactor is 

I = tt + nn + mm, 

Sm ■ dt = 5m ■ I • dt = Sm • n n • dt, 

for t • dt and m • dm vanish. A similar transformation may be effected upon the 
term dm • St. Then 

5 / m • dt = / (Sm ■ nn • dt — dm • nn • <5t). 

By differentiating the relations m • n = and n • t = it is seen that 

Sm ■ n = m ■ Sn n • St = —5n ■ t 
dm ■ n = — m • dn n • dt = — dn • t. 
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Hence 



6 / m • dt — / (m • <5n t • dn — m • dn t ■ Sn) 

5 / m • dt = / (m x t • <5n x dn) = — / n • Sn x dn. 

The differential Sn x dn represents the element of area in the hodogram upon 
the unit sphere. The integral 

n • Sn x dn = / n • da' 



jjn-rfa' 



represents the total area of the hodogram of the strip of surface which lies 
between the curves C and C . Let the curve start at a point upon the surface 
and spread out to any desired size. The total amount of turning which is required 
in making an infinitesimal circuit about the point is 2ir. The total variation in 
the integral is 

S I m • dt = I m ■ dt — 2n. 

H, (21) 

But if H denote the total area of the hodogram. 

Hence 

/ m • dt = 2tt - H, 

or 

H = 2tt- fxn-dt, (22) 

or 

H + I m • dt = 2tt. 



The area of the hodogram of the region enclosed by any closed curve plus 
the total amount of turning along that curve is equal to 2tt. If the surface in 
question is convex the area upon the sphere will appear positive when the curve 
upon the surface is so described that the enclosed area appears positive. If, 
however, the surface is concavo-convex the area upon the sphere will appear 
negative. This matter of the sign of the hodogram must be taken into account 
in the statement made above. 

157.] If the closed curve is a polygon whose sides are geodetic lines the 
amount of turning along each side is zero. The total turning is therefore equal 
to the sum of the exterior angles of the polygon. The statement becomes: the 
sum of the exterior angles of a geodetic polygon and of the area of the hodogram 
of that polygon (taking account of sign) is equal to 27r. Suppose that the polygon 



316 



reduces to a triangle. If the surface is convex the area of the hodogram is positive 
and the sum of the exterior angles of the triangle is less than 2n. The sum of the 
interior angles is therefore greater than n. The sphere or ellipsoid is an example 
of such a surface. If the surface is concavo-convex the area of the hodogram is 
negative. The sum of the interior angles of a triangle is in this case less than 
it. Such a surface is the hyperboloid of one sheet or the pseudosphere. There is 
an intermediate case in which the hodogram of any geodetic triangle is traced 
twice in opposite directions and hence the total area is zero. The sum of the 
interior angles of a triangle upon such a surface is equal to n. Examples of this 
surface are afforded by the cylinder, cone, and plane. 

A surface is said to be developed when it is so deformed that lines upon the 
surface retain their length. Geodetics remain geodetics. One surface is said to 
be developable or applicable upon another when it can be so deformed as to 
coincide with the other without altering the lengths of lines. Geodetics upon 
one surface arc changed into geodetics upon the other. The sum of the angles 
of any geodetic triangle remain unchanged by the process of developing. From 
this it follows that the total amount of turning along any curve or the area of 
the hodogram of any portion of a surface are also invariant of the process of 
developing. 

Harmonic Vibrations and Bivectors 

158.] The differential equation of rectilinear harmonic motion is 

d 2 x 2 

-d¥=- nX - 

The integral of this equation may be reduced by a suitable choice of the constants 
to the form 

x = A sin nt. 

This represents a vibration back and forth along the X-axis about the point 
x = 0. Let the displacement be denoted by D in place of x. The equation may 
be written 

D = iAs'mnt. 
Consider 

D = i A sin nt cos mx. 

This is a displacement not merely near the point x = but along the entire 

2kir 

axis of x. At points x — , where k is a positive or negative integer, the 

m 
displacement is at all times equal to zero. The equation represents a stationary 

wave with nodes at these points. At points midway between these the wave has 

points of maximum vibration. If the equation be regarded as in three variables 

x, y, z it represents a plane wave the plane of which is perpendicular to the axis 

of the variable x. 
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The displacement given by the equation 

Di = i A\ cos(mx — nt) (1) 

is likewise a plane wave perpendicular to the axis of x but not stationary. The 
vibration is harmonic and advances along the direction i with a velocity equal 
to the quotient of n by m. If v be the velocity; p the period; and / the wave 
length, 

n 2tt 2tt I 

v=—,p = — , 1= — , v=-. (2) 

m n m p 

The displacement 

D 2 = j A 2 cos(mx — nt) 

differs from Di in the particular that the displacement takes place in the direc- 
tion j, not in the direction i. The wave as before proceeds in the direction of x 
with the same velocity. This vibration is transverse instead of longitudinal. By 
a simple extension it is seen that 

D = A.cos(mx — nt) 

is a displacement in the direction A. The wave advances along the direction of 
x. Hence the vibration is oblique to the wave-front. A still more general form 
may be obtained by substituting m • r for mx. Then 

Di = Acos(m • r — nt). (3) 

This is a displacement in the direction A. The maximum amount of that dis- 
placement is the magnitude of A. The wave advances in the direction m oblique 
to the displacement; the velocity, period, and wave-length are as before. 

So much for rectilinear harmonic motion. Elliptic harmonic motion may be 
defined by the equation (p. 86) 

d 2 v , 

The general integral is obtained as 

r = A cos nt + B sin nt. 

The discussion of waves may be carried through as previously. The general wave 
of elliptic harmonic motion advancing in the direction m is seen to be 

D = A cos(m • r — nt) — B sin(m • r — nt) . (4) 

— — = n\ A sin(m • r — nt) — B cos(m • r — nt) > (5) 

is the velocity of the displaced point at any moment in the ellipse in which it 
vibrates. This is of course entirely different from the velocity of the wave. 
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An interesting result is obtained by adding up the displacement and the 
velocity multiplied by the imaginary unit y/—T and divided by n. 

D H — =A cos(m • r — nt) — B sm(m • r — nt) . . 

+V— 1{A sin(m • r — nt) — B cos(m • r — nt)} 

D + — ^ = (A + y=lB)e^ T(m ' r -™* ) (6)' 

n at 

The expression here obtained, as far as its form is concerned, is an imaginary 
vector. It is the sum of two real vectors of which one has been multiplied by 
the imaginary scalar \/— T. Such a vector is called a bivector or imaginary 
vector. The ordinary imaginary scalars may be called biscalars. The use of 
bivectors is found very convenient in the discussion of elliptic harmonic motion. 
Indeed any undamped elliptic harmonic plane wave may be represented as above 
by the product of a bivector and an exponential factor. The real part of the 
product gives the displacement of any point and the pure imaginary part gives 
the velocity of displacement divided by n. 

159.] The analytic theory of bivectors differs from that of real vectors 

very much as the analytic theory of biscalars differs from that of real scalars. 
It is unnecessary to have any distinguidhing character for bivectors just as it 
is needless to have a distinguishing notation for biscalars. The bivector may 
be regarded as a natural and inevitable extension of the real vector. It is the 
formal sum of two real vectors of which one has been multiplied by the imaginary 
unit \f— T. The usual symbol i will be maintained for y/—l. There is not much 
likelihood of confusion with the vector i for the reason that the two could hardly 
be used in the same place and for the further reason that the Italic i and the 
Clarendon i differ considerably in appearance. Whenever it becomes especially 
convenient to have a separate alphabet for bivectors the small Greek or German 
letters may be called upon. 

A bivector may be expressed in terms of i, j, k with complex coefficients. 

If 

r = i*i + 21*2 
and 

ri = a-ii + j/ij + zik, 
i*2 = x 2 i + y 2 j + 2 2 k, 
r = (xi + ix 2 ) i + (j/i + iy 2 ) j + {zi + iz 2 ) k, 
or 

r = xi + yj + zk. 

Two bivectors are equal when their real and their imaginary parts are equal. 
Two bivectors are parallel when one is the product of the other by a scalar (real 
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or imaginary) . If a bivector is parallel to a real vector it is said to have a real 
direction. In other cases it has a complex or imaginary direction. The value of 
the sum, difference, direct, skew, and indeterminate products of two bivectors is 
obvious without special definition. These statements may be put into analytic 
form as follows. 

Let 



Then if 



if 



r = ri + ir 2 and s = si + is 2 . 

r = s, ri=si, and r 2 = s 2 

r || s r = xs = (x\ + ix2)s, 
r + s = (ri +si) + z(r 2 + s 2 ), 
r • s = (ri • si - r 2 • s 2 ) + i(r a • s 2 + r 2 • si), 
r x s = (ri x si - r 2 x s 2 ) + i(ri x s 2 + r 2 x si) 
rs = (risi - r 2 s 2 ) + i(ri s 2 + r 2 si). 

Two bivectors or biscalars are said to be conjugate when their real parts are 
equal and their pure imaginary parts differ only in sign. The conjugate of a real 
scalar or vector is equal to the scalar or vector itself. The conjugate of any sort 
of product of bivectors and biscalars is equal to the product of the conjugates 
taken in the same order. A similar statement may be made concerning sums 
and differences. 

(ri + ir 2 ) • (n - iv 2 ) = ri ■ ri + r 2 • r 2 , 

(ri + iv 2 ) x (ri - iv 2 ) = 2ir 2 x ri, 

(ri + iv 2 ) ■ (ri - iv 2 ) = (r x r x + r 2 r 2 ) + i(r 2 r x - ri r 2 ). 

If the bivector r = ri + iv 2 be multiplied by a root of unity or cyclic factor 
as it is frequently called, that is, by an imaginary scalar of the form 

cos q + i sin q = a + ib, (7) 

where 

a 2 + b 2 = 1, 

the conjugate is multiplied by a — bi, and hence the four products 

ri-ri+r 2 -r 2 , r 2 x r b riri+r 2 r 2 , r 2 n - ri r 2 

are unaltered by multiplying the bivector r by such a factor. Thus if 

r' = vi + ir 2 ' = (a + bi)(ri + ir 2 ), 
r/ • r/ + r 2 ' • r 2 ' = ri • ri + r 2 • r 2 , etc. 
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160.] A closer examination of the effect of multiplying a bivector by a cyclic 
factor yields interesting and important geometric results. Let 

i"i' +«r 2 ' = (cosq + ismq)(ri + ir 2 ). (8) 

Then 

I - / = ri cos q — r 2 sin q, 
r 2 = r 2 cos q + i"i sin g. 

By reference to Art. 129 it will be seen that the change produced in the real and 
imaginary vector parts of a bivector by multiplication with a cyclic factor, is 
precisely the same as would be produced upon those vectors by a cyclic dyadic 

<f> = a a' + cos q(hh' + c c') — sin g(cb'-bc') 

used as a prefactor. b and c are supposed to be two vectors collinear respectively 
with ri and r 2 . a is any vector not in their plane. Consider the ellipse of which 
ri and r 2 are a pair of conjugate semi-diameters. It then appears that r^ and 
r 2 ' are also a pair of conjugate semi-diameters of that ellipse. They are rotated 
in the ellipse from r 2 towards ri, by a sector of which the area is to the area 
of the whole ellipse as q is to 2ir. Such a change of position has been called an 
elliptic rotation through the sector q. 

The ellipse of which ri and r 2 are a pair of conjugate semi-diameters is called 
the directional ellipse of the bivector r. When the bivector has a real direction 
the directional ellipse reduces to a right line in that direction. When the bivector 
has a complex direction the ellipse is a true ellipse. The angular direction from 
the real part ri to the complex part r 2 is considered as the positive direction 
in the directional ellipse, and must always be known. If the real and imaginary 
parts of a bivector turn in the positive direction in the ellipse they are said to 
be advanced; if in the negative direction they are said to be retarded. Hence 
multiplication of a bivector by a cyclic factor retards it in its directional ellipse 
by a sector equal to the angle of the cyclic factor. 

It is always possible to multiply a bivector by such a cyclic factor that the 
real and imaginary parts become coincident with the axes of the ellipse and are 
perpendicular. 

r = (cos q + i sin q) (a + ih) where a • b = 0. 

To accomplish the reduction proceed as follows: Form 

r • r = (cos 2q + i sin 2q) (a + ih) ■ (a + ih) 

If a • b = 0, 

r • r = (cos 2q + i sin 2q) (a • a — b • b) . 
Let 

r • r = a + ib 7 
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and 

b 
tan 2q = — . 
a 

With this value of q the axes of the directional ellipse are given by the equation 

a + ih = (cos q — i sin q) r. 

In case the real and imaginary parts a and b of a bivector are equal in 
magnitude and perpendicular in direction both a and b in the expression for 
rr vanish. Hence the angle q is indeterminate. The directional ellipse is a circle. 
A bivector whose directional ellipse is a circle is called a circular bivector. The 
necessary and sufficient condition that a non-vanishing bivector r be circular is 



If 



r • r = 0, r circular. 

r = xi + yj + zk, 

r • r = x 2 + y 2 + z 2 = 0. 

The condition r-r = 0, which for real vectors implies r = 0, is not sufficient 
to ensure the vanishing of a bivector. The bivector is circular, not necessarily 
zero. The condition that a bivector vanish is that the direct product of it by its 
conjugate vanishes. 

(ri + it 2 ) ■ (ri - iv 2 ) = ri • ri + r 2 • r 2 = 0, 
then 

ri = r 2 = and r = 0. 

In case the bivector has a real direction it becomes equal to its conjugate and 
their product becomes equal to r • r. 

161.] The condition that two bivectors be parallel is that one is the product 
of the other by a scalar factor. Any biscalar factor may be expressed as the 
product of a cyclic factor and a positive scalar, the modulus of the biscalar. If 
two bivectors differ by only a cyclic factor their directional ellipses are the same. 
Hence two parallel vectors have their directional ellipse similar and similarly 
placed — the ratio of similitude being the modulus of the biscalar. It is evident 
that any two circular bivectors whose planes coincide are parallel. A circular 
vector and a non-circular vector cannot be parallel. 
The condition that two bivectors be perpendicular 

is 

r-s = 0, 
or 

ri • si - r 2 • s 2 = ri • s 2 + r 2 • si = 0. 



322 

Consider first the case in which the planes of the bivectors coincide. Let 

r = a(ri+«r 2 ), s = &(si+«s 2 ). 

The scalars a and b are biscalars. ri may be chosen perpendicular to r 2 , and S\ 
may be taken in the direction of r 2 . The condition r • s = then gives 

r 2 • s 2 = and r x • s 2 + r 2 • si = 0. 

The first equation shows that r 2 and s 2 are perpendicular and hence S! and s 2 
are perpendicular. Moreover, the second shows that the angular directions from 
ri to r 2 and from Si to s 2 are the same, and that the axes of the directional 
ellipses of r and s are proportional. 

Hence the conditions for perpendicularity of two bivectors whose planes coin- 
cide are that their directional ellipses are similar, the angular direction on both 
is the same, and the major axes of the ellipses are perpendicular. 1 If both vec- 
tors have real directions the conditions degenerate into the perpendicularity of 
those directions. The conditions therefore hold for real as well as for imaginary 
vectors. 

Let r and s be two perpendicular bivectors the planes of which do not co- 
incide. Resolve r^ and r 2 each into two components respective parallel and 
perpendicular to the plane of s. The components perpendicular to that plane 
contribute nothing to the value of r • s. Hence the components of ri and r 2 
parallel to the plane of s form a bivector r' which is perpendicular to s. To this 
bivector and s the conditions stated above apply. The directional ellipse of the 
bivector r' is evidently the projection of the directional ellipse of r upon the 
plane of s. 

Hence, if two bivectors are perpendicular the directional ellipse of cither 
bivector and the directional ellipse of the other projected upon the plane of 
that one are similar, have the same angular direction, and have their major 
axes perpendicular. 

162.] Consider a bivector of the type 

D = Ae ! ( m "- n '), (9) 

where A and m are bivectors and n is a biscalar. r is the position vector of a 
point in space. It is therefore to be considered as real, t is the scalar variable 
time and is also to be considered as real. Let 

A = Ai +iA 2 , 
m = mi + im 2 , 

n = ri\ + iii2, 

D — (Ai + i\ 2 \ e i ( m i- r + im 2-r-n 1 t-in 2 t) 

D = (Ai + iA 2 )e- m2 - r e n2t e l( - mi - r - nit) . (10) 



*It should be noted that the condition of perpendicularity of major axes is not the same 
as the condition of perpendicularity or real parts and imaginary parts. 
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As has been seen before, the factor (Ai + iA2)e l< - mi ' r ~ ri1 *) represents a train 
of plane waves of elliptical harmonic vibrations. The vibrations take place in 
the plane of Ai and A2, in an ellipse of which Ai and A2 are conjugate semi- 
diamctcrs. The displacement of the vibrating point from the center of the ellipse 
is given by the real part of the factor. The velocity of the point after it has been 
divided by n\ is given by the pure imaginary part. The wave advances in the 
direction mi. The other factors in the expression are dampers. The factor 
e -m 2 r j g a damper m t ne direction 1x12. As the wave proceeds in the direction 
ni2, it dies away. The factor e™ 2 ' is a damper in time. If ri2 is negative the wave 
dies away as time goes on. If n 2 is positive the wave increases in energy as time 
increases. The presence (for unlimited time) of any such factor in an expression 
which represents an actual vibration is clearly inadmissible. It contradicts the 
law of conservation of energy. In any physics vibration of a conservative system 
7J2 is necessarily negative or zero. 

The general expression (9) therefore represents a train of plane waves of 
elliptic harmonic vibrations damped in a definite direction and in time. Two 
such waves may be compounded by adding the bivectors which represent them. 
If the exponent m • r — nt is the same for both the resulting train of waves 
advances in the same direction and has the same period and wave-length as the 
individual waves. The vibrations, however, take place in a different ellipse. If 
the waves are 

Ae »(m.r-nt) &nd Be »(m.r-nt) 

the resultant is 

(A + B)e' (m ' r_nt) . 

By combining two trains of waves which advance in opposite directions but 
which are in other respects equal a system of stationary waves is obtained. 

Ae -m 2 -r e »(m 1 T-nt) , j^ e -m 2 -r e i(-m 1 -r-nt) _ 
Ae -m 2 .r e -m^ e im 1 .r + g-um-r) = 2 AcOs(mi • r)e -ma " ' e~ int 

The theory of bivectors and their applications will not be carried further. 
The object in entering at all upon this very short and condensed discussion of 
bivectors was first to show the reader how the simple idea of a direction has 
to give way to the more complicated but no less useful idea of a directional 
ellipse when the generalization from real to imaginary vectors is made, and 
second to set forth the manner in which a single bivector D may be employed to 
represent a train of plane waves of elliptic harmonic vibrations. This application 
of bivectors may be used to give the Theory of Light a wonderfully simple and 
elegant treatment. 1 



Such use of bivectors is made by Professor Gibbs in his course of lectures on "The Electro- 
magnetic Theory of Light," delivered biannually at Yale University. Bivectors were not used 
in the second part of this chapter, because in the opinion of the present author they possess 
no essential advantage over real vectors until the more advanced parts of the theory, rotation 
of the plane of polarization by magnets and crystals, total and metallic reflection, etc., are 
reached. 



